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4.1 Introduction

Spintronics, an exploration of spin properties instead of or in addition to 
charge degrees of freedom, holds promise to continue device miniaturiza-
tion in the postsilicon era and beyond the age of Moore’s law. The benefits 
of spintronics come from the fact that there is no need for electric current 
to retain spin, and there are many paths to change spin without massively 
moving electrons.
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106 Metallic Spintronic Devices

While full of fundamental challenges, spintronics technology has been 
tested in existing applications, such as magnetic data storage devices and 
field-driven magnetic random access memory (MRAM). Emerging spin-
tronics applications, such as spin torque random access memory (SPRAM), 
spin-based logic, spin transistors, and spin quantum computer, are currently 
under extensive research and development. For example, SPRAM is an 
emerging technology that integrates magnetic tunneling junction (MTJ) and 
complementary metal oxide semiconductor (CMOS) to achieve nonvolatil-
ity, fast writing/reading speed, almost unlimited programming endurance, 
and zero standby power. As charge-based memory technologies such as 
dynamic random access memory (DRAM) or NAND Flash are facing severe 
scalability problems due to precise charge placement and sensing hurdles 
in deep-submicron processes, SPRAM is widely believed in industry to be 
a candidate to replace charge-based memory. A recent announcement of the 
first commercial SPRAM (Everspin, November 2012) and continuing dem-
onstration of SPRAM scalability (down to the 54 nm technology node) have 
confirmed the viability of the SPRAM technology path.

Electric field- or voltage-induced magnetization switching provides an 
exciting opportunity for switching magnetization without resorting to elec-
tronic transport across the device. It has been demonstrated both experimen-
tally and theoretically that electric fields can manipulate magnetic anisotropy 
to induce magnetization switching. Another electric field-induced magneti-
zation switching system is multiferroics, which has coupled magnetic and 
ferroelectric order parameters. When applied to practical devices, electric 
field-induced magnetization switching can lead to low-power magnetization 
switching with very little heat generation.

Another intensively investigated approach to switch magnetization is with 
ultra-fast light pulse. It is generally believed that ultra-fast laser pulse could 
either rapidly heat the spin system to Curie temperature for easy magneti-
zation switching or induce an inverse Faraday effect to switch magnetiza-
tion effectively. One of the advantages of laser pulse-induced magnetization 
switching is the extremely fast magnetization switching speed. Magnetization 
speeds down to the picosecond level have been reported utilizing this switch-
ing mechanism.

The modern nanoscale spintronic device has reached a stage where device 
performance is explicitly determined by coupling between macroscopic 
magnetization dynamics, microscopic spin electron transport, and finite 
temperature thermal agitations. An ever-increasing challenge is to achieve 
well-controlled faster magnetization switching and maintain stable magne-
tization states at longer timescales at higher temperatures. A coupled, multi-
scale dynamic approach considering both device mean performance and its 
variance is required for spintronic devices’ understanding and design.

Memristive effects are universal for spin torque spintronic devices at 
the timescale that explicitly involves the interactions between magnetiza-
tion dynamics and electronic charge transport. In this chapter, we explore 
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107Memristive Effects and Magnetization Switching Optimizing

spintronic device memristive effects through stochastic magnetization 
dynamics. Although memristive effects provide many exciting new applica-
tion possibilities for spintronic devices, they also have quite strict constraints 
on spintronic device operations, such as writing speed and heat dissipation. 
We will explore spintronic device write and read optimization in light of 
spintronic memristive effects.

4.2 Spintronic Device Memristive Effects

4.2.1 Spin Torque Device Read and Write Dynamics

The giant magnetoresistive (GMR) effect was the key physical principle for 
commercial magnetic hard disk drive read sensors, for which the Nobel Prize 
in Physics was awarded to Peter Grunberg and Albert Fert. In GMR devices, 
two ferromagnetic layers sandwich a nonferromagnetic metal known as 
a spin valve structure. Spin valve resistance depends on the relative mag-
netic orientations of the two ferromagnetic layers. Device resistance is low 
when the magnetizations of two ferromagnetic layers are parallel, and device 
resistance is high when the magnetizations of two ferromagnetic layers are 
antiparallel. A GMR-based spin valve has a dramatically increased hard 
disk drive areal density through its excellent sensitivity for magnetic flux. 
Recently the GRM structure has been replaced by the tunneling magnetore-
sistance (TMR) structure. The TMR device has two ferromagnetic layers that 
sandwich a tunneling-insulating barrier known as the magnetic tunneling 
junction (MTJ). Similar to the spin valve, MTJ resistance is low when the mag-
netizations of two ferromagnetic layers are parallel, and device resistance is 
high when the magnetizations of two ferromagnetic layers are antiparallel. 
Compared to GMR, TMR has a much higher value of resistance difference 
over resistance. The TMR value, which is usually defined as the difference 
between high resistance and low resistance divided by low resistance, is 
around 100% in commercial sensors and could reach 600 to 1000% in the lab.

The key physics principle behind GMR and TMR sensing operations is the 
resistance dependence upon magnetization states. It can be written as

 θ = + − − θG G G G G( )
2 2

cosP AP AP P  (4.1)

where GP , GAP are the conductances for free layer magnetization parallel 
and antiparallel to reference layer magnetization. θ is the angle between free 
layer magnetization and reference layer magnetization.

For magnetic random access memory, besides providing a sensing scheme 
based upon magnetization state-dependent resistance, a spin valve or MTJ 
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108 Metallic Spintronic Devices

structure also stores magnetic information. Magnetic tunneling junction (MTJ) 
is the key component of spin torque random access memory (SPRAM) cell. 
Figure 4.1 shows a schematic picture of MTJ-based SPRAM. Two ferromagnetic 
layers sandwich an oxide barrier layer, for example, MgO. The magnetization 
direction of one ferromagnetic layer (reference layer) is fixed by coupling to a 
pinned magnetization layer above, while the magnetization direction of the 
other ferromagnetic layer (free layer) can be changed. The 0/1 data information 
is stored as the magnetization direction of the free layer in SPRAM.

The writing operation of SPRAM is based upon spin polarization current-
induced magnetization switching [1, 2]. To switch the free layer magnetiza-
tion to the same direction of the reference layer magnetization, an electric 
current passes from the reference layer to the free layer. The injected current 
electrons have spins pointing to the same and opposite directions of the ref-
erence layer magnetization. After passing through the reference layer, the 
electrons have a preferred spin orientation direction pointing to the same 
direction of the reference layer magnetization. This is because most of the 
electrons with spin pointing to the opposite direction of the reference layer 
magnetization are reflected back due to interaction between the itinerant 
electron spin and the reference layer local magnetization. The polarized cur-
rent electrons, with a net spin moment in the same direction as the reference 
layer magnetization, will switch the free layer magnetization to the same 
direction as the reference layer magnetization.

In order to switch the free layer magnetization to the opposite direction 
of the reference layer magnetization, electron current passes from the free 
layer to the reference layer. Based upon the same physics argument as before, 
the reflected electrons from the reference layer have preferred spin direction 
opposite to the direction of the reference layer magnetization. These will 
switch the free layer magnetization to the opposite direction of the reference 
layer magnetization.

The key physical principle behind MTJ writing is that the free layer mac-
roscopic magnetization states are changed by the torque provided through 
spin current. This is a complex dynamic process described by the stochastic 
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FIGURE 4.1
Schematic pictures of structure and working principle of spin torque random access memory. 
(From X. Wang et al., CMOS Processors and Memories, Springer, Berlin, 2010. With permission.)Copyrighted Material - Taylor and Francis
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Landau-Lifshitz-Gilbert equation at a finite temperature with spin torque 
terms:

 
= − × + − α × × + +

� � � � � � � �
�

dm
dt

m h h m m h h T
M

( ) ( )eff th eff th
s  (4.2)

where 
�m  is the normalized magnetization vector, and time t is normalized 

by γ Ms , with γ being the gyromagnetic ratio and Ms being the magnetization 
saturation.

 = = ∂ε
∂

� �
�h H M
m

/eff eff s

is the normalized effective magnetic field with normalized energy density ε, 
and α is the damping parameter. 

�
hfluc is the thermal fluctuation field, whose 

magnitude is determined by the fluctuation-dissipation condition at room 
temperature and whose formalism follows reference [3].

 =
�

�
T T

M Vnorm
s

is the normalized spin torque term with units of magnetic field. The net spin 
torque 

�
T  can be obtained through the microscopic quantum electronic spin 

transport model [4–11]. At the macroscopic magnetization dynamics level, 
spin torque can be approximated through an adiabatic term proportional to 

× ×
� � �m m p and a nonadiabatic term proportional to ×

� �m p, where 
�p is a unit 

vector pointing to the spin polarization direction.
Let’s consider a MTJ free layer element with a perpendicular uniaxial 

anisotropy energy ε = θ(sin )/ 22 , where θ is the angle between magnetiza-
tion orientation and anisotropy axis. The magnetic energy is normalized 
by MsHkV, with Hk being the magnetic anisotropy, Ms being the magnetic 
saturation, and V being the element volume. Magnetization dynamics based 
upon the stochastic Landau-Lifshitz-Gilbert equation with the Berger and 
Slonczewski spin torque term (4.2) in this case can be written as [12]

 
θ = − ∂ε

∂θ
+ θ +δ θ + δ

= − θ θ + θ +δ θ + δ

d dt h dt ctg dt dB

dt h dt ctg dt dB

sin 2

sin cos sin 2

 (4.3)

where time is normalized by αγHk, with γ being the gyromagnetic ratio and 
α the damping parameter. h is the effective field whose magnitude is propor-
tional to the spin current magnitude.
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δ = k T

H M V
B

k s

is the thermal energy over magnetic energy. kBT is the Boltzmann thermal 
factor. dB in Equation (4.3) represents Brownian motion increment.

The current magnitude required to switch free layer magnetization is a 
dynamic concept. Although we talk about the critical switching current hcr , 
which is the minimum current magnitude achieving { })(θ − θ ≥hinf sin cos 0

h
 

for all magnetization angles θ, magnetization switching could happen at any 
current magnitude due to the combined spin torque dynamics and random 
thermal fluctuations. An example of current magnitude versus switching 
time is shown in Figure 4.2. This curve shows the spin torque-induced mag-
netization switching in the whole time range, from short-time dynamical 
switching to long-time thermal switching. Besides fast dynamical magnetiza-
tion switching induced by a spin current with a magnitude bigger than that 
of the critical switching current, magnetization switching also occurs in the 
thermal switching region where spin current magnitude is lower than critical 
switching current. This curve shows one of the fundamental challenges of 
spin torque devices, that is, how to achieve fast nanosecond dynamic magne-
tization switching and at the same time maintain long-time thermal stability 
at second-to-year scales.

The critical switching current for Equation (4.3) is hcr = 1 according to 
{ })(θ − θ ≥hinf sin cos 0

h
. For dynamical switching with current amplitude 
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FIGURE 4.2
Dynamic thermal switching of magnetic elements with spin torque current. Squares are exper-
iment data and curves are theoretical calculations. (From X. Wang et al. IEEE Trans. Magn., 45, 
2039, 2009. With permission.)
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bigger than that for the critical switching current, h > 1, the following asymp-
totic solution of Equation (4.3) can be obtained for current pulse duration 
versus current amplitude based upon δ << 1. δ << 1 holds true for a stable 
magnetic device with magnetic energy bigger than thermal energy at finite 
temperature:

 ( )

θ δ = + θ − + θ + −
− +

− θ − δ + θ − δ + γ
−

+
θ
−

−
− +

+ − δ
−

+ γ
−

T h h h h
h h

h Ei h
h h

h
h h

h
h h

( , , ) ( 1) ln[tan( /2)] ln[( 1) tan( /2) ( 1)]
( 1)( 1)

ln[ ( 1)/(2 )] [ ( 1)/(2 )]/2 /2
1

ln
1

ln(2 )
( 1)( 1)

ln[ ( 1)/(2 )]
1 2( 1)

2

2
 (4.4)

Equation (4.4) is the average time duration T required for a constant ampli-
tude current h to drive magnetization starting at angle θ to the magnetiza-
tion switching at saddle position.

 ∫ ∫θ = θ θ θ θ θ− θ δ − θ δe d e d( sin )/( sin )sin /2 sin /22 2

Figure 4.3 shows current pulse magnitude versus inverse of current pulse 
duration for devices with different thermal stabilities. The magnetization 
initial angle is determined by the Boltzmann distribution at equilibrium: 
θ. Linear dependence of current amplitude upon the inverse of current 
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FIGURE 4.3
Spin torque current magnitude versus inverse of the pulse duration to achieve MTJ magnetiza-
tion switching.
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112 Metallic Spintronic Devices

duration is observed. Figure 4.3 shows clearly that in order to achieve fast 
magnetization switching, a sufficient amount of the charge (which is pro-
portional current amplitude multiplied by current duration) is required 
to flow through the MTJ device. It is the time integration of the current, 
instead of current amplitude, that determines the MTJ magnetization final 
state. Because MTJ resistance depends upon the magnetization state, as in 
Equation (4.1), the MTJ final resistance state depends upon the charge pass-
ing through the device.

4.2.2 Spintronic Device Memristive Effects

A device with resistance dependence upon charge or current integration was 
proposed as a memristor in [13]. The original definition of memristor was

 dϕ = Mdq (4.5)

where q is the electric charge, ϕ is the magnetic flux, and M is the mem-
ristance. Because magnetic flux is the integration of voltage and charge is the 
integration of current, it is easy to show that

 = φ =M q d dt
dq dt

V
I

( ) /
/

 (4.6)

What makes memristance different from an ordinary constant resistance 
or even a current- or voltage-dependent nonlinear resistance is that mem-
ristance is a function of charge, which depends upon the hysteretic behavior 
of the current (or voltage) profile. The above definition of memresistor can be 
generalized to a memristive system:

 
=

=

V M m i

dm
dt

f i m

( )

( , )
 (4.7)

where m is an implicit state variable, such as charge, that depends upon the 
integration of the current profile over time. In the spintronic memristor here, 
m can be the magnetization state. Although the unit of memristance is the 
same as that of resistance (ohm), the intrinsic constitution relation for the 
memristor is quite different from three other well-known circuit elements: 
resistance (R), capacitance (C), and inductance (L). The intrinsic constitution 
relation for the memristor is charge versus flux. Thus, the memristor has the 
unique ability to accumulate current/voltage information through constant 
current or voltage driving strength. As a comparison, in order to keep accu-
mulating charge, the capacitor must be driven with a varying voltage. This 
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is because the intrinsic constitution relation of the capacitor is charge versus 
voltage. Because of its unique intrinsic constitution, the memristor is also 
called the fourth element of the circuit.

It has been shown in [14] that memristive effects are universal for spin torque 
spintronic devices at the timescale that explicitly involves the interactions 
between magnetization dynamics and electronic charge transport. For spin 
torque devices, the device resistance depends upon its magnetization state. 
The magnetization state of the device depends upon the cumulative effects 
of electron spin excitations. Thus, a spin torque spintronic device is a spin-
tronics memristor with its resistance dependent upon the integral effects of 
its current profile.

Another example of a spintronic memristor is the spintronic domain wall 
device. The device structure is shown in Figure  4.4. It consists of a long 
spin valve strip that includes two ferromagnetic layers: the reference layer 
and free layer. The magnetization direction of the reference layer is fixed by 
coupling to a pinned magnetic reference layer. The free layer is divided by 
a domain wall into two segments that have opposite magnetization direc-
tions to each other. The device domain resistance depends upon the domain 
wall position as

 = − −





R X R
D

R R X t
D

( ) ( ) ( )H H L  (4.8)

where RH and RL are the high and low resistance of the spin valve, D is the 
spin valve length, and X(t) is the domain wall position. The free layer mag-
netization dynamics can be described by the stochastic Landau-Lifshitz-
Gilbert equation using rigid wall approximation [15, 16]:
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FIGURE 4.4
Spin valve with domain.
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The domain wall motion is expressed in terms of magnetization 
spherical angle θ, φ as θ = θ −x t x X t( , ) ( ( ))0 , ϕ = ϕx t t( , ) ( )0 . The magnetiza-
tion vector is θ ϕ θ ϕ θM (sin cos , sin sin , cos )s . The domain wall shape is 

θ =x x wcos ( ) tanh( / )0  with a wall length =w A M H2 / s k . The wall length is 
determined by Ms exchange strength A, and easy-axis anisotropy Hk in the 
x-direction. ω = γH / 2p0 , with γ being the gyromagnetic ratio and Hp being a 
hard y plane anisotropy. =v PJu eM/s B s is the spin torque excitation strength. 
Spin torque excitation strength is proportional to current density J. uB is the 
Bohr magneton and e is the elementary electron charge. P is the polarization 
efficiency, which can be approximate as

 = σ − σ
σ + σ

↑ ↓

↑ ↓
P

for two spin channel models with spin-up and -down conductivity σ↑ ↓, . H is 
the effective magnetic field. β is the ratio of nonadiabatic spin torque strength 
to adiabatic spin torque strength.

Figure 4.5 shows the inverse of current pulse duration versus current pulse 
amplitude for a domain wall to travel a fixed distance. The inverse of the 
current pulse is normalized by vs /w. The current pulse amplitude is nor-
malized by PJuB /eMswω0, and the temperature is normalized by 4kBT/Nħω0. 
The fixed distance is 1 (normalized by w). The inverse of the current pulse 
duration depends almost linearly upon the current pulse amplitude for a 
wide range of temperatures. For the spin torque domain wall device, it is the 
charge instead of current magnitude that determines the final domain wall 
position and the device resistance. For the domain wall device, a continuum 
of resistance states can be explored through moving the domain wall across 
the thin-film structure.

4.3 Potential Application of Spintronic Memristive Effects

After proposing resistive memory switching in the metal-insulator-metal struc-
ture as nanoscale memristors [17], there is a burst of interest in the potential 
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application of nanoscale memristors. It is also shown that the majority of mem-
ory material-based two-terminal electronic devices behave as memristors or 
a combination of memristors, memcapacitors, and meminductors when sub-
jected to time-dependent perturbations [18]. Thus, it is no surprise that there 
are many potential applications of spintronic memristive effects.

Random access memory is the most obvious application of memristive 
systems. For spin torque random access memory, one may ask why it is 
necessary to examine spin torque-induced magnetization switching from a 
memristive point of view. The benefit of investigating memristive effects on 
spin torque random access memory can be illustrated through switching of a 
multicell SPRAM. It was shown [19] that memristive effects of magnetization 
switching provide additional freedom for us to manipulate magnetization 
switching between multiple equilibrium states.

MTJ multilevel cell spin torque switching has been demonstrated experi-
mentally in [20]. Two multibit MTJ cell examples are presented. In the first 
example, two horizontal domains are introduced in the MTJ free layer to 
generate four bits: 00/01/10/11. In the second example, two MTJs are stacked 
vertically to generate four bits. Figure 4.6 shows schematically the switching 
behavior of these multibit MTJ cells through the R-I curve. One bit of the 
two-bit cell is hard and requires higher current to switch, and the other bit is 
soft and requires less current to switch. Thus, by varying switching current 
magnitude, individual bits can be switched. In the following we denote the 
first bit as the hard bit and the second bit as the soft bit.
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Inverse of current pulse duration versus pulse amplitude for a domain wall to move a given 
distance at different temperatures. (From X. Wang et al., IEEE Device Lett. 31, 20, 2010. With 
permission.)
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Based upon R-I curve switching behavior, a multibit MTJ cell has revers-
ible branches and irreversible branches. For example, reversible transitions 
between 11 and 10, 01 and 00 can be achieved; however, the 00 state cannot be 
directly switched to the 10 state using a single current pulse because switch-
ing the first bit requires higher current than switching the second bit.

MTJ memristive effects provide an approach to design a two-bit MTJ cell 
with reversible switching for all bit combinations. As illustrated in the previ-
ous section, spin torque-excited MTJ is a memristor. When the observation 
time reaches a scale that explicitly involves interactions between magnetiza-
tion dynamics and electronics transport, the I-V curve (or widely used R-I 
curve) is not intrinsic to MTJ. MTJ resistance switching is determined by the 
current/voltage profile. MTJ switching behavior is determined by integra-
tion of the current pulse instead of the current magnitude itself.

Two curves in Figure 4.7 correspond to two MTJ subcells with the same 
material. The two cells have different shape-induced anisotropy and effec-
tive volume. The dot line subcell has a more square shape and bigger surface 
area, while the square curve has a more elongated shape and less surface 
area. The elongated subcell requires less current to switch at a smaller cur-
rent magnitude; however, the switching speed of the elongated subcell is 
slower than that of the squared cell when the current magnitude increases. 
As a result, two switching curves cross at a current magnitude of around 
900 µA and pulse width of around 4 ns. If we denote the elongated subcell 
as a soft bit, the two subcells of MTJ can be switched freely by using currents 
with different pulse widths. The longer current pulse width switches the soft 
subcell, corresponding to switching between 00 and 01 states. The shorter 
current pulse width switches the hard subcell, corresponding to switching 
between 00 and 10 states.

It is well known that a memristor has rich dynamic behavior when excited 
with a dynamic current/voltage profile. The example here shows a practi-
cal application in multibit MTJ cell switching. By controlling the switching 
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Multibit MTJ cell resistance versus current. (From X. Wang and Y. Chen, in Design, Automation 
and Test Conference in Europe, 2010, IEEE 10.1109/DATE.2010.5457118. With permission.)
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current pulse width, the subcells of MTJ are designed to switch freely between 
different bit combinations. What is illustrated here is that memristive effects 
of magnetization switching provide additional freedom to manipulate mag-
netization switching.

Crossbar architecture was investigated intensively on resistive memory 
structure [21]. Compared to conventional memory structure, cross-point 
design could relax the density limitation of two terminal devices imposed by 
the CMOS circuit, thus offering a significant improvement in achievable den-
sity. Similar architecture was proposed for spin torque devices and MRAM 
structures [22]. Other areas of memristor digital applications include logic 
[23], field-programmable gate arrays (FPGAs) [24], image processing [25], etc. 
It would be interesting to see future spintronic devices penetrate into these 
technology applications.

A nonvolatile full adder based on logic-in-memory architecture was fab-
ricated using magnetic tunnel junctions (MTJs) in combination with metal 
oxide semiconductor (MOS) transistors [26]. MTJs are used for TMR read and 
spin torque magnetization switching write. The MOS transistors are fabri-
cated using a complementary metal oxide semiconductor (CMOS) process. 
The basic operation of the full adder was demonstrated. An all-function-in-
one magnetic chip reconfigurable logic device was proposed based upon an 
MTJ stack with spin torque magnetization [27].

Race track memory [28] consisting of three-dimensional ferromagnetic 
nanowires that are encoded with domain walls has been proposed to achieve 
large storage capability and fast write read speed. Spin torque-induced 
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domain wall motion coherently transports the domain wall along the wire 
to pass read and write devices. This device structure not only eliminates 
mechanical moving parts in the current hard disk drive, but also has the 
capability to be real three-dimensional. Depending upon the number of 
domains per track, race track memory can achieve very high areal density, 
replacing the hard disk drive. Depending upon spin torque domain wall 
motion control, race track memory can achieve very high speed, encroach-
ing logic device applications.

Similar to the question asked for spin torque-induced magnetization 
switching, we may ask the benefit of examining memristive effects in spin 
torque-induced domain wall motion. Here we answer this question through 
a spintronic memristor temperature sensor example [29]. The proposed 
device has the same structure as that shown in Figure 4.4. It operates in a 
region where device electric behavior is sensitive to temperature change. 
This is achieved through a combination of temperature-dependent domain 
wall mobility and positive feedback between resistance and driving strength 
in the memristor.

A biasing voltage pulse with constant magnitude is applied to the spin-
tronic memristor. Resistances before and after voltage pulse are measured. 
This resistance difference is calibrated to sense temperature magnitude. 
Solid curves in Figure 4.8 show the resistance as a function of current pulse 
duration at different temperatures. Positive feedback between the resistance 
and domain wall driving strengths is critical in the observed high sensitivity 
in Figure 4.8.
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Spintronic memristor resistance as a function of time at different temperatures for a constant 
magnitude voltage pulse driving. (From X. Wang et al., IEEE Device Lett. 31, 20, 2010. With 
permission.)

Copyrighted Material - Taylor and Francis



119Memristive Effects and Magnetization Switching Optimizing

The positive feedback between resistance and driving strength is a unique 
property of the memrisor. Memristor’s resistance depends upon the inte-
gration of current/voltage excitation. For a constant voltage pulse driving, 
higher temperature results in an increased domain wall moving distance. 
The increased domain wall moving distance results in a smaller resistance. 
The smaller resistance results in a higher driving current density, thus pro-
viding positive feedback to further increase domain wall distance. This posi-
tive feedback accelerates domain wall speed and reduces device resistance 
further for constant voltage pulse driving.

For a comparison, dash curves in Figure 4.8 are resistance change for non-
memristive devices without positive feedback between resistance change 
and driving strength. The dash curve is generated with a fixed domain wall 
driving strength.

For the device design example in Figure 4.8, the material properties are mag-
netization saturation Ms = 1010 emu/cc, exchange strength A = 1.8 ⋅ 10–11 J / m, 
easy z-axis anisotropy Hk = 100 Oe, and hard y-axis anisotropy Hp = 5000 Oe. 
The resistance of square thin film is 50 Ω for 70 Å thickness square thin 
film, and GMR is 12%. The geometry of the device is 268 nm long, 10 nm 
wide, and 1.7 nm thick. The damping parameter is α = 0.02 and polarization 
efficiency is P = 0.3. The number of spins in the domain wall is N = 2.2 ⋅ 107. 
Based upon the above parameters, the normalized thermal magnitude is 

ω =�k T N4 / 0.008B 0  at room temperature T = 300 K. The normalized current 
driving strength is ω =PJu eM w/ 0.9B s 0  at J 2.75 10 A/cm8 2= ⋅ . A constant 
0.3 V voltage pulse with 80 ns duration is applied to the device.

It should be pointed out that the proposed device requires much lower 
power supply voltage and power consumption compared to the available on-
chip temperature sensor. The device could target the highly integrated on-
chip thermal detection application, different from many of the stand-alone 
or bulk thermal sensors.

The feedback between resistance and integrated current or voltage in 
the memristor provides opportunities for power monitoring and control. 
Connecting a memristor with a very small resistance could monitor cir-
cuit power consumption. This is because the memristor has the ability to 
accumulate current/voltage through constant current or voltage driving 
strength. For active circuit power control, instead of a positive feedback 
between decreasing resistance and increasing domain wall driving strength 
for a domain wall moving in a direction to reduce resistance, we can design 
a spintronic device with a negative feedback between resistance and domain 
wall driving strength for a domain wall moving in a direction to increase 
resistance. When the circuit power increases, the memristor domain wall is 
pushed toward a direction to increase the memristor resistance. For mem-
ristor resistance comparable to that of the circuit, this reduces the current 
and power through the circuit. Again, all these spintronic memristor appli-
cations could target highly integrated on-chip due to the mature integration 
between magnetic MTJ and CMOS circuits.
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Analog and analog-digital mixture are important areas for memristor 
application. Neural computing and various learning algorithms are typical 
examples. Self-organized computation with unreliable memristive nanode-
vices were shown in [30]. Analog applications explore the continuous states 
of the memristive devices. Massively parallel computing architecture based 
upon a memristive system was shown to be able to solve a maze problem 
faster than current existing algorithms [31]. Other examples include fuzzy 
logic [32, 33], adaptive filter [34], chaotic circuits [35], etc.

Utilizing memristors as artificial synapses to efficiently realize some basic 
functions of the brain is an interesting topic. A design scheme is proposed 
for ultra-low-power neuromorphic hardware with a spin-based device for 
neurons [36]. Spin neurons are lateral spin valves and domain wall magnets 
that operate at ultra-low voltage. MTJs are employed for interfacing the spin 
neurons with charge-based devices, like CMOS, for large-scale networks. 
The “brain in a box” concept was proposed based upon spintronic devices 
[37]. The stochastic nature of spin torque switching of MTJs was utilized to 
implement spike timing-dependent plasticity of synapses. An experimental 
and theoretical study of MTJ magnetization switching mean and variance 
was given in [38], and their implications to SPRAM scaling down were pre-
sented in [39]. Figures 4.9 and 4.10 show measured and modeled MTJ switch-
ing mean and variations at different pulse durations.
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Switching current density standard deviation versus mean switching time. The mean switch-
ing current density is shown in Figure 4.2. (From X. Wang et al., IEEE Trans. Magn. 45, 2038, 
2009. With permission.)
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4.4 Spintronic Device Writing Optimizing

Although spintronic memristive effects provide many exciting new applica-
tion possibilities, they also have a strict constraint on spintronic device writ-
ing speed. Spintronic memristive effects state that the device writing speed 
is roughly proportional to current magnitude because a fixed amount of the 
charge is required to pass through the device to change its state. Another 
consequence is that Joule heating during device writing is proportional to 
its operation speed. This is because Joule heating is proportional to charge 
multiplying voltage. For the requirement of a given amount of the charge to 
switch the device, the Joule heating is proportional to current, which is pro-
portional to the switching speed.

4.4.1 Fastest Magnetization Switching with Minimum Joule Heating

Because a memristive device’s behavior depends upon time-dependent cur-
rent or voltage profile, in order to relieve memristive effects’ constraint on 
device performance, we first optimize the electric voltage profile and magne-
tization dynamics to achieve the fastest magnetization speed with the small-
est Joule heating.

We consider the magnetization switching mode in Equation (4.3) corre-
sponding to an MTJ free layer element with a perpendicular uniaxial 
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anisotropy energy ε = (sin2 θ)/2. We optimize the current pulse shape to 
minimize magnetization switching time and Joule heat generation.

In an MTJ-based magnetic device, resistance depends upon the magne-
tization angle through Equation (4.1). Joule heating during magnetization 
switching is proportional to

 ∫ + ± − θ






τ

( )
2 2

cos ( )2

0

v t
G G G G

t dtAP P AP P

where v(t) is the voltage pulse magnitude, τ is the magnetization switching 
time, and ± corresponds to the switch from an antiparallel state to a parallel 
state, and a switch from a parallel state to an antiparallel state. We define an 
optimal stochastic control cost function:

 ∫= τ+ + θ  

τ

J k v t R t dt( ) 1 ( )2

0

 (4.10)

where R(θ) = r cos(θ), with

 = −
+

=
+

∓ ∓r G G
G G

TMR
TMR2

P AP

P AP

k in Equation (4.10) is a constraint parameter determining trade-offs between 
switching speed cost and heat generation cost. For a chosen k, optimizing the 
cost function (4.10) with magnetization dynamics (4.3) gives the solution for 
a minimum heat generation and a maximum switching speed. Varying con-
trol constraint parameter k gives the curve of the minimum heat generation 
versus the maximum magnetization switching speed.

Optimal stochastic control of Equations (4.3) and (4.10) can be obtained by 
solving the corresponding Hamilton-Jacobi-Bellman (HJB) equation [40]:
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 (4.11)

where J(θ), τ(θ) corresponds to cost and switching time for a magnetization 
starting from initial position θ. θf is the mean magnetization angles at the 
final state. The initial and final magnetization angles are determined by 
the equilibrium Boltzmann distribution at magnetization metastable states. 
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Functional minimization of the left side of Equation (4.11) with respect to the 
voltage pulse profile v(t) gives the optimal control pulse shape:

 = − θ
+ θ θ

v
k R

dJ
d

sin
2 (1 ( ))

*  (4.12)

Substituting Equation (4.12) into Equation (4.11) results in a closed equation 
for optimal control cost function:
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 (4.13)

Equation (4.13) is a nonlinear differential equation that requires numerical 
solution in general. For a magnetic element with sufficient thermal stability 
at finite room temperature, δ << 1, the asymptotic solution of Equation (4.13) 
can be constructed analytically:
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 (4.14)

With Equations (4.14) and (4.11), the average exit time can be obtained by 
solving the following linear differential equation:
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Equation (4.15) has an explicit analytical solution:
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Solutions J(θ) and τ(θ) in Equations (4.14) and (4.16) and the optimal pulse v(θ) 
in Equation (4.12) provide all the information for the optimal stochastic control 
of magnetization switching with the maximum switching speed and mini-
mum heat generation.

Figure 4.11 shows the minimum Joule heating versus the switching speed 
for two different thermal agitation strengths. For comparison, Joule heat-
ing versus magnetization switching speed for effective pulses with constant 
amplitude is also shown in the same figure. The figures are magnetization 
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FIGURE 4.11
Normalized Joule heating versus normalized magnetization switching time for optimal pulses 
(solid) and constant amplitude pulses (dash) at two different thermal agitation strengths. The 
switching is from the antiparallel state to the parallel state. (From X. Wang and Y. Gu, J. Appl. 
Phys., 113, 126106, 2013. With permission.)
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switching from antiparallel states to parallel states. TMR is 100%. Significant 
heating reduction is obtained through pulse shape optimization, espe-
cially for a relatively long pulse width. The optimal pulse shapes for dif-
ferent switching speeds at two thermal agitation strengths are shown in 
Figure 4.12. Figure 4.11 shows an almost linear dependence of heat genera-
tion upon switching speed at relatively fast magnetization switching.

Figure 4.13 compares switching from the parallel state to the antiparallel 
state to switching from the antiparallel state to the parallel state. Pulse shape 
optimization is more effective for switching from the antiparallel state to the 
parallel state.

4.4.2 Minimum Heat Dissipation Intrinsic to Magnetization Reversal

Because of the memristive effects, spin torque device writing Joule heating 
is proportional to its operation speed. For a spintronic device based upon 
magnetization switching without electrons transporting across the device, 
the Joule heating is largely eliminated. This is the promise of low-power 
spintronic devices based upon electric or voltage-induced magnetization 
switching. However, even for devices without electronic transport across the 
device, nonequlibrium magnetization switching at finite temperature gener-
ates heat. It is of interest to understand dynamic effects in the heat genera-
tion process intrinsic to magnetization switching.

The minimum intrinsic magnetization switching heat generation is directly 
connected to the minimum heat requirement for information erasure. The 
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famous Landauer principle [41] states that the erasure of one bit of informa-
tion during an operation at a thermal environment requires the release of 
heat (on average) of at least δ = k Tln 2 B . This is quite a small lower bound for 
heat generation. Unfortunately, it is well known that in order to reach the 
Landaeur lower bound, the dynamical system needs to move slowly, passing 
intermediate times through a sequence of equilibrium states. This directly 
conflicts with the fast magnetization switching requirement for spintronic 
devices. Thus, it is interesting to investigate the possibility of a dynamic 
magnetization switching that leads to such a minimum heat generation.

For the magnetization dynamics described by the stochastic LLG equation 
with energy ε(θ, t) (Equation (4.3)), the magnetization switching intrinsic heat 
generation can be written as [42]

 ∫= ∂ε
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 (4.17)

where heat is normalized by the magnetization energy HkMsV. Solid-dash and 
solid curves in Figure  4.14 show the intrinsic magnetization switching heat 
generation versus the switching speed for pulses with constant amplitude and 
pulse shapes achieving minimum Joule heating, respectively. For magnetization 
switching intrinsic heat generation, the differences between constant amplitude 
pulses and pulses achieving minimum Joule heating are not significant. Linear 
dependence of heat generation upon magnetization speed is observed.
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We could optimize the intrinsic magnetization switching heat generation 
following the same procedure as before using a cost function defined by 
J = τ + kQ. However, in order to investigate the minimum heat generation 
intrinsic to magnetization switching, we do not confine to the specific mag-
netization energy format used so far. For example, in electric field-induced 
magnetization switching, the electric field could change magnetic anisot-
ropy instead of the effective field. In order to pursue the minimum heat 
generation intrinsic to magnetization switching, instead of only optimizing 
pulse shape h(t), we optimize the functional format of the time-dependent 
energy ε(θ, t) in Equation (4.1). In this case, the HJB equation is

 

δ
θ

+δ θ
θ
+ − ∂ε

∂θ






 θ

+ +







=

θ
= θ =

ε

θ

d J
d

ctg dJ
d

dJ
d

kQ

dJ
d

J

inf 1 0

0, ( ) 0f

2

2

i

 (4.18)

This optimization problem has been solved for quite general stochastic 
dynamics [43]. It was shown in [43] that the solution is equivalent to the clas-
sical Monge-Kantorovich (MK) optimal mass transport solution [44]. The ini-
tial and final mass distributions in the MK solution correspond to the initial 
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and final equilibrium probability distributions. Given a required switching 
time Δt, the optimal heat release is

 =
Κ

−δ
ρ
ρ

Q
t

lnopt
opt f

i
 (4.19)

where ρi,f are the initial and final probability distributions at equilibrium 
states. Kopt is the minimization of the mass transport cost function.

The second term in Equation (4.19) corresponds to the Landauer heat 
generation limit. Erasure of one bit of digital information releases a heat of 

)(− − + ⋅ δ = δln 1 2 * ln(1/2) (1/2) ln(2) , the same as Landauer’s prediction. 
The first term in Equation (4.19) is the penalty of heat generation due to a 
finite time magnetization switching. This term is linearly proportional to the 
magnetization switching speed. The slope Kopt is determined by initial and 
final equilibrium magnetization distributions. Dash curves in Figure  4.14 
show the minimum heat generation of optimized magnetization dynam-
ics. Magnetization satisfies the Boltzmann distribution with a static energy 
ε = θsin1

2
2  at initial and final equilibrium states. The minimum heat generated 

during the magnetization switching increases linearly with magnetization 
switching speed. Its magnitude is proportional to magnetic stability energy 
HkMsV, which determines magnetization nonvolatility at finite temperature.

4.4.3  Effects of Polarization Direction and 
Precessional Magnetiation Switching

In previous MTJ examples, magnetization switching is achieved through a 
competition between spin torque excitation and magnetization relaxation. 
Because of the symmetric configuration of the perpendicular MTJ stack and 
spin polarization direction aligned to the perpendicular anisotropy direc-
tion, the magnetization precessional effect is suppressed and does not affect 
magnetization switching speed. However, magnetization switching utiliz-
ing gyromagnetic precession has been studied for quite a long time; see 
[45–47] for examples. For MTJ spin torque-induced magnetization switch-
ing, varying the polarization direction has been proposed to significantly 
reduce critical switching current and increase switching speed [48–51]. In 
this subsection, we will examine memristive effects in spin torque-induced 
magnetization switching by varying the polarization direction utilizing 
gyromagnetic precession.

Let’s first review the difference between relaxation switching and pre-
cessional switching for magnetic field-induced magnetization switching. 
Figure  4.15(a) shows the directions of gyromagnetic torque and damping 
torque in the Landau-Lifshitz-Gilbert equation (4.2). For DC magnetic field-
induced magnetization switching, the switching is accomplished through the 
magnetization relaxation term, as shown in Figure 4.15(b). When a constant 
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magnetic field is applied to the opposite direction of the initial magnetiza-
tion, the relaxation torque pulls magnetization toward the magnetic field 
direction (as shown in Figure 4.15(b)). However, due to the small damping 
parameter in ferromagnetic material, the magnitude of this relaxation torque 
usually is much smaller than the magnitude of the gyromagnetic torque for 
the same magnetic field amplitude. For a typical damping parameter around 
0.005 ~ 0.01 in ferromagnetic thin film, the magnitude of the relaxation torque 
is 100 to 200 times smaller than the magnitude of the gyromagnetic torque. 
Thus, if gyromagnetic torque can be used to directly switch magnetization, 
the switching magnetic field can be decreased significantly.

Figure  4.15(c) shows a configuration to switch magnetization through 
gyromagnetic torque. It can be seen that a magnetic field perpendicular to 
the initial magnetization direction provides a gyromagntic torque pulling 
magnetization away from the initial equilibrium condition. However, in 
order to successfully switch the magnetization, the magnetic field direction 
needs to be changed during the magnetization precession period as shown 
in Figure  4.15(c). If the magnetic field direction is constant, as in the DC 
switching case, the gyromagnetic torque directions in the first half period 
and second half period of the magnetization precession are exactly oppo-
site. The averaged gyromagnetic torque on the magnetization vector will be 
zero during one period of magnetization precession. Because magnetization 
precession is in the GHz frequency range, the successful switching of mag-
netization through the AC magnetic field requires a magnetic field direction 
changing in the GHz radio frequency range.
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FIGURE 4.15
Magnetization switching through DC and AC magnetic fields. (From X. Wang et al., CMOS 
Processors and Memories, Springer, Berlin, 2010. With permission.)
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The additional complexity of RF field-assisted switching comes from the 
fact that magnetization precession is a nonlinear oscillation. The gyromag-
netic precession frequency depends upon the angle between the magnetiza-
tion direction and external magnetic field direction. For a fixed-frequency RF 
magnetic field, the exact frequency matching of the RF magnetic field with 
magnetization precession could only happen for a certain angle of magneti-
zation during magnetization reversal. In order to achieve frequency match-
ing during the whole magnetization reversal process, the frequency of the 
external RF field needs to be adjusted according to the magnetization angle. 
If this indeed can be achieved, the reduction in switching coercivity is dra-
matic. If indeed the magnetization field frequency matches magnetization 
precession dynamics during the whole reversal process, the AC field switch-
ing coercivity can be reduced to a fraction of the DC magnetic field coercivity.

The above concept on RF magnetic field-assisted switching can be 
extended to spin torque-induced magnetization switching. Figure 4.16 illus-
trates the case for spin torque magnetization reversal. Instead of a fixed spin 
polarization direction, the spin polarization direction changes with time. 
If the direction of spin polarization can match magnetization precession to 
provide maximum spin torque during magnetization reversal, a significant 
reduction in switching current can be achieved. Figure  4.17 compares the 
switching current magnitude solution of the constant polarization direction 
to the optimal time-varying polarization direction for a thin-film element. 
The optimal spin polarization direction solution is obtained by a time-vary-
ing polarization direction that provides maximum spin torque during the 
whole magnetization reversal process. The magnetization trajectory and 
spin polarization direction evolutions are shown in the figure. Significant 
reduction in critical switching current is obtained.

Exact matching of the polarization direction to the magnetization direction 
during whole spin torque magnetization reversal is difficult to achieve for prac-
tical applications. However, there could be intermediate solutions between the 
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FIGURE 4.16
Reduction of current magnitude for current spin polarization direction changes with time, 
providing maximum spin torque during the reversal process. (From X. Wang et al., CMOS 
Processors and Memories, Springer, Berlin, 2010. With permission.)

Copyrighted Material - Taylor and Francis



131Memristive Effects and Magnetization Switching Optimizing

constant polarization direction and optimal time-varying polarization direc-
tion that may be easy to implement practically. Also, for the constant polariza-
tion direction, optimizing the polarization angle could be effective in reducing 
the critical switching current and increasing the switching speed.

Let’s consider a thin-film element (Figure 4.18) with equilibrium in-plane 
magnetization pointing to a direction determined by shape anisotropy. The 
spin polarization can be at an arbitrary direction. The LLG equation with the 
spin torque term (4.1) in the spherical coordinate is
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where = θm cosz , = θ φm sin cosx , and Dx, Dy, and Dz are shape anisotropies. 
For simplification, the thermal agitation term and nonadiabatic spin torque 
term are neglected. The benefit of the optimization polarization direction 
comes from spin torque terms θ − θ φ − θ φh n n n(sin cos cos cos sin )z x y  in the θ 
equation of (4.20) and φ − φ θh n n(sin cos )/ sinx y  in the ϕ equation of (4.20). For 
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a magnetization starting close to the initial equilibrium position, θ → 0. If 
the polarization direction is fixed parallel to the shape anisotropy direction, 
nz = 1, nx = ny = 0, the θ component of the spin torque term will be very small for 
initial magnetization switching: θ − θ φ − θ φ → θh n n n h(sin cos cos cos sin )z x y . 
Thus, it is desirable to have a polarization not aligned to the shape anisot-
ropy direction: ≠n n, 0x y .

However, it is important to realize is that this argument only holds for 
magnetization switching close to the initial equilibrium position. Once mag-
netization starts to rotate, the polarization direction away from shape anisot-
ropy could hurt magnetization switching.

For ferromagnetic dynamics, gyromagnetic motion is much faster than 
relaxation due to the small damping parameter. Gyromagnetic motion con-
serves magnetic energy and has a constant energy level trajectory on the 
energy surface. Gyromagnetic motion and magnetization relaxation motion 
have well-separated timescales. The gyromagnetic motion timescale is in 
subnanoseconds. Depending upon damping, the magnetization relaxation 
timescale could be tens to hundreds times slower than the gyromagnetic 
timescale. For spin torque-induced magnetization switching, if spin torque 
excitation cannot swing magnetization away from the initial equilibrium 
position at an ultra-fast gyromagnetic motion timescale, magnetization will 
start to rotate around a constant energy level and magnetization switching 
will be controlled by magnetization relaxation. In this case, the equation 
of motion (4.20) could be averaged around the constant energy level. It was 
shown both theoretically and experimentally in [52] that for the averaged 
magnetization dynamics, only the nz component of the spin torque contrib-
utes to magnetization switching. This is consistent with well-known results 
that the critical switching current for spin torque-induced magnetization is 
1/nz. Thus, in order to utilize the angular effect of spin polarization, the mag-
netization switching must happen at a gyromagnetic timescale with well-
controlled current pulse duration.
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FIGURE 4.18
Thin-film magnetic element with arbitrary spin polarization direction.Copyrighted Material - Taylor and Francis
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In order to illustrate the above concepts, we consider an example of two 
pulse-exciting MTJ stacks. The first pulse is ultra-fast (~100 ps), and the sec-
ond pulse has a normal duration (~nanosecond), as shown in Figure  4.19. 
The pulses all have very quick rise times in picoseconds. The first MTJ stack 
has a fixed polarization direction pointing out of a thin-film plane and 60° 
canted away from the shape anisotropy direction. This is called a canted 
stack. The second MTJ stack has a polarization aligned to the thin-film shape 
anisotropy direction (z-direction). This is called an aligned MTJ stack. The 
thin-film element of the MTJ has demagnetization Dx = 0.69, Dy = 11.68, and 
Dz = 0.29. The magnetization saturation is Ms = 1090 emu/cc. The damping 
parameter is chosen to be α = 0.01.

When the ultra-fast current pulse amplitude reaches a sufficient magni-
tude, it can switch the canted MTJ stack very fast. This is shown in Figure 4.20. 
This current amplitude is defined as a critical precessional switching current. 
The ultra-fast pulse with critical precessional switching magnitude cannot 
switch an aligned MTJ stack. For an aligned MTJ stack, a normal pulse with 
a duration in the nanosecond region is required to switch its magnetization. 
This is also shown in Figure 4.20. Here the amplitude of the normal pulse is 
the same as the amplitude of the ultra-fast pulse (above the critical preces-
sional switching amplitude).

Now if we reduce the current amplitude below the critical precessional 
switching current, as shown in Figure 4.21, an ultra-fast pulse cannot switch 
canted MTJ. It does not provide a torque sufficient to swing magnetization out 
of the initial equilibrium condition. With the same amplitude below the criti-
cal precessional switching, a normal pulse with a much longer duration also 
cannot switch canted MTJ. This is shown in Figure 4.21. As discussed before, 
when initial torque is not sufficient to swing magnetization out of the initial 
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Ultra-fast pulse for precessional switching and normal pulse for relaxation switching.
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equilibrium condition, magnetization will rotate around a constant energy 
surface. The average effect sets in and magnetization cannot be switched. On 
the other hand, for current with an amplitude below the critical precessinal 
switching, a normal pulse can switch the aligned stack, although the switch-
ing time is longer than in the case of a normal pulse with an amplitude above 
the critical precessional current. This is shown in Figure 4.21.

Figures 4.22 and 4.23 illustrate this more clearly through three-dimensional 
magnetization trajectories. As shown in Figure  4.22, for current amplitude 
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Magnetization switching for pulse amplitude reaching critical precessional switching current.
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above critical precessional switching current, the initial torque of the canted 
MTJ stack quickly swings magnetization out of its initial equilibrium position, 
while magnetization rotates many circles for the aligned MTJ stack to switch. 
When current amplitude is below the critical precessional switching current, 
magnetization in the canted stack starts to rotate around the initial equi-
librium position. This is shown in Figure 4.23. The averaged magnetization 
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FIGURE 4.22
See color insert. Magnetization trajectory for pulse amplitude reaching critical precessional 
switching current. Red, ultra-short pulse; black, normal pulse.
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dynamics for the canted stack requires a bigger current to switch. However, 
aligned stack magnetization can still be switched with a normal pulse.

For precessional switching, pulse width needs to be well controlled. Too 
short a pulse duration could not swing the magnetization out of the initial 
equilibrium position. Too long a pulse width results in magnetization swing-
ing back from the desired final equilibrium position to the initial equilibrium 
condition. For a given pulse amplitude, we define the optimal pulse duration 
as the minimum duration that swings the magnetization one time from the 
initial equilibrium position to the desired final equilibrium position.

Figure 4.24 shows the inverse of the optimal pulse duration versus pulse 
amplitude. The parameters chosen are the same as above. The polarization 
direction points out of a thin-film plane and is 60° canted away from the 
shape anisotropy direction. Figure 4.24 shows the linear dependence of the 
inverse of the optimal pulse duration versus current amplitude. This means 
that for spin torque-induced ultra-fast precessional magnetization switch-
ing, a minimum amount of the charge is required to pass through the stack 
to switch magnetization. This is the same as the memristive effects in the 
previous relaxation magnetization switching.

The above analysis could be further extended to the time-varying spin 
polarization direction. To illustrate memristive effects in the time-varying 
spin polarization direction case, we consider Equation (4.20) with a simpli-
fied case of Dx = Dy:
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θ = − θ θ −

+ θ − θ φ − θ φ

φ =
α

− θ+ φ − φ θ

d
dt

D D

h n t n t n t

d
dt

D D h n t n t

sin cos ( )

(sin ( ) cos cos ( ) cos sin ( ))

1 ( )cos (sin ( ) cos ( ))/sin

x z

z x y

x z x y

 (4.21)

where n t n t n t[ ( ), ( ), ( )]z x y  is the time-dependent polarization direction. The 
optimal time-dependent polarization direction corresponds to

 { }θ − θ φ − θ φ
 

n t n t n tsup sin ( ) cos cos ( ) cos sin ( )
n t n t n t

z x y
( ), ( ), ( )x x y

 (4.22)

Notice {sinθ, −cosθcosϕ, −cosθsinϕ} is a unit vector perpendicular to mag-
netization direction {cosθ, sinθcosϕ, sinsinϕ}, and n t n t n t[ ( ), ( ), ( )]z x y  is a unit 
vector in the direction of polarization. The sup in (4.22) is obtained by align-
ing the polarization vector direction to the vector, and the vector direction 
perpendicular to the magnetization direction. In this case, magnetization 
switching is simplified to

 θ = −α θ θ − +d
dt

D D hsin cos ( )x z  (4.23)

The minimum pulse duration to bring magnetization from the initial mag-
netization state to the critical magnetization switching position is

 ∫= θ
− θ θ − +

π

T d
D D hsin cos ( )x z0

/2
 (4.24)

Figure 4.25 shows the inverse of pulse duration versus current pulse mag-
nitude. Again, memristive effects are observed.

4.5  Spintronic Device Reading Operation Memristive Effects

Memristive effects are universal for spin torque spintronic devices at the 
timescale that explicitly involves the interactions between magnetization 
dynamics and electronic charge transport. In this section, I show that mem-
ristive effects not only affect magnetization switching at the short-time 
dynamic write region, but also affect thermal stability at the long-time read 
process.
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For the read process with a constant amplitude pulse, magnetization 
switching probability that determines the error rate can be written as

 = − −γP e1 T  (4.25)

where P is switching probability, T is pulse duration time, and γ is transition 
rate. The transition rate follows the Neel-Arrenhius formula [53]:

 γ = −δf e E k T
0

/ B  (4.26)

where f0 is the attempt frequency that could be temperature and excitation 
dependent. f0 = f0(h,T), where h denotes the external excitation amplitude.

For the magnetic thin-film element model (4.3) with normalized energy 
corresponding to the free layer perpendicular anisotropy case, the energy 
barrier during a constant amplitude read pulse excitation is

 
δ
−

= −








 ≈ −E

D D M
I
I

I
I( )

1 1 2
x z s c c

2

2

 (4.27)

where Ic is the critical switching current and the Taylor expansion has been 
used for small sensing current amplitude. The square dependence of the 
reversal barrier on the switching current is due to the rotational symmetry 
of the magnetic element [54]. Based on the above equation, the probability of 
magnetization switching during one pulse excitation is
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FIGURE 4.25
Inverse of switching current pulse duration versus current pulse amplitude for time-opti-
mized varying polarization angle.
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Tf e1 exp
D D M

k T
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0

( ) 1 2x z s
B c

2

 (4.28)

For a given switching probability or error rate, the current pulse amplitude 
is proportional to the logarithmic of the pulse width. This scaling behavior 
is quite different from memristive scaling, where current pulse amplitude is 
proportional to the inverse of the pulse width.

However, it has been shown in [55–57] that the above scaling only holds 
for relatively long pulse durations. A “scale dilemma” results if we insist on 
using the above formula to describe short current pulse duration (~GHz) 
read disturbance. The reason is that detailed magnetization dynamics must 
be included to properly describe magnetization nonvolatility as read exci-
tation frequency approaches the magnetization dynamical timescale. The 
above time-dependent energy barrier approach neglects the fast magnetiza-
tion dynamic and is not sufficient to describe magnetization switching prob-
ability for ultra-short pulse duration excitation.

Under the assumption that the spin torque excitation magnitude is well 
below the critical switching value, and based upon the stochastic Landau-
Lifshitz-Gilbert equation with a spin torque term, the switching barrier 
reduction due to spin torque current excitation can be derived as [55, 56]

 ∫δ = χ ⋅β −
−∞

∞

E t t t dtmin ( ) ( )
t c
c

 (4.29)

where β(t) is the normalized spin torque proportional to polarized current 
magnitude, and χ(t) is the magnetization logarithmic susceptibility. The 
magnetization logarithmic susceptibility is defined as the ratio of reversal 
barrier reduction to external spin torque current excitation magnitude. tc in 
Equation (4.29) is the best time for the magnetization reversal to happen. 
Periodic external forcing lifts the time degeneracy of the escape path. It syn-
chronizes optimal escape trajectories, one per period, to minimize the acti-
vation energy of escape.

Magnetization logarithmic susceptibility χ(t) can be obtained from opti-
mal reversal path zo(t), which is the minimization of functional action of the 
Landau-Lifshitz-Gilbert (LLG) equation with the spin torque term [55–57]. 
For a magnetic element with magnetization energy (4.3) and polarization 
pointing to the easy anisotropy direction,

 { } { }χ = −    −  








− α − − α −t D D e e( ) cos tan 1 cos tanx z
D D t D D t1 ( ) 1 ( )

2
x z x z  (4.30)

Although the term switching barrier reduction has been used in describing the 
logarithmic susceptibility concept, the “barrier reduction” obtained through 
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logarithmic susceptibility considers detailed magnetization dynamics. The 
LS switching barrier is not a static energy barrier based upon magnetization 
energy surface analysis. In the magnetization LS approach, through consid-
ering detailed magnetization dynamics, the dynamics timescale at high fre-
quency (~GHz) is retained for the long-time thermal magnetization reversal 
process. Thus, long-time thermal magnetization reversal dependence upon 
excitation frequency (up to GHz) is properly characterized.

As pulse duration decreases, the pulse width effect on switching prob-
ability increases dramatically. This is because pulse duration directly affects 
thermal switching barrier reduction through magnetization logarithmic sus-
ceptibility high-frequency components. Considering magnetization dynam-
ics at high frequency, Equation (4.28) needs to be revised to

 − −














− − −










Tf e1 exp
D D M

k T
r T I

I
0

( ) 1 ( )x z s
B c

2

 (4.31)

where r(T) is the dynamic switching barrier reduction factor calculated from 
logarithmic susceptibility. Figure 4.26 shows the dynamic switching barrier 
reduction factor as a function of pulse duration. It becomes more and more 
significant as pulse duration decreases.
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FIGURE 4.26
Dynamic switching barrier reduction factor as a function of pulse duration. (From Z. Wang, et 
al., Appl. Phys. Lett. 103, 142419, 2013. With permission.)
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For a given switching probability, to the leading order, switching current 
amplitude and switching pulse duration can be related as

 I I r T~ / ( )c  (4.32)

Figure  4.27 shows the inverse of current pulse duration versus current 
pulse amplitude for constant error rate or switching probability. When 
dynamic effects are properly included, long-time thermal reversal shows 
obvious memristive effects.

Experiment measurements have been performed to verify the prediction 
of logarithmic susceptibility and the dynamic process in the spin torque ran-
dom access memory read process [54, 58]. Figure 4.28 shows an example of 
measured current pulse duration versus current pulse amplitude [58]. The 
experiment confirms theoretical prediction of magnetization logarithmic 
susceptibility. Memristive behaviors are obvious in both experimental and 
theoretical models.

It should be pointed out that read operation memristive effects could have 
significant impacts on spin torque random access memory device operation 
and design. Due to the significant reduction of programming current for 
spin torque random access memory with improvement of magnetic tunnel-
ing junction material and structure, the sense current margin for STT-MRAM 
design has been greatly tightened. Spintronic read memristive effects pro-
vide dramatic reduction of read disturbance through pulse width control, 
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and thus open a new design possibility for SPRAM to achieve ultra-low write 
current and ultra-low read error at the same time.

4.6 Conclusion

Memristive effects are universal for spin torque spintronic devices at the 
timescale that explicitly involves the interactions between magnetization 
dynamics and electronic charge transport. This chapter explored spintronic 
memristive effects in emerging spin torque device operations. The universal 
features of spintronic memristive effects were illustrated in various write 
and read operating processes.

Although memristive effects could provide many exciting new application 
possibilities for spintronic devices, they also have quite strict constraints on 
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spintronic device write operations, such as writing speed and heat dissipa-
tion. We studied spintronics device write optimization in light of its effects.

Memristive effects not only affect spintronic device write operation at the 
short-time dynamic magnetization reversal region, but also affect device 
read operations at the long-time thermal stability region. Experiment mea-
surement and theoretical calculation reveal obvious memristive behaviors 
for short-pulse read operations. Dramatic reduction in read disturb through 
pulse width control provides a new design possibility for ultra-fast low-cur-
rent STT-MRAM.
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