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FIGURE 5.14
Determination of angle of departure from a plant pole. “o”: zeros z1 and z2
of F (s). “x”: poles p1 and p2 of F (s). “*”: pole of the plant.

with zhi and phi being the zeros and poles of the plant, respectively. z1=0,
z2=−ω1 tanϕ, and p1,2 = −ζ1ω1 ± jω1

√
1− ζ21 are the zeros and poles of the

peak filter, respectively.
The angle of departure from the plant pole at ph1

is defined as the angle
from ph1 to the test point s0, i.e.,

φh1,dep = ∠(s0 − ph1). (5.29)

As ph1
, p1, and p2 are lightly damped poles, i.e., they are very close to the

imaginary axis and s0 is in the very vicinity of ph1
, the following approxima-

tions hold

∠(s0 − p2) ≈ ∠(ph1 − p2) ≈ ∠(p1 − p2) = 90◦, (5.30)

∠(s0 − z1) ≈ ∠(ph1 − z1) ≈ 90◦, (5.31)

∠(s0 − z2) ≈ ∠(ph1 − z2) ≈ ∠(p1 − z2) = 90◦ − ϕ. (5.32)

If ϕ is given by (5.18), i.e.,

ϕ =
∑

i

∠(jω1 − zhi)−
∑

i

∠(jω1 − phi) + 90◦, (5.33)

the following approximation can be obtained by noting that the point jω1 is
very close to p1, ph1 , and s0 with

∑

i

∠(jω1 − zhi) ≈
∑

i

∠(s0 − zhi). (5.34)
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In addition, the sum of the angle from jω1 to all the plant poles except the
pole at ph1

can also be approximated by

∑

i�=1

∠(jω1 − phi
) ≈

∑

i �=1

∠(s0 − phi
). (5.35)

As such, it can be concluded from (5.26)–(5.35) that

−φh1,dep − ∠(s0 − p1) + ∠(jω1 − ph1
) = ±180◦(2k + 1). (5.36)

In Figure 5.15, we define φ1 = ∠(s0 − p1) and θ0 = ∠(jω1 − ph1
). The

resonant frequency in the closed-loop (i.e., the pseudo-plant) will be slightly
pushed down and the damping ratio will be smaller when there is no loop-
shaping for the resonant mode. This makes the pole of the pseudo-plant at
ph1

lower than the resonant frequency in the complex s-plane. On the other
hand, the imaginary part of the pole at p1 will be almost equivalent to that
of jω1 if the damping ratio ζ1 is very small. The resulting layout of p1, ph1

,
and jω1 is depicted in Figure 5.15(a).
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FIGURE 5.15
Relationship of angles: (a) phase-shift method; (b) frequency-shift method.

Under this framework and for the resonance located at a very high fre-
quency range especially those above 10 kHz, φ1 ≈ ∠(ph1 −p1) ≈ (−75◦,−90◦)
and θ0 ≈ (75◦, 90◦). From (5.36) it can be concluded that the angle of depar-
ture from the plant pole at ph1 is

φh1,dep = 360◦k, k = 0, 1, 2, · · · , (5.37)

which means that the plant poles will enter into the right-half plane under
a very small gain margin. The closed-loop system will then be considered as
unstable.

An example which has a resonant mode at 12 kHz and a damping ratio
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