Example 1.3
Calculate the Mean Thermal Conductivity, Thermal Resistance, and Surface
Temperature of a Silicon Chip with Temperature-Dependent Conductivity.

Input:
Q=Heat dissipation, W. Q =50 Ax = 0'5'0'§
T,=Temperature at chip base, °C. T, = qu
t=Chip thickness, in.
A,=Chip cross-sectional area for conduction. -
t ;= 0.02
Thermal Conductivity:
T,=Chip temperature guess for first iteration. T; := 150

k,=Mean thermal conductivity for pure silicon, W/in.°C.

—_—

- -1

3
3429 |( Ty +273.16 T+273.16) °
ky(T) = - —
T-T, 300 300
First lteration:
k := ky(T)) k =2.618
t
lev\:: K R = 0031
‘g
T.=T2+QR T; = 101.528 |
Second lteration:
k= kn(Ty) k = 2.84
t
R := —— R = 0.028
MK A
T.=T2+QR T; = 101.408 |
Third lteration:
k= kn(Ty) k = 2.841
t
NI&A:: K R = 0028
*Ak
T.=T2+QR T; = 101.408 |
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Example 1.5

Estimate the Average Temperature of a 9 in. x 4 in. Chassis Panel

Input:
Q =Heat dissipation, W. 4= 2-9-4
AT=Desired surface temperature rise.
As=Plate totlal surface area. N h = 0.004
h.=Convective heat transfer coefficient.
Required Forumlae:
AT(QuheA) = ——Qc  Rlhe.Ad) = —
hc'Ac hCAC

Solution:

AT = AT(Q,h,A) R :=R(h,A)

AT = 24.306 |
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Example 1.7

Estimate the Heat Transferred to Ambient by Radiation from a 10 in. x 12 in.
Chassis Panel.

Input:
AT=Given temperature rise. A = 10-1 m
A =Plate total surface area.
€ =Emissivity. AT := 10 Tp =2
T, = Ambient tem perature.

Required Forumlae:

(1, +273.16)°

h(Ty) := 1.463-10”
h := h(Ty)
Q(As, ATy, &) = ech- Ay AT,

Solution:

h = 3.686x 10 |

Q;:=Q(A,AT,¢) Q, = 3.539 |
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Ilustrative Example 1.8

Power Transistor with Heat Sink on Printed Circuit Board.

Heat Sink Input:

A1 = Heat sink top surface area.

Agp = Heat sink bottom surface area.

s =Heat sink emissivity.

T, = Ambient tem perature.

AT = First heat temperature rise estimate.

Chip to Sink Input:

Aqr=1507§  [Ag = (1.5-0.5)-0.75
€ =0
Tp:=5 AT, = 10@

Ignore any spreading. Use straightforward conduct through lid edges as major resistance.

tlid == 0.0%

llid = 0.1

klid = 0.4|

Chip to PCB Input:

tflag = 0.02| Aflag = o.25~o.25|

Transistor/PCB Spreading Input:
Use AT for all AT.

Wpcp = 1.5|

Heat Sink Calculations:

LPCB = l.q

Pjig = 2-(0.5 + 0.5)
Kflag := 0-4| Qchip =
tcu = 0.0014 key = 10

hys = 1463107 '%.(T4 +273.16)° hys = 4.937x 107°
Only heat top radiates to ambient
= ! R, = 225.04
- s — .
® Es AT hyg
First estimate of convection resistance -
AT, 0.33
fes = 0.0018 —="=e— hes = 9.047x 107
2:(1-0.75)
R = ! R, = 58.952
- CS - .
“ hcs' (AsT + AsB)
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Chip to Sink Calculations:

liid
Kjig (tnd + Plid)

Chip to PCB Calculations:

Rchiptosink = Rchiptosink =0.124

tﬂag

RchiptoPCB = R chiptoPCB = 0.8

kﬂag ) Aﬂag

Transistor/PCB Spreading Calculations:

Prepare input to use in Ellison's spreading formulae.

h 0.0018 AT " h 0.011
cTopPCB -—= Y- ) WpCB-LpCR cTopPCB — Y.
2-(WpcB+LpcB)
-3
h¢BotPCB = O'S'thopPCB hepotpcB = 5.686 % 10

Use same radiation h for PCB as used for heat sink
hipcB = hyg

Use only PCB copper as planar conductor, ignore conduction resistance through PCB.

, (thopPCB + hrPCB)'tCu , (thotPCB + hrPCB)'tCu
BiotTrep = BiotTgot =
kcy kcy
. —6 . -6
BiotTrop = 2.283% 10 BiotTgo = 1.487 % 10

0.5 0.75 tc —
a=— B=—" 1= 420333 B=05 T=9333x10 "

1.5 1.5 Wpcp

Using average spreading for Newtonian cooling from bottom only, must extrapolate graphs.

Vs
Psp = 20 Rgp = —————— Rgp = 3.266
kcuy Ax-Ay

Mathcad ave psi for one-sided cooling program gives

S
WPsp=30  Rep = _ s Rgp = 4.899

kcuy Ax-Ay
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tcu 1

Ry = + Ry = 24.15
kcuWpeB-LpcB | heToppCB + heBotpcB
5 +2-hypep |- (Wpcn-Lpc)
RranspcB = Rsp + Ry RranspcB = 29.049 |
Mathcad max psi for one-sided cooling program gives
Ps
Psp =40  Rep = —————  [Rsp = 6.532
kcuy Ax-Ay
t 1
Ry, = Cu + Ry = 24.15
kcuWpeB-LpcB | heToppCB + heBotpcB
5 +2-hypep |- (Wpcp-Lpc)
Using max spreading for Newtonian cooling from both sides gives
Ps
g = 40 Rspi= ——————  Rgp=6.532
kcuy Ax-Ay
tc 1
R,y = . + R,y = 41.836
kcuWpeB Lecs (thotPCB + hrPCB)' (WPCB'LPCB)
R ! R 27.251
U = 1u = 27.
(thopPCB + hrPCB) ‘WpcB-LpcB
Riu-Roy
= Ry = 16.502
Riu+Roy
RTransPCR, = RSp + Ry RTranspeB = 23.034 |
TAMS results for two layers, two-sided cooling R — 5
is about equal for average and max resistance. GRS RGAR, -~ q

TAMS gives nearly identical result compared to the
Mathcad 2-sided cooling, spreading result.
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Add All Resistances and Calculate Temperature Rise:

Rrs'Rcs
RSink = RSink = 46.714
RI'S + RCS
R := Rgink + Rehiptosink Rt = 46.838
RchiptoPCB =0.8 RranspcB = 26
RB = RechiptoPcB *+ RTransPCB Rp =26.8
RT-Rp

Ri=—— R = 17.046
A RT+RB

Note that the chip to sink resistance is very small compared to R top
and chip to PCB resistance is very small compared to R bottom so chip temperature
is not much different that sink and PCB temperatures. This means ATgpgioamp €aN

be used for AT Sink or PCB to Amb.

ATchiptoamb = R-Qchip ATchiptoAmb = 102.278
AT ChiptoAmb
Qpi= — o0 Qr = 2.184
Rt -
AT ChiptoAmb
Qp = — Qg = 3.816
Ry N

Example 1.8.xmcd 4/4 9/22/2012




Forced Air Cooled Box From Notes

Created September 27, 2006

Input Data:

nlet: ~ [Wy = s.q Hy = 1.q f = o.45|

Box: Hp = 4.# Wg = S.q

Circuit Boards: Sg = 1(] Lcard == 11.@]
Components: LLM:= O.ﬂ |B = O.ﬂ §:= O.SI H = Sp N = §| 5 across.

Power Supply: fIn_ps == O.4§ Wpg = 2(] fpg = 0.38]

Hg-Sg - N-L-H
fB =
Sg-Hp

Fan: fran = 043 |dpan = 3.0

Resistance Calculations:
1510 °
2
AInlet_perf

Inlet: Arnlet_perf = WrHrfy Rinlet_perf = Arnlet_perf = 2.25 |

‘]

Expansion from Inlet: =
P Rinlet_pert = 2.963 % 10

Alnlet_Exp = WrHp Aomntet_Exp ‘= Hp-Wp Allnlet_Exp = 3 | |A2mnlet_Exp = 36 |

2
_3 1 Alnlet_Exp -5
Rinlet_expan = 1.29-10 | 1- Rinlet_expan = 3.8262x 10
AIInlet_Exp A2Inlet_Exp

Circuit Boards Taken One At a Time: 3
_3 4
0.5-10 Aopc
Contraction:  A1gc := Hg:Sg  Aopc:=Hp-Sg'f3  Rcont i = ——— |1 -
Ach2 AiBC
Card: f=04444  Use [fpi=O; Reont = 8.0437x 107 °
5.18-(1)-Logg 104
18-(1) L —
Rarg = ar Rearg = 2.8138x 107

(Hg-Sp)*
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2
- 1
Card Expansion:  RExpan := 1.29-10 3 —-(1 - fB)
B-Sp-1p

REspan = 6.3704x 107" |

y
One Board: Rchannel = Rcont + Rcard + RExpan Rchannel = 4.2552x 10 |

2
\/ RChannel -5
Card Cage: RCaIdcage = T RCardcage =1.182x 10
151073
Power Supply: RPS_inlet = > RPS_exit = RPS_inlet
(WPS -Hp- fIn_Ps) —
RpS inlet = 9.1449 x 10 ‘
Arps_c = Wps-Hp Azps_c = fps-Wps-Hp A1ps_E = A2ps_c
3
-3 = 2

0.5-10 4 3 =

RPS_internal = - (1 = fps) " +1.29-10 [ '(fPs)} Rps_jnerma = 41042 10”* |
Aops_C IPS_E
—4

Rps = Rps_intet + RPS_internal + RPs_exit Rps = 5.9331x 10 ‘

L e 15107 —
an: Exit_perf ‘= R > RExit_perf = 1.4825% 10 ‘
dFan
T > Tran
2
\/ RCardcage'\/ Rps
System: Box Internals: REnc_internal =
\/ RCardcage + \/ Rps

—6
REnc_internal = 9-0769 % 10

— . . —4
RSys . RInlet_perf + RInlet_expan + REnc_lnternal + REx1t_perf RSys =49189% 10
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Calculate Necessary Plotting Data:

Since this is an intermediate fan case, both h 4 and h,; are required in addition to H:

3

hog(G) = 1.29-10 -G hy (G) = 1.29-10 -2 H(G) = RSys'G2
dFan 2 (WB.HB)
“'( 2 J
Ahy(G) = hya(G) — hyi(G)
x =43
Hyq = hya(x) Hyi = hyi(x) AHy = Ahy(x) HL := Hp(x)

Hyq = 0.0477 Hy; = 1.8404x 10 3 AH, = 0.0459 HL = 0.9095
G hvd hvi Ahv HL

0 0 0 0 0

1 2.58*10° 9.95*1077 2.48*10° 4.92*104

5 6.46*10 2.49*10°% 6.21*104 0.0123

10 2.58*103 9.95*10° 2.48*10°8 0.049

15 5.81*103 2.24*104 5.59*103 0.111

20 0.010 3.98*10* 9.93*10°8 0.20

25 0.016 6.22*10 0.0155 0.31

30 0.0232 8.96*10 0.023 0.442

35 0.0316 1.22*103 0.030 0.602

40 0.041 1.59*1078 0.040 0.7864

43 0.0477 1.84*1078 0.0459 0.907

45 0.0523 2.016*10°3 0.050 0.9952
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Using fan curve in Notes, the fan and [HL + (hvd-hvi)] curves intersect at 21 CFM. Gg = 21

REnc_internal
Card Cage Results: Gcardeage = Gor | ——— Gardeage = 184026
RCardcage

GCardcage
GChannel = T GChannel = 30671
Power Supply: Gps = Go — Gcardcage Gps = 2.5974

Try Teerstra for PCB Using Rather Arbitrary Component Dimensions:

L;JM:= O.ﬂ L]ABM:= O.ﬂ L§N:= O.SI

GChannel \Y
H=Sg Y=—10H™>" V=08147 Reyy = 2-H. Reopy = 1.7069x 10° ‘
Hp-Sp 5.0.023
144

) e ) e

k=075 pR=15] [x=15]

I

H/\L+S
3
2 4
Apgr == —— Bpye == —— Apar = 3.5556 | Bpar = 5.2465
3 3
e QR
1
96-Apy )" (0.347-Bpy ) ’
fopy = T+ = < fopy = 0.3132
Reop 1
R62H4
1.29-10" >( Leard 7
R oy = o Regrg = 1.0973% 10 ‘
ks 2\ 2H
(HB-SB)

The single card resistance using the McLean resistance was 4.04x10"4. We should perform at least
one more iteration to correct the results.
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4

Rhanogla = Rcont + Rcard + RExpan Rchannel = 2.5387x 10
2
\ RChannel —6
2
\/ RCardcage'\/ Rps —6
NI&EAMDW&D&L:: REnc_internal =5.7336x 10
\/ RCardcage + \/ Rps

N\RNSNSV = RInlet_perf + RInlet_expan + REnc_internal + RExit_perf RSys = 4.8854% 10 4 ‘

This new Rg, is not much different that the first Rg s=4.92x10"* so we won't calculate

anew G,
REnc_internal
Geandsage, = Go' | ————— GCardeage = 18.9356 |
RCardcage
GCardcage

Sihamsl, = — GChannel = 3.1559 |

Gps.:= Go — Gcardeage Gps = 2.0644 |
1.76-(22

22 Watt Cards ATc 2w = 176:(22) ATc gow = 12.2689 |
GChannel
1.76-(11

11 Watt Card ATc 11w = —() ATc 11w = 6.1345 |
GChannel
1.76-(33

33 Watt Card ATc 33w = 176:(33) ATc 33w = 18.4034 |
GChannel

1.76-68
ATpg = ATps = 57.9735 |
Gps
1.76-(4-22 + 11 + 33 + 68

Gy
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Example 4.4a Experimental Airflow Resistance, Pressure LLoss Heatsink,
L=12 in. Using Yovanovich Correlations

Input Heat Sink Geometry (Inches):
Wo=2807 [H=10 [L=13 [N;:=25 [;:=0.]

Input Heat Sink Total (for two sinks each 4.01 in. .
wide) Volumetric Flow Rate (ft.3/min.):

Calculate Some Values:

W — Ng-tg 4-S-H
Nc = Nf— 1 /§v:: _— DH = DH = 0.374 S =0.23

Nr—1 T2 H+2S
Ac_Total
Ac_Total = (Nf_ 1)S'H o= WH A.=S-H o = 0.688
G GChannel
= V= —— Ve = 652.174
GChannel Np— 1 f A f G Channel = 1.042 |
144
fapp from Yovanovich: Vi Dy
Repy = —— 3
DH 5(0.023) Repyg = 2.121x 10 ‘
Vi Ac 7
Re =_=— Re =272x10 ‘
RtA 5.(0.023) RtA
S 1 L
&= &= e =023 g =1.603 zPlus == ———
H 3 \ Ac'Reria
1.086957 C\Je—e?) +e
0.079
frusy = ——— [frumy = 0.012 |
Repy ™
! —3
B zPlus = 9.2x 10 ‘
1 3.44 \? >
fapp = : : + (87 g) fapp = 0.02 |
" Repia (mj =
If ReDH<2000, Set f:fapp. If ReDH>1 0,000, Set f=fturb.: f = fap
Get K., K, Based on Repy, 6 From Text Graphs: K. =0.31 K. =0.0
Calculate Airflow Resistance and Pressure Loss:
—3
1.29-1 L _
R, = %-(Kc 4K, + 4-f-—] Hp = Ry-G>  [Ryr = 9.928x 10> | Hy = 0.062
N Ac v Ac
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Example 4.4b Experimental Airflow Resistance, Pressure 1.oss

Heatsink, Length =12 in. Using Handbook of Heat Transfer

Input Heat Sink Geometry (Inches):

Correlations

W:=803 [H=10 [L;:

1

te = o.1|

Input Heat Sink Total (for two sinks each 4.01 in.

wide) Volumetric Flow Rate (ft.3/min.):

Calculate Some Values:

H:

N Ne 1 W — N¢-te
¢ = N¢ S = W
Ac_Total
AC_Total = (Nf— 1)S-H o= W
G GChannel
G = V =
Channel Nf T 1 £ —AC
144
f from Table or Curve:
L = 24.
X =0 . fram =
DH- ReDH ReDH

If ReDH<2000, Set f:fapp. If ReDH>1 0,000, Set f=fturb.:

Get K., K, Based on Repy, 6 From Text Graphs:

m
DA

4-S-H
=27 Dy = 0.374 S =023
s [Pu=0374]
A.:=SH o = 0.688
Vi = 652.174 G = 1042 |
Re = — Re =2.121x10 ‘
PH = 50.023) DH
x = 0.015 flam = 0.011
0.079
fru = —— = [frup = 0012 |
Repy ™
f .= f

0.0

Calculate Airflow Resistance and Pressure Loss:

1291077 (
w2, 2
Nc Ac

af -

HL = Raf' G2

K.+ Ko +4-f—

oo

H

Ry = 7.724%x 10

’]

9/21/2012
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Example 4.6 Cylindrical Pin Fins (Forced Air) by Khan

Sample Problem Data from Paper Using Sl Units:

Footprint (m):

Heat Source (m2):

Pin Diameter Thickness (m):-------------------
Baseplate Thickness (m):-----------------------

Overall Height of Heat Sink (m):-------------

Pin Height (mm):
Number of Pins (In-Line) Ny, N i--------mmmmmmmn

Number of Pins (Staggered) Ny, N :------------

Approach Velocity (m/s):
Thermal Conductivity of Solid (W/m-K):-------

Thermal Conductivity of Air (W/m-K):----------

Kinematic Viscosity of Air (m?/s):-------------

Density of Air (kg/m3):

Prandtl Number of Air:

Heat Load (W):

Ambient Temperature (°C):------------------------

Input, Data, Symbolics Mostly Following Original Paper:

W. A. Khan, J. R. Culham, and M. M. Yovanovich, '"Modeling of Cylindrical Pin-Fin
Heat Sinks for Electronic Packaging, 21st IEEE Semi-Therm Symposium, 2005.

_ 254 i 25.4
10000 ™ 1000
2
1000
: 2
b=
. B 1000
T 1000
H = T—tQ H = 0.01
NT = NL = ?
NT =38 NL =7
V, =
k := 180
k¢ := 0.02
V= 158~1o‘51
p =1.1614
Pr:=0.71
Q :=50
T, =2

E:\Temp\
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Calculate Variables and Results:

P . L o— PL P . W o— PT
L: N, pL: b T-—NT PT-—D
PT PT
VMax := max “Va, Vi
pr—1 pp—1
D-VMax
Rep =
v

Rep = 846.103

Select from first or second of two following lines for in-line or staggered pins, respectively:

Cy = (0.2 + exp(-0.55-pr))-p

0.285 0.21
T ‘PL

0.091 _ 0.053
c 0.61'pr " -pL
L 1- 2~exp(—1.09~pL)
1 1
0.75ks | pr—1 5 2
hy = - Rep > -Pr° hy = 47.563
D NL pLPT
11
Cl'kf R 2 P 3
fin =y ReD hgn = 257.935
1'r-D2 4
Ap = L-W — N1-Nj.- ; Ap =4912x 10
Ay == 7-D-H Afy = 6.283% 107>
A hfin tanh(m-H) 0.914
m:= |4 =— = 0.
A, D Mfin mH Mfin
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Rfpi=——— R, = Rfn, = 67.488
" hfin Afin' Nfin - k-L-W n

Ry = 0.017

Ry, = 42.801

1
Ry = +R Ry, = 1.352
" (NT.NL)+1 m = 139

Rfin

Ry

Calculate Pressure Variables and Results:

pr—1 5
0= K¢ :=-0.0311-0" - 0.3722-0 + 1.0676 o = 0.449
PT
K, := 0.9301-0> — 2.5746-0 + 0.973 K¢ = 0.894
Select from first or second of two following lines for in-line or staggered pins, respectively: -3
- o
_ Kl = 1.009
f = 0.304
2
= (Kc +Ke + f~NL)~—p = |AP = 78.453 |

Important Note: The above friction factor definition via the AP formula is different
that for plate fins.
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Cylindrical Pin Fins (Forced Air) by Khan et. al.,

But Mixed Units Used.

Sample Problem Data from Paper Using Sl Units:

Footprint (in.):

Heat Source (in.?):

Pin Diameter Thickness (in.):-------------------
Baseplate Thickness (in.):-----------------------

Overall Height of Heat Sink (m):-------------

Pin Height (in.):

Number of Pins (In-Line) Ny, N :------m--mmmmmmn

Number of Pins (Staggered) Ny, N, :-----------

Approach Velocity (ft./min.):

Thermal Conductivity of Solid (W/in.-K):-------

Thermal Conductivity of Air (W/in.-K):----------

Kinematic Viscosity of Air (in.2/s):--------------

Prandtl Number of Air:

Heat Load (W):

Ambient Temperature (°C):------------------------

W. A. Khan, J. R. Culham, and M. M. Yovanovich, '"Modeling of Cylindrical Pin-Fin
Heat Sinks for Electronic Packaging, 21st IEEE Semi-Therm Symposium, 2005.

Input, Data, Symbolics Mostly Following Original Paper:

tp,:= 0.078
Hr = 0.47244]
H ;= Ht - Q H = 0.39%4
INT, = N

AAAAA

E:\Temp\
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Calculate Thermal Variables and Results:

2
P_L P P_W _Pr S Pt _Pp
Ay NL Rl D Ay Nt ,RWV—D = | FL > ,RQA—D
Pp = 0.16
PT PT 3
V Max,:= max Vg, -V, VMax = 1.316 X 10
pr—1 pp—1
pp = 2.028
D'VMax
Ren = Rep = 845.755
Sv

Select from first or second of two following lines for in-line or staggered pins, respectively:

Chi= 02+ exP(_o,ss.pL)),pTo.zss,pLo.zlz‘

0.091 0.053
o 0stpr"®p
b 1- 2~exp(—1.09~pL)
1 1
075k [ pr—1 > 3
T 1= - Rep > -Pr’ hy = 0.031
D NL pLPT
l 1
he = < Rep2.pe3
Nfin, = ‘Rep ™ -Pr hgy = 0.166
2
D
Api= LW = NpNL “4 Ap = 0.761
Agin,:= TD-H Agin = 0.097
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hin __ tanh(m-H)

m:= |4 : =0914
w kD L Nfin
Riio ! R tb Ry, = 67.495
::— .: ﬁ = .
hﬁn'Aﬁn"r]ﬁn ARy k-L-W !
| Ry = 0.017
Ry, =
o hye| L-W = NNy -~ D?
o T T Ry, = 42.81
1
Ry = +R R = 1.352
Bo= ey R Rip = 1352 ]
Rﬁn Rb

Calculate Pressure Variables and Results:

pr—1
q= K, = —0.0311-0” - 0.3722-5 + 1.0676 o = 0.449
PT
K = 0.9301-0” — 2.5746.5 + 0.973 K. = 0.894

Ke = 4.827x 10" ° ‘

K; = 1.009

Important Note: The friction factor definition via the Ah formula is different that for plate fins.
Ah=(K +K +Ip;, N, )h, pins Where =one velocity head in Pin array.

Use h =1.29103G?(WHo), then Ah = Ah[in. H,0]. This G/()*is equivalent to V,

v-Pins™ Max

2
W-(H _
G,i= Vyr (4) G=1615 Ah:=(Ko+Ke+£Np)1.29-107 >

14 (W-H-0)>

Ah = 0.326

Ah=0.326 in. H20 converted to Pa by dividing by 4.019x10-3 is 81.1 and is slightly different than the
Sl calc. because my air density (built into the 1.29x10-3) is a little different that Khan's.
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Also:

31
Ryi= (Ke+ Ko+ £N)129-107°———
(W-H-0)
R = 0.125
Ah = R-G”
= Ah = 0.326
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Example 4.8 Aavid Thermalloy Heat Sink Part Number 62705

Bernoulli's Equation Based on SI Units and Using Muzychka & Yovanovich Correlations

Airflow By-Pass and Thermal Resistance Calculator.
This method may be applied to any heat sink in a card channel by changing the

input values.

131k
i

= Front View

Fin thickness is about 0.1 in.

Side View

c3n3Teom

Some Physical Constants (p[kg/m?]):

p:=1.18 Pr:=0.72

Input Heat Sink Geometry (Inches):

Hry := 1.3]

ty = 0.319

Wo=40 H=093 [L,=3 [Ni:=13 [;:=0.]
Input Duct Geometry (Inches):
Wg=100 [Hg=20  Hy=t+H

Calculate Some Values:

N = N { @V-_ W — Ny-tf _ 4-S-H
p= TN T %2H+s
G
Ad = Wd'Hd Vd = Vd = 360
Ad
144
Ap = (Ng—1)-S A A A
=(Nf—1)-S-H = W-Hp - o=
f f hs T — Af At An.

As = 2.687

Dy = 0.404

A.=S-H

Input Duct Volumetric Flow Rate (ft.3/min.):

Apg = 2.554
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Airflow Calculation:

1st lteration - Use a Guess for Vs,
After 1st lteration - Use End Result.

Calculate Reynold's No. and Ratio r:

V¢Dy

Repy = ————
PH 5 0.023)

fapp from Yovanovich:

V=24

Repyg = 871.858

Vf‘\/X 3
A=SH Repa=———  [Repea = 1.02x 10 ‘ A = 0224
- fA T 5.0023) A
o 1 o L
=— 8,= 7Plus .= ——
H E \/X‘ReRtA
1086957 S\Je-€?) +¢
ZPlus = 6.214x 10 °
£=0226 g=1616
1
1 3.44 )2 )
fonp = - +(87g) fapp = 0.058 |
" Reren (mj =

If Repy<2000, Set f=f,,. If Repy>10,000, Set f=fyp, : f =1y
Get K., K, Based on Repy, 6 From Text Graphs: K. :=0.5 K. :=0.1
Calculate Airflow Resistance and Pressure Loss:
12910 ° L 2
of = ?(KC + Ko + 4~fapp.—j Raf = 3.864x 10~ |
N2 A JA
As 2 -3
Gt = E‘Vf Apso = Ry Gy Apsao = 8.272% 10
Gf = 4.627
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Convert pressure from in.H,0 to Pa: AP0
Apgy =

4.019-10 °

Calculate "Constants" for Quadratic Equation:

Ap = Ag— A — Agg Ap = 14.76 Apst = 2.058

Va (duct or approach) = Vd (approach) butin M/s: Cy = 12 136520 Cy = 5.08x 1072
V, = Vg-Cy V, = 1.829
2 2
Ag Agq Af 2-Apst | Adq 2
a = 1— JE— T a /&/\:: | Va
Ay Ap Ap p Ay

la=0967] |b=0902| |c=-2.652 |

[2
Vsolis Vin fins butin M/s: V= b¥yb -dac Vol = 1.254

2-a
. Vsol Af
Convertto ft/min: vy, = c Qg = Vf'ﬂ Gr = 4.606 Vi = 246.887
\Y

Assume Laminar flow. For V 4=360, a V; of 200 ft./min. was used to
start the calculation which gave Repy=703.

The iteration sequence beginning with V4=360, the first velocity

V=200, was:

V; Used V; Calc
200 300
220 280
250 244
240 257
245 251

and after the revised f, K., K, ----> V; = 247 ft./min. and Rep=868.
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Heat Transfer Calculation Using Calculated V;:

Input Fin Channel Velocity Vy:  [We:=24

Some Physical Constants: p recastin gm/in.3 Cp in J/((gm*C) -
2=002 Cp=10 k=6510"" Pr:=072

Calculate Some Values:

VA L

AR = ————
5-(0.023) JARepa

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

Ag=2-(Nf=1)-L-H+W-L A, = 83.64

Rema =

1 1
mdotCp (V) = p-123-V-%-Af-— C Vi-Dy

P Repy =
122 AR 5 0 003

Calculate Laminar h From Yovanovich Using Average h, Isothermal Wall,
Symmetric Heating:

Pl
C,=15  Cp:=0409 Cs :=3.01 ~=0.1 ZStar = ZPuS
T
1
5 5
faon- Rerea 3 Regria >
Nu := cl-cz-(uj {cg-(fapp-—t Nu = 15.463
zStar 8/ Tr-e
By = N
Lamir 1= == B aminar = 0.021 |

Turbulent Flow Heat Transfer Coefficient:

0.58

Dy k 08

b (Re) :=| 1+ 168| —= | |0.023——Re burbutent = hrurb (Reph)
H

BTurbulent = 0.013 |
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Calculate Fin Efficiency Using Primitives Rpyim_x, Rprim_c¢_Lam:

H 1
RPrim_c_Lam =

5-L-tf hLaminaI-z-H-L

RPrim_c_Lam canh Rk
NLaminar :== | ———ta - ——
. Ry Rprim_ ¢ Lam MLaminar = 0.973
R 1 RPrim_c_Turb canh Rg
Prim_c_Turb = NTurbulent == | ————-ta _
hurbulent 2-H-L Ry Rprim_c_Turb

MTurbulent = 0.984

Rg =

Calculate R¢ for Laminar and Turbulent Flow:

1 1
RC_Laminar = RC_Turbulent =
MLaminar' NLaminar As NTurbulent NTurbulent As

RC_Laminar = 0.579 | [Rc_Turbulent = 0.96 |

Calculate R, for Laminar and Turbulent Flow:  mdotCpCalc := mdoth(Vf)

ImdotCpCalc = 2.654 |

1

Laminar = Laminar = 0.651
Baminar mdotCpCalc-R¢ 1 aminar PLaminar |
RC_Laminar
R{_Laminar := BLaminar . R Laminar = 0.787 |
— BLaminar
l1—e
1
BTurbulent = BTurbulent = 0.392 |

mdotCpCalc-R¢ Tyrbulent

RC_Turbulent

R Turbulent = 1.161 |

RI_Turbulent = BTurbulent

— BTurbulent
l1-—e
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Heat Transfer Analysis Using Method of Jonsson and Mosfegh:

Check Some Ratios for Model Validity:

_H W = — Model is in range
H= Hy W= Wy = 0497 @ of geometry limits.

Problem Geometry Remains the Same But There Are Some Different Definitions:

2-WgHg
Dy = Dy = 3.333
Ly i = 3358

Calculate and Check Reynold's Number:
Velocity based on bypass area + fin channel area.

(A G < j 144.Dy
_\ b T Af _ 4 Which is in region
REDR, = 5-(0.023) Repy = 1.196x 10 >2000 and <16500.

Get Constants from Jonsson and Mosfegh Table:

Ci=8828  mp :=0.6029 mp:=-0.1098 mj3:=-0.5623 my :=0.08713 ms := 0.4139

Calculate Results:

m my m3 m5
Repu Wy Hq s\™ [t
Nup := Cy- I—1 =1 |1=| |= Nup = 81.702 |
1000 w H H H
—4 Kair
kajr == 6.5-10 h = L -Nur, h = 0.018
1
Agink = 2Ny L-H+ W-L Rsink = Rgink = 0.63
h- Agink
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Application Example 4.9: Aavid Thermalloy Heat Sink Part Number 62705
Bernoulli's Equation Based on SI Units

Airflow By-Pass and Thermal Resistance Calculator.
This method may be applied to any heat sink in a card channel by changing the
input values.

131k
i
-

Front View 0.315in. =i

Fin thickness is about 0.1 in.

Side View

c3n3Teom

Some Physical Constants (p[kg/m?]):
p:=1.18

Input Heat Sink Geometry (Inches):
Wi=40 H:=0995 1 :=3 N¢:=13 te := 0.1 Hrt = 1.31

Input Duct Geometry (Inches): Input Duct Volumetric Flow Rate (ft.3/min.):

Wq:=100  Hy:=20 G,= 50

Calculate Some Values:

W — Ng-tg 4-S-H
N, =Nf-1 =— Dy = Dy = 0.404 S =0.225
pm A= TN B 5 H+s H

G
Ad = Wd'Hd Vd = Vd = 360

Ad

144

As
Ar=(Ng=1)-SH Ay := W-Hp— A¢ c=—  A.=SH o = 0.513
Af + Apg
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Airflow Calculation:

1st Iteration - Use a Guess for Vs V¢ =275
After 1st lteration - Use End Result.

Calculate Reynold's No. and Ratio r:

V¢Du L -3
Repyg i= ———— r=—— Repyg = 966.778 r=7.675x10
5(0023) DH'RCDH
Get fRe for Laminar Based on Ratio r From Text Graph: fRe := 25.6
. . fR .079
This r results in fRe=: f,,,, == © fiurb == 0—025 flam = 0.026

frurb = 0.014

If Repy<2000, Set f=f|am. If Repy>10,000, Set f=fturb.: i = |

Get K., K, Based on Repy, 6 From Text Graphs: K. :=0.56 K¢ :=0.12

Calculate Airflow Resistance and Pressure Loss:

-3
1.29-10 L _
im0 .(KC+K6+4.f._j Ryt = 2.62x 107
N, A Dy
Af 2 -3
Gr = E‘Vf Apso = Ry Gy Apgpo = 6.897 % 10 Gr=5.13
' - Apso
Convert pressure from in.H,0 to Pa: Aps; = 3 Aps; = 1.716
4.019-10
Calculate "Constants" for Quadratic Equation:
Ap = Ag— A — Agg Ap = 14.76
. 2.54 -3
Va (duct or approach) = Vd (approach) butin M/s: Cy := 12 10060 Cy =5.08x10
Va:=VgCy V.= 1.829
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a = 0.967 b=10902 c¢=-3.232

by b —dac

Vsolis V in fins but in M/s: Vol == 5 Vol = 1.42
-a
. Vsol Ag
Convertto ft/min: v, = c G = Vf'ﬁ Gr = 5.217 V¢ = 279.613
\Y

Assume Laminar flow. For V 4=360, a V; of 400 ft./min. was used to
start the calculation which gave Repy=1406.

The iteration sequence beginning with V4=360, the first velocity

V=400, was:

V; Used V; Calc
400 126
300 254
250 299
270 284
277 278

and after the revised f, K., K,, ----> V; = 280 ft./min. and Rep=985.
Heat Transfer Calculation Using Calculated V;:

Input Fin Channel Velocity Vi:  Wei= 278

Some Physical Constants: p recastin gm/in.2 Cp in J/((gm*C) -

4

0,=002 Cp,:=1.0 k:=6.510 Pr:=0.72

Calculate Some Values:

Ag=2(Ng—1)LH+W-L A= 83.64

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

1 1
mdotCp (V) := p-123-V-—-Af-—-Cp
60 122
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H

Other values:  raqpect ratio = —

TAspect_ratio = 4.422

S

Get Nuggt Fully Dev. From Text: Nuc;,. = 3.66 Nugect, := 4.44
Nugect.
Ny = —— g = 1.213
Nucire.
V-Dy
Re-Calculate Repy for Vi:  ReynoldsNumber(V) :=
5-0.023
Re = ReynoldsNumber(Vf) Re = 977.325

Laminar Flow Heat Transfer Coefficient:

_ Rep _

0.104 — =1
K Dy
hpam(Re) = ryy'| — || 3.66 + hL aminar := hram(Re)
Dy Re-Pr 0.8
1+ 0.016 -

] D_H | hy aminar = 0.019

Turbulent Flow Heat Transfer Coefficient:
0.58
H k 0.8
hTurb(Re) = |:1 + 1.68'(Tj }'0.023-D—-R6 hTurbulent = hTurb(Re)
H

hrurbulent = 0.014
Calculate Fin Efficiency Using Primitives Rpyim_x, Rprim_c¢_Lam:

H 1

RPrim_c_Lam =

Rprim_c_Lam tanh Ry
o[ _imecAam L
Htamine Ry Rprim_c Lam MNLaminar = 0.976
R 1 - Rprim_c_Turb tanh Ry
Prim_c_Turb = Turbulent -== | ——————-1la S —
hTurbulent' 2-H-L Rk RPrim_c_Turb

M Turbulent = 0.982

Rk =
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Calculate R¢ for Laminar and Turbulent Flow:

1

RC_Laminar = RC_Turbulent =

M Laminar DLaminar As

1

NTurbulent' DNTurbulent As

RC_Turbulent = 0.875

Calculate R, for Laminar and Turbulent Flow:  mdotCpCalc := mdoth(Vf)

1
mdotCpCalc-R¢ Laminar

BLaminar =

RC_Laminar

RI_Laminar = BLaminar’
— BLaminar

1-e
1
mdotCpCalc-R¢ Turbulent

BTurbulent :=

RC_Turbulent

RI_Turbulent = BTurbulent

— BTurbulent
l1-—e

Heat Transfer Analysis Using Method of Jonsson and Mosfegh:

Check Some Ratios for Model Validity:

H \%%
Iy .= — rw = —
Hq Wy

rg = 0.497 rw = 0.4

mdotCpCalc = 2.987

BTurbulent =0.382

R Turbulent = 1.053

Model is in range
of geometry limits.

Problem Geometry Remains the Same But There Are Some Different Definitions:

2-WyHy

Dy =——
Rl W4+ Hy

Calculate and Check Reynold's Number:
Velocity based on bypass area + fin channel area.

-144-Dy
Ab + Af

Repy, = Repp = 1.196% 10*

5-(0.023)

Dy = 3.333

Which is in region
>2000 and <16500.
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Get Constants from Jonsson and Mosfegh Table:

C; =88.28 mp:=0.6029 mj:=-0.1098

Calculate Results:

m] my m3
Repu Wy Hqg S [t
1000 \%% H H H
_ kaj
Kair = 6.5-10° h = — Nug,
1
Agink = 2Ny L-H+ W-L Rsink ==

m3 = —0.5623 my4 := 0.08713 ms := 0.4139

-

Nup, = 81.702
h = 0.018
Rgink = 0.63
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Example 4.11 Application of Jonsson and
Mosfegh to Khan's Pin Fin Problem

Input Heat Sink Geometry (Inches):

In-line Circular Pins

NL=7 [Np=7 [W=1 [H:=0.394 |tf = 0.0787iL| [L=1 |GMaX = 1.61§|

W — Nt ;
T We are using the same CFM that
VSv\:= EE—— S =0.075 9

Np-1 we used in the Khan version of the problem.

Calculate Values:

w H
Wd =W+ S Hd = 0.394 = T = T = 0.93 g = 1
w H
d d
Ap = WgHy— HW Af = Np-HS W4= 1075 Ay = 0.029
Ag = 0.206
G 2WyHy
. 144 _ _ 3
Rep,x(G) = S 00 MaxRe = Reyp, (Gyvax)  [MaxRe = 4.946 x 10
G 2WyHy
Ab+Af Wd + Hd
b 2-WqHy Re(G) 144
e — e(G) =
H™ w +H R 5.0.023
dt Hd
C2 = 5.375 ny = -0.1759 ny = —0.7161 ng = —0.8230 ny = —0.5401 ng = 0.5990
my
G 2-WqHy 03
Ab+Af Wd + Hd
-3 2 —_—
1.29-10 ~-G 144
ARG = e 5.0.023
(Ap + Ag) '

ny n3 n 5
[Ya) T (Ba) s\ R (1) 205 L
w H H H W 2.05



AhKhan

AhKhan == Ah(Gppey) — R= ) [AhKhan = 1.134 | [R=0.435]

GMax



Application Example 6.6

Calculate the thermal resistance and temperature rise for a winged heatsink.

Input Heat Sink Geometry (Inches):

W:=10 H=079 [L:=4 [Q:=9 |[V,=100 [v:=0.029

Kair := 6.92:10 4‘

Calculate Area:

A, =4 (H-L)+ W-L Ay =38

Calculate Heat Transfer Coefficient Using Text Equation (6.14) and Figure 6-7:

AY -3 =
he = 0.00109-/% he = 7.707 x 10 hy ==fhe  |hy = 0.011

Calculate Heat Transfer Coefficient Using Text Equation (6.15):

L Kair 0.607 3 |
Rey = V. — hy := 0.374- ‘Rer ™ Rer = 1.379x 10 hy = 0.01
L s . ( L J L L L

As expected, the two h| s agree to within about ten percent.

Calculate Heat Sink Thermal Resistance and Temperature Rise Above Local Ambient:

1
hL' As

AT :=R.Q R, = 12 IAT = 60.001 |

C :

Calculate Thermal Resistance and Temperature Rise Without Heat Sink, i.e. Convection
Resistance from Case Top:

1
R. = AT =R R, = 48.001 AT = 240.003
AN hLWL AW Y Q C |
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Application Example 7.7: Double Sided Heat Sink Pressure and
Thermal Conductance Using Yovanovich Correlations

Some Physical Constants (p[kg/m?]):

Pr = 0.71 V= 0.029 k=6610 4

Input Heat Sink Geometry (Inches):
Wo=80 [H=10 =13 Ne=2§ [4:=01 [Hr:=129

Input Duct Volumetric Flow Rate (ft.3/min.), Heat: IG=2d [Q:=62§

Calculate Some Values:

W — Ng-tg 4-S-H
Ny=N;-1 §=—— Dy=——— [Dg=0373][5=0229

Ne— 1 ~ 2H+2S

A
Ar=(N;—1)SH Ay =WHr—A; o=——1 A, :=SH

B Af + Apg
Af=55
Airflow Calculation: G
Vii= —— Vi = 680.727 |
Af
144

Calculate Reynold's No. and Ratio r:

Vi-Dy
Repy = 1.751% 10° ‘
5-v

RCDH =

fapp from Yovanovich:

A=SH Repa = VZ\F Rega = 2247 107 |
£,= S 8,= ! zPlus = L
H 3 VA -Regia
1.0869571_8-(\/75 - ezj +e
e = 0.229
g = 1.606 zPlus = 0.011
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2
fapp = — K S j +(8.n.g)2} fapp = 0.023 |

If Repy<2000, Set f=fapp' If Repy>10,000, Set f=fturb.: f = fap

Get K, K, Based on Rep,, c From Text Graphs: Ke =046 [Kc:=0.1

Calculate Airflow Resistance and Pressure Loss:

3

1.29-10 L —4
Ny~ Ac H
Af 2
Gy = m‘vf Apoo = Rar Gt Apspo = 0.102

Heat Transfer Calculation Using Muzychka and Yovanovich with Calculated V;:

Input Fin Channel Velocity Vi: Use V; calculated from G input in beginning.

Some Physical Constants: p recastin gm/in.2 Cp in J/(gm*C) -

Calculate Some Values:

Ag=2(Ng—1)-L-H+ (Ng - 1)-S-L A = 642

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

d C[) V) = —. !
mdot :

Calculate Laminar h From Yovanovich Using Average h, Isothermal Wall,
Symmetric Heating:
zPlus

C; =15 C, :=0.409 C; :=3.01 N =0.1 zStar = b
r
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| =

l 5
3 5
f, -RCR A RCR A
Nu = Cl.cz.(MJ + C3. fapp'—t Nu = 13.205
zStar 8/ 70
k
hi aminar :== —"Nu b1 aminar = 0.018 |

VA

Calculate Fin Efficiency Using Primitives Rpyim_k, Rprim_c¢_Lam:

H 1
Rpyi =
5Lt Prm_c Lam = 2.HL Rprim ¢ Lam = 2.289

RPrim_c_Lam Rk
MNLaminar := | ————tanh| [ ——— M Laminar = 0.976
Rk RPrim_c_Lam

Calculate R¢ for Laminar and Turbulent Flow:

Ry =

1
R Laminar = Rc Laminar = 0.088 |
T Laminar’ hLaminar' As

Calculate R, for Laminar and Turbulent Flow:  mdotCpCalc := mdoth(Vf)

ImdotCpCalc = 14.29

1
Laminar -= Laminar = 0.799
BLaminar mdotCpCalc-R¢ Laminar Baminar
RC_Laminar

Ry_Laminar := BLaminar B Ry _Laminar = 0.127 |

l—e Laminar

1
Cr_Laminar = —— C - _ 786 |
RI_Laminar I_Laminar :
ATLaminar = RI_LaminaI'Q ATLammar = 7.989 |
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Heat Transfer Calculated Using Kays:

Calculate Some Values:

A= 2(Np— 1)L H+(Np—1)-S-L A = 642

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

V-Ag

mdotCp(V) .= ——

Calculate Laminar h From Kays Using Average h, Isothermal Wall,
Symmetric Heating:

Get Nu Rectangular Duct, Circular Duct for Fully Developed Flow:  [Nugee = 47 Nuci, = 3.66

i i Repy: Pr ]
L
Nug, D
Ny = Nu := | 3.66 +0.104- i .
Nucir Repp-Pr |08
1+0.016:| ———
L
I I D_H 1 Nu = 8.675
k
Bhamina, = ——Nu By aminar = 0.01535 |
H
Turbulent Flow Heat Transfer Coefficient: ri= DL r=32.182
H
o4 2.08-10” % Re-0.815
htup (Re) = 1+( j For2<r=L/D<20
0.23
Re
6-Dy k
htup(Re) =1+ ~O.023~—~Reo'8~Pr0' For20 < r=L/D < 60
L Dy
Dy
Purbutent = hTurb (Repr) Nup = —=brupuient  [Nur = 9354 | [brustutent = 0017

Calculate Fin Efficiency Using Primitives Rpyim_x, Rprim_c¢_Lam:

H 1

Rp.i =
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TLamines, =

RPrim_c_Lam Rk
— == tamh| [————
Rk Prim_c Lam

1
hTurbulent' 2-H-L

RPrim_c_Turb =

Calculate R¢ for Laminar and Turbulent Flow:

1

R Laminag, =

MLaminar' NLaminar As

RC_Turbulent =

MLaminar = 0.98 |

RPrim_c_Turb tanh Rk
NTurbulent == | — - '1a [ —
Rk RPrim_c_Turb

MNTurbulent = 0.978 |

1

NTurbulent N Turbulent As

RC_Laminar

= 0.104 |

Rc_ Turbulent = 0.096 |

Calculate R, for Laminar and Turbulent Flow:

1
Rhaminas, = mdotCpCalc-R¢ 1 aminar
RC_Laminar
m; BLaminar’ .
— BLaminar
l1-—e
1
BTurbulent :=

mdotCpCalc-R¢ Tyrbulent

RC_Turbulent

RI_Turbulent = BTurbulent

— BTurbulent
l1-e¢
1 1
Cllaminay, = ——— CI_Turbulent :=
RI_Laminar
N%,\Im;wﬁ: R{ Laminar'Q

ATTyrbulent := RI_Turbulent'Q

I _Turbulent

mdot Ic = mdoth(Vf)

ImdotCpCalc = 14.29 |

BLaminar = 0.676

BTurbulent = 0.728

R Turbulent = 0.135

CI_Laminar = 7.022 |

CIL_Turbulent = 7.389 |

ATLaminar = 8.944 |

ATTyrbulent = 8.499 |
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Application Example 7.9 Aavid Thermalloy Heat Sink Part Number 62705
Bernoulli's Equation Based on SI Units and Using Muzychka & Yovanovich
Correlations; Adjusted Kays and Crawford: Jonsson & Moshfegh

Some Physical Constants (p[kg/m?]):

Pr = 0.71 V= 0.029 k=6610 4

Input Heat Sink Geometry (Inches):

Wo=40 H=093 [L,=3 [N;:=13 |4:=01 [Hp:=131] | =031

Hy = Z.q Wy = lq A=t +H V=24 G,= 5(1

Calculate Some Values:

W — Ng-tg 4-S-H

Ac_Total
Ac Tow = (Nf=1)-SH  Apg = W-Hp—A¢ Tog 0= ——————  A.:=SH [o=0513

Ac_Total + Ahs

A¢ Total = 2.687 Aps = 2.554
A, Note: This Va is calculated assuming that the
_Total o X o
V,:= V¢ V,=1674 heatsink is ducted so that there is no bypass. This is
W-H how we presume a vendor would test the heat sink,

i.e. the vendor would duct the sink and measure the
approach V prior to entering the sink.
fapp_Calculation:

Calculate Reynold's No. and Ratio r:

Vi-Du
S5v RCDH = 691.473

RCDH =

fapp from Yovanovich:

Vi/ A

5-v

A, =SH Regria =

ReRtA = 809.257

1 L
zPlus '= ——
i \/X'ReRtA
+ £

1.0869571_8-(\/75 —e?

& 8=

S
H
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1

£ ! 344 )’ + (879’ £ = 0.069
= : g = 0.
“Pp Regria zPlus P

Heat Transfer Calculation Using Muzychka and Yovanovich with Calculated V;:

Calculate Some Values:
Ag = 2-(Ng) L-H + (Ng - 1)-S-L A = 8571 |

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

V- Ac_Total

mdotCp (V) =
p(V) e

Calculate Laminar h From Yovanovich Using Average h, Isothermal Wall,
Symmetric Heating:

zPlus

C; =15 C, :=0.409 C;3 =3.01 N =0.1 zStar = b
r

1

5 5

3 5
fapp' Rerea Regrea
Nu:=||C-Co| ———| | +|C3|fapp—— Nu = 14.496
zStar 8/ 0.
k
N aminar := ﬁ'Nu h aminar = 0.02022 |

Calculate Fin Efficiency Using Primitives Rprim_x, Rprim_c_Lam*

H 1

RPrim_c_Lam =

S5-L-tg hi aminar-2-H-L

Ry =

RPrim_c_Lam Rk
NLaminar := | ———tanh| | ——— T Laminar = 0.974
Rk RPrim_c_Lam

Calculate R¢ for Laminar and Turbulent Flow:
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1

R¢_Laminar =
B T Laminar’ hLaminar' As

Calculate R, for Laminar and Turbulent Flow:

1
mdotCpCalc-R¢ Laminar

BLaminar =

RC_Laminar

RI_Laminar = BLaminar’
— BLaminar

1—e

Turbulent Flow Heat Transfer Coefficient:
hryp(Re) :=| 1 +

-6
24 L 2.08-10 - (Re)-0.815
0.23
H

RCD Du
Nut = 8.793

Dy
Nur = ? ‘Drurbulent

RPrim_c_Turb =

1

M Turbulent’ hTurbulent' As

1
mdotCpCalc-R¢_ Turbulent

RC_Turbulent =

BTurbulent :=

RC_Turbulent

RI_Turbulent = BTurbulent

— BTurbulent
l1—e
B 1
Roswlsas, mdotCpCalc-R¢ Turbulent
RC Turbulent
m; BTurbulent

— BTurbulent
l1-—e

10,023 — Re”

RC Laminar = 0.592 |

mdotCpCalc := mdoth(Vf)

ImdotCpCalc = 2.543

BLaminar = 0.664

8
hrurbulent = hTurb(ReDH)
Dn

hTurbutent = 0.01435 |

1 . Rprim_c_Turb tanh Rk
Turbulent -== | — - la -
hTurbulent' 2-H-L Rk RPrim_c_Turb

M Turbulent = 0.981 |

RC_Turbulent = (.828 |

BTurbulent = 0.475 |

RI_Turbulent = 1.04 |

BTurbulent = 0.475

RI_Turbulent = 1.04
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Vi Dy

Heat Transfer Calculated Using Kays: Vi, =27
Repy, =
A, 5v
Total
V.= Vp—— V, = 185.625

Mass flow rate times specific heat , mdot*Cp, put in a convenient function form:

V- Ac_Total

mdotCp(V) i= —— Repy = 766.755
262

Calculate Laminar h From Kays Using Average h, Isothermal Wall,
Symmetric Heating:

Get Nu Rectangular Duct, Circular Duct for Fully Developed Flow:  [Nugee := 47 Nuci, = 3.66

i i Repy: Pr ]
L
Nug, D
Ny = Nu := | 3.66 +0.104- H — [t
1+0.016| ———
— Nu = 11,244
i i Dy il

hy aminar = 0.01836 |

Calculate Fin Efficiency Using Primitives Rpyim_k, Rprim_c¢_Lam:

H 1
Ry = R b ritncadamn -=
Rprim_c_L Rg
Namings, = | ———tanh| | ————— MLaminar = 0.976 |
Rk RPrim_c_Lam
R 1 Rprim_c_Turb tanh Rk
Rritdeudch, = Nhwibwen, = |————ta _
hTurbulent' 2-H-L Rk RPrim_c_Turb

M Turbulent = 0-981 |
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1
mdotCpCale-Re_Turbulent BTurbulent = 0.475

Calculate R¢ for Laminar and Turbulent Flow:

1 1
Blaminaz. = BTubulents =
T Laminar’ hLaminar' As M Turbulent hTurbulent' As

RC_Laminar = 0.651 | RC_Turbulent = 0.828 |

Calculate R, for Laminar Flow: mdot I¢,:= mdotCp(V¢)
; _ 1 ImdotCpCalc = 2.82 |
o mdotCpCalc-R¢ 1 aminar
BLaminar = 0.545 |
R . . . RC_Laminar
T Laminak, = BLaminar — BLaminar RT Laminar = 0.844 |
l—¢ -

Heat Transfer Analysis Using Method of Jonsson and Mosfegh:

Check Some Ratios for Model Validity:

_H _ W — - Model is in range
H = Hy W= Wy :’rH = 0497 w =04 of geometry limits

Problem Geometry Remains the Same But There Are Some Different Definitions:

2-W4qHy

Dy = Dy = 3.333
Po= i = 3358

Calculate and Check Reynold's Number:
Velocity based on bypass area + fin channel area.

Ap = WgHg—W-Ht Af = Ac_Total Ay = 1476 Hq=2 W4 =10 W=4
( G j 144-Dy

Rerp = Ap + Ar 5 Which is in region

R 5.0.029 Repy = 9.487x 10 >2000 and <16500.
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Get Constants from Jonsson and Mosfegh Table:

Cr=28828 my:=0.6029 my:=-0.1098 mj3:=

Calculate Results:

mj my m3

Repu Wy Hq S [t

Nup = Cy- Jd—1 J1—1] |1=] |—=
1000 \%% H H H

kAiI’

Kair = 6.5-10° h o=

Agink = 2Ny L-H+ W-L Rsink =

-

—0.5623 my := 0.08713 mj5 := 0.4139

Nup = 71.045 |

Rgink = 0.725 |
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Example 7.11 Cylindrical Pin Fins (Forced Air) by
Khan: This Example Also Used in Example 4.6 for
Pressure Loss.

W. A. Khan, J. R. Culham, and M. M. Yovanovich, '"Modeling of Cylindrical Pin-Fin
Heat Sinks for Electronic Packaging, 21st IEEE Semi-Therm Symposium, 2005.

Input, Data, Symbolics Mostly Following Original Paper:

Sample Problem Data from Paper Using Sl Units:

, 254 25.4
Footprint (m): W= —— L= ——
1000 1000
Heat Source (m3):
2
Pin Diameter Thickness (m):------------------- = m
Baseplate Thickness (m):----------------------- ty, = 2
12 1000
Overall Height of Heat Sink (m):-------------- Hp = -
1000
Pin Height (mm): - VI\_,Iw:z T—ty [H = 0.01
Number of Pins (In-Line) Ny, N i--------mmmmmmmn Nt = N = ?'
Number of Pins (Staggered) Ny, N, :---------- Nt :=38 | N =7
Approach Velocity (m/s): Va =
Thermal Conductivity of Solid (W/m-K):------- k := 180
Thermal Conductivity of Air (W/m-K):---------- k¢ := 0.02
Kinematic Viscosity of Air (m2/s):-—---------- b= 1.58. 10—5‘
Density of Air (kg/m3): p = 1.1614
Prandtl Number of Air: Pr := 0.71
Heat Load (W): Q := 50
Ambient Temperature (°C):------------------------ T, =2
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Calculate Variables and Results:

P . L o— PL P . W o— PT
L - NL pL - D T~—NT PT~—D
PT pPT
VMaX = max * a-s .Va
pr—1 pp—1
D'VMax
Rep =
1

Rep = 846.103

Select from first or second of two following lines for in-line or staggered pins, respectively:

Cy = (0.2 + exp(-0.55-pr))-p

0.285 0.21
T ‘PL

0.091 _ 0.053
C - 0.61~pT ‘PL
L 1- 2~exp(—1.09~pL)
1 1
0.75ks | pr—1 5 2
hy = - Rep > -Pr° hy = 47.563
D NL pLPT
11
Cl'kf R 2 P 3
fin =y ReD hgn = 257.935
1'r-D2 4
Ap := L-W = N1-Ny- ; Ap = 4912x 10
Ay == 7-D-H Afy = 6.283% 107>
hfin tanh(m-H)
m= |a. e s = 0914
paty D MNfin mH MNfin
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Rfpi=——— R, = Rfn, = 67.488
" hfin Afin' Nfin - k-L-W n

Ry = 0.017

Ry, = 42.801

1
Ry = +R Ry, = 1.352
" (NT.NL)+1 m = 139

Rfin

Ry

Calculate Pressure Variables and Results:

pr—1 5
0= K¢ :=-0.0311-0" - 0.3722-0 + 1.0676 o = 0.449
PT
K, := 0.9301-0> — 2.5746-0 + 0.973 K¢ = 0.894
Select from first or second of two following lines for in-line or staggered pins, respectively: -3
- o
_ Kl = 1.009
f = 0.304
2
= (Kc +Ke + f~NL)~—p = |AP = 78.453 |

Important Note: The above friction factor definition via the AP formula is different
that for plate fins.
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Cylindrical Pin Fins (Forced Air) by Khan et. al.,

But Mixed Units Used.

W. A. Khan, J. R. Culham, and M. M. Yovanovich, '"Modeling of Cylindrical Pin-Fin
Heat Sinks for Electronic Packaging, 21st IEEE Semi-Therm Symposium, 2005.

Input, Data, Symbolics Mostly Following Original Paper:

Sample Problem Data from Paper Using Sl Units:

Footprint (in.):

Heat Source (in.?):

Pin Diameter Thickness (in.):-------------------
Baseplate Thickness (in.):-----------------------

Overall Height of Heat Sink (m):-------------

Pin Height (in.):

Number of Pins (In-Line) Ny, N :------m--mmmmmmn

Number of Pins (Staggered) Ny, N, :-----------

Approach Velocity (ft./min.):

Thermal Conductivity of Solid (W/in.-K):-------

Thermal Conductivity of Air (W/in.-K):----------

Kinematic Viscosity of Air (in.2/s):--------------

Prandtl Number of Air:

Heat Load (W):

Ambient Temperature (°C):------------------------

t, == 0.078

Hr := 0.47244]

VI\‘,IWI= HT_ PI

No.= Ni=
Nt

3

H = 0.394

AAAAA

E:\TCE6thRev.CRC\TCE Mcad Text Files 4

2/27/2007




Calculate Thermal Variables and Results:

2
P_L P P_W _Pr S Pt _Pp
Ay NL Rl D Ay Nt ,RWV—D = | FL > ,RQA—D
Pp = 0.16
PT PT 3
V Max,:= max Vg, -V, VMax = 1.316 X 10
pr—1 pp—1
pp = 2.028
D'VMax
Ren = Rep = 845.755
Sv

Select from first or second of two following lines for in-line or staggered pins, respectively:

Chi= 02+ exP(_o,ss.pL)),pTo.zss,pLo.zlz‘

0.091 _ 0,053
C - 0.61~pT ‘PL
b 1- 2~exp(—1.09~pL)
1 1
0.75ks [ pp—1 > 3
T 1= - Rep > -Pr’ hy = 0.031
D NL pLPT
l 1
he = < Rep2.pe3
Nfin, = ‘Rep ™ -Pr hgy = 0.166
2
D
Api= LW = NpNL “4 Ap = 0.761
Agip, .= T™D-H Agn = 0.097
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hin __ tanh(m-H)

m:= |4 : =0914
w kD L Mfin
Riio _ R tb Ry, = 67.495
:: .: ﬁ = .
hﬁn'Aﬁn"r]ﬁn ARy k-L-W !
| Ry = 0.017
Ry, =
o hye| L-W = NNy -~ D?
o = T AT AL Ry, = 42.81
1
Ry = +R R = 1.352
Bo= ey R Rip = 1352 ]
Rﬁn Rb

Calculate Pressure Variables and Results:

pr—1
q= K, = —0.0311-0” - 0.3722-5 + 1.0676 o = 0.449
PT
K = 0.9301-0” — 2.5746.5 + 0.973 K. = 0.894

Ke = 4.827x 10" ° ‘

K; = 1.009

Important Note: The friction factor definition via the Ah formula is different that for plate fins.
Ah=(K +K +Ip;, N, )h, pins Where =one velocity head in Pin array.

Use h =1.29103G?(WHo), then Ah = Ah[in. H,0]. This G/()*is equivalent to V,

v-Pins™ Max

2
W-(H _
G,i= Vyr (4) G=1615 Ah:=(Ko+Ke+£Np)1.29-107 >

14 (W-H-0)>

Ah = 0.326

Ah=0.326 in. H20 converted to Pa by dividing by 4.019x10-3 is 81.1 and is slightly different than the
Sl calc. because my air density (built into the 1.29x10-3) is a little different that Khan's.
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Also:

. 1
Ryi= (Ke+ Ko+ £N)129-107°———
(W-H-0)
R = 0.125
Ah == R-G” Ah = 0.326
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Application Example 8.4: Vertical Flat Plate

Input Plate Geometry (Inches):

W = 9(1 H := 6. ]

Calculate Results:

_Q
0024
0.0024

HO.25

Ag = 2-H-W AT := AT = 22.243

0.25
AT
Qcheck = 0.0024- (?j ‘Ag-AT QcCheck = 8

AT

0.25 3
h = 0.0024(?j h=333x10
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Application Example 8.5: Vertical Flat Plate with Radiation, e=0.8

Input Plate Geometry (Inches):
W = 9(1 H = 6(1 £= O.§| Ta=3

Calculate Results:

AS =2-HW

Use First AT Guess of 40, Then Update from It. Table:

AT = 12.1
0.25

AT _

he := 0.0024(?j hy = 1463107 '0.(T +273.16)°
Calculate New AT: h, = 4.076 x 10 3 ‘
— Q _ -3 -
AT = — he = 2.86x 10 AT = 12.102
(he + &-hy)- As
Tabulated Iteration Results:

lteration AT hc AT
1 40 0.00386 10.41
2 20 0.00324 11.39
3 11 0.00279 12.24
4 12 0.00285 12.11
5 12.1 0.00285 12.10

Tg = AT + 20+ 273.16

Check on Accuracy of Approximate h,=0.0041:

11 3

ho= 3657107 1 Tgd 4 Tg (Ta +273.16) + T (Ta + 273.16)% + (Tp +273.16)°| b, = 4118 107
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Application Example 8.7: Array of Convecting PCBs.

Symmetric Isothermal.

Input Data:

=3 [

First Use Forumlae and Graphs to Estimate bg;:
Guess AT=25C.

From Fig. 8.10 for Isothermal we get r = b,,,/L1% = 0.2.

0.25
r.=0. bopt =rL bOpt = 0.356

Guess AT=25C.

From Fig. 8.1 for Isoflux we get r = b,,,/L''® = 0.125.

0.2
o= T'L bopt = 0-198

Create Formulae:

. 5 3 Tw—T
~div(Tyy) = | 5.46-10"-exp -9.2817-10 - > + Ty

1
27316+ Ty

Tyw - T
- - W
B: kAir(Tw) = 6.0583-10° * + 1.6906-10 6-( St TIJ

4
b
Ra(Tyy,b) = ﬂ{divB(TW)-B-T-(TW - T

Nu(Tyy,b) = >
4V 1
[Ra(TW,b)j " 2
(0.59-Ra(TW,b)O'25)
1 Q
ATwb) =3 2
Alr( W)
Nu(Tyy,b)- LW

b



[ —

54

1
4
Ty — T
5 3(Tw—T1 1
5.46:107-exp| —9.2817-10 ~| ——— + Ty |||-(Tyy - Ty) ———
H p{ [ 2 Ijﬂ(w I)273.16+TI

Calculate Optimum b and Tyy for bg:

ropt(TW) =

First Estimate Optimum b, Guess T, = 40:

SETWICEN

0.25
b ont= ropt(TW)'L bOpt =0.323
ATy = AT(Tyy. o) ATy, = 44.627 Tyri= ATy, + Ty [Ty = 74.627

Calculate Ty, for Various Values of b by lterating Tyy:

b:=0.5

ATl = g Aw AT
Kair( Tw) 2

-Nu(TW,b)-L-W

b

Symmetric Isoflux for Nu(L).

Create Formulae:

Ty - T
3 (Tw-Ti
AB(Tw) = {5.46.105.“{—9.2817-10 3{7 + Tlm

3= Jaial Tw) = 60583107 * + 1.6906-10 ° U
W 97316+ Ty W ' 2 .

5

b
RalsoF(Tyy,b,q) := ~divB(Ty) B — ———
also ( W q) 1v ( W) L kAlr(TW)



NulsoF(Tyy,b,q) =

48 . 251 -
RalsoF(Tyy,b.q) RalsoF(Tyy.b.q) "
1 Q
AT(Tyy.b.q) = 2
At = 00 ’

‘NulsoF(Tyy,b,q) LW

(9}

6.9

1roptIsoF(TW’ q) =

q

Tw—T ka: [T
_ w Airl 'W
{5.46-105.exp{—9.2817.10 3,(7 4 Tlm ﬁ

27316 + Ty
Calculate Optimum b and Tyy for bg:

Q

2

A= W q=0.125
First Estimate Optimum b, Guess T, = 50:
- 1/5 Ty = 135
roptlsoF - bopt/ L |

1
5

/vbvoptv:: 1roptIsoF(TW’ q)-L

bopt = 0218
Alwew= AT(Tyw:bop-a)  ATney = 104112 Tygi= ATy, + Ty [Ty = 134112

Calculate Ty, for Various Values of b, Same Q, by lterating Tyy:

Ty = AT(Tyw,b,q) + T
MTW,b,q) = 1 Q MY ( w ) I

Ty = 76.672

kp:oT 2
MNuIsoF(TW,b,q).L.W



Symmetric Isoflux for Nu(L/2).

Create Formulae:

Ty - T
3 (Tw— Ty
divB(Tw) = {5.46.105.“{—9.2817-10 3{7 + Tlm

8= KaiTw) = 6.0583-10° % + 1.6906-10~ ° U
M 97316+ T W ' 2 .

5

b q
RalsoF(Tw-b.a) := vdivB(Ty)- 8- Kair(Tw)
NuIsoE(Tyy-b.q) = 1 0
ulsoF( 1 . 1.85 '
RalsoF(Tyy.b.q) RaIsoF(TW,b,01)0'4
1 Q
AT(Ty.b.q) = 2
AlTw )= 30w ’

‘NulsoF(Tyy,b,q) LW

oot Tw-4) = 6.9

q

Ty~ T Kon(Ta)

- A | Airl "W,
5.46-105-exp —92817-10 .| ——— & T #
2 273.16 + Ty

Calculate Optimum b and Tyy for bg:

Q

First Estimate Optimum b, Guess T, = 50:

- 1/5 Ty = 88.9
roptlsoF - bopt/ L |

1

5
Ropwi= optIsoF(TW q) bopt = 0207



Alvawi= AT(Tw.bopa)  ATNey = 58865 Tyi= ATney + Ty [Ty = 88.865

Calculate Ty for Various Values of b, Same Q, by lterating Ty:
b=05 Ty == 66

! Q Tw= AT(Ty,b.q) + Ty

AT(Tw,b,q) = e
ATw-0-0) Kair( Tw) :
Ly Nutso(Tyr ) LW




Calculation Heat Sink Using Van de Pol & Tierney - Simplified hy

Ty = 2(1 |AT = 5{1 tf = 0.0ﬁ W:=18q4[L:=10 [H:=}4 Ny = 6| NG Si

(W= Ng-tg) s
— b= 0.6 _
D )
Ag=2H(L)  Ap=|2(Np-1)L+W[H [A=593] [Ag=10]
S S
AT 0.25
hy = 0.0024(?j h = hRatio-hyy

— — 3 — =3
hH = 4268 X 10 hC = 3.244X 10

L 1
Ry, =—— R.=—— Ry, = 0.667 R. = 3083
k kapH-tg ¢ 2-hC-L-H k ¢
Rc Ry
M = |—-tanh| | — M = 0.993
Ry Rc

CI = nhCAI CE = ﬂhHAE C = CI+CE CI = 0.191 |CE = 0.0424 |C = 0.233

1

Q=car Rl



Calculation Heat Sink Using Van de Pol & Tierney - Most Exact h,, hy

w AT = 5( w [S:=035 [L:=26] [H:=¢

Nf3=9| kA15=5|

W= Nptp+(Np—1):S W =415 fp =00
. 2TA+AT . . H _ L — —
Ty=———— Tg=TpA+AT z=< x={ lz = 17.143 ||x = 7486
5 —3 : ! :
Cy i= s4s+10%exp(-92541073Tg)  Bi=————  Vi=-118
Ty + 273.16

2x-S
GrPry = Cl-B-AT-H3 r= X
2:X+1

( (—0.17)
24-| 1 — 0.483-exp
PSI(a) = 2

3
L+ %)'[1 + (11— exp(~0.83-))-(9.14+ a-exp(V-9) - 0'61)]}

GrPr = Cy- B-AT-r3

1 r
P = PSI(—) RaChan := (Ej-GrPr hb = 20.475 | [RaChan = 86.599 |
X
2 1
RaChan . 4 4
Nur = | 1 —exp| - 03 Nupy = 0.595-GrPrH4
{0 RaChan
. H Nur ;
hRatio := — |Nur = 1475 Nuyy = 33.194 | |hRat10 = 0.813
T NU.H
) —4 — 6 ) Kair ) -
kAlI' = 6.0583-10 + 1.6906-10 TM hH = ?NHH hC = hRath'hH



K pip = 6.819X 10-4 hyy = 3.773 % 1073 h, = 3.066 X 1073

L
S E— RC = ; Rk = 0.582 RC = 10.375
karHot 2-hL-H

R¢ Ry
ni= | —tanh| [—= Ap=[2(Ng-1)L+W]H

Ag = 2-H-(L + tb) +W-H+ 2-tb-(W +H) + 2-Nf-(tf-L)

Ap = 27642 | Ap = 83.763 |

Cp:=nheAp Cg=nhyAg C:=Cp+Cg [Cy=0832 |[Cg=031| [C= 1142 |

Q=CAT R:= é |Q=57108] [R=0876|

Calculation Heat Sink Using Van de Pol & Tierney - Simplified hy

0.25
AT )
Al;\l/Hv:: 0.0024(?j ha = hRatlo-hH

_ _ 3 _ —3
hH = 4.078 X 10 hC = 3314X 10

L 1
Ry == — R =— Ry = 0.582 R. =9.598
T P H M 2 L-H k ¢

Rc Rk
= | =etan| [

Rk C

Cr=mhoA; Cp=nhyAp C:=Ci+Cg [C]=0898 |CE = 0.335 ||C = 1.233

QecAT gt




Calculation Heat Sink Using Van de Pol & Tierney - Small Device hy

0.35
AT )
Al;\l/HV:: 0.0022(?j h& = hRatlo-hH

_ — 3 _ —3
hH = 4.621X 10 hC = 3.755X 10

L 1
Ry = ——— R =—— R, =0582 R. =847
AWK AMWVBA k C
Rc Rk
/&]«\:: R—tanh R_ n = 0.978
k C

Cr=mhoA; Cp=nhyAp C:=C/+Cg [C]= 1015 |CE = 0.378 ||C = 1.393 |

QecaT gt



Application Example 10.3 Radiation Shape Factors for Parallel

Circuit Boards - Board to Board Effects

Input Starting Values| ILL = 10.d [SS := |
LL WW
x=L/S, y=W/S: X = — =— x =10 =10
y s YT | | ly=10]
Full Text Formula:
_ - - _
A1
FPar(y) := ( 2 j In (1 X )2( L) ) +| y/ 1+x2-atan Y
XYW 14X +y J1+x°
+] x/ 1+ y2- atan — y-atan(y) — x-atan(x)
i 1+ y2 J
Single Value Result for y=20: I .= FPar(y) F = 0.82699
Single Value Result for y=Infinity: FInf := FPar(2000) [FInf = 0.905 |

Crossed String Formula:

L;=LL L, =LL Ls5:=SS Lg :=SS Ly = /L52+ LL2
L3+ L4)—(Ls+Lg
Ly =13 FCS = ( ) ( ) FCS = 0.905
2-L
Graphical Results:
Y= 10,11..200
0.92
0.907
0.893
0.88
0.867
FPar (y)
0.853
0.84
0.827
0.813
0.8
0 20 40 60 80 100 120 140 160 180 200
y
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Fractional Formula:

FParRatio (y) = | —————— |
) (Tr-x-y-FCSj

Graphical Results:

y :=10,11..200

- (1+x2)- +2y2) . (y_m_atan(

I+x"+y

+| x4/ 14 y2-atan(

D — y-atan(y) — x-atan(x)

1+y2

1
0.985

0.97
0.955

0.94
FParRatio(y)

0.925
0.91
0.895
0.88

0.865

0 20 40 60 80

Save Plot Data for Input to Grapher:

100 120 140 160 180 200
y

1:=10,11..200 FM; := FParRatio (i) Xi=1
u .
E:\temp\X.dat E:\temp\FM.dat
X FM
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Application Example 10.3 Radiation Shape Factors for Parallel

Circuit Boards - End Effects for Long Direction (W)

Can Only Get Single Value Result Because Both xP, yP Are Functions of W:

X=L2/W, y=L1/W:

FPerP = (

1
4-t-yP
1
+ _
(ﬂ-ij

SS LL
xP = — yP=—— xP=0.1 yP:1><100
ww
z:= xP2 + yP2
| yP2 xP
N |:(1+XP2)-(1+yP2)} yP2-(1+2) P(1 +2)
I+2 (1+yP2)-z (1+xP2)-z
( 1 1 1
yP-atan| — | + xP-atan| — —\/—z-atan —
yP xP Vz
FTotal := 4-FPerP + F [FPerP = 0.043251 | FTotal = 1
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Application Example 10.6 for Sealed and Vented Box with External Radiation

Input Airflow Resistance Data:

i

WI = O HI = 1. WE = S.q HE = l.q

Dpcp = 5. =025 [L=14 [7=033 [&:=033

Calculate Total Airflow Resistance:

,
2

it

g

= 5.

-3
Chnlet 10 —4
Cinlet == lﬂ A= WrHy Ringet := T Ar=1.75 Riptet = 6.204 % 10 ‘
1
AlExpantoCards = WrHi A2Expant0Cards = Dpcp-5:(b +a)
2

-3 1 AlExpantoCards

RExpantoCards ‘= 1.29-10 ~- 1=
AIExpantoCards A2Expant0Caers
=3

AlExpantoCards = | AZExpantOCards =25 | RExpantoCards =3.302x 10

Calculate free area ratio of card cage

Ay

A

A =25] [Ay=20]| [Afcards = 0.8 |

A1 := Dpcp-5(b+ a) Ay := Dpcp-5(b+a) —4-5-(a)  Agcargs :=

3
_3 4
0.5-10 Ag —
RconttoCards == ————| 1 —— R conttoCards = 3-738 X 10 ‘
Ay Al
2
3.08-(1)-L-10"* z
RcardCage = - > RcardCage = 2.464 % 10 ‘
| Dpcp-5(b +a)]
A1Expanf1r0mCards := Dpcp-5(b+a) —4-5-(l-a) AlExpanfromCards =20
A2Expanf1r0mCards = Dpcp-5(b + a) AZExpanfromCards =25

1 A 2
-3 1ExpanfromCards
RExpanfromCards =12910 ~ J1-=

A]ExpanfromCards A2Expanf1r0mCards

RExpanfromCards =129%x10

7
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AjconttoExit := Dpcp-5(b + a) AoconttoExit := WE-HE

AlConttoExit = 25 A2ConttoExit = J |
3
-3 N4
R Contofixit 1= Loz{l - (%ﬂ R contobit = 1692 10 |
Ao ConttoExit 1 ConttoExit
C --—1% Ag = fgWg-Hg R --—CEXit‘10_3 Ag = 1.75 | |Rgxit = 6.204 10_4‘
Exit = 1 E = Ig" WE'HE KExit -—A—EZ E——‘ Exit = 0.2U04X

RAF = Ryplet + RExpantoCards + RconttoCards + RCardCage + RExpanfromCards + RconttoExit + RExit

']

Rap = 1.294% 10~

Enter Box Dimensions, Dissipation Height (inches):

W=7 =17 P=7 [a= Ta =2 E=08 o:=365710 "

Enter Total Box Dissipation (W):

QBox = 1@

Calculate Area Values (in.”2):

Areft == H-D ARight = Aleft AFront == W-H ABack = AFront

ATop =W-D ABottom = ATop

Aler =49 | |Aright =49 |  [ARont =49 | |ABack =49 | [ATop =49 | [ABotom = 49 |

Values at Beginning of Iteration:

IATWA =47 |ATAir TA = 1433 ATAirW := ATAir_TA - ATWAATAIrW = 9.62 |

Set Up Equation for Qd:
Sealed Box Uses Qd=0, Vented Iterates

Use Qd=1*107-20 for Sealed Box. Qd=5 for First Iteration

E of Vented Box.
Disable After First Iteration.

This Line Enabled by "Right Click Drop Down Menu"

Set Up Formulae for Airdraft (CFM) and Thermal-Fluid Resistance:

1

-2 dy :
GCOIlstant = 1.53‘ 10 M GCOnStant = 0.24
RAF

ll

G = Geonstant Qd” Disable After First lteration.

EA\TCE6thRev.CRC\TCE Mcad Text Files




Vented Box Q4. Enable These Two Lines After First Iteration. After

First lteration Get G Calculated From Previous Iteration. Activated
by "Right Click Drop Down Menu"

Qd:zw Qd:2.766

1.76

1
3
G,= Gconstant' Qd G =0.337

176

Re=—5 Ry = 5222 |

Set Up and Calculate External Convection Resistance:

1

RCE_Const :=
1 0.25 0.25
ATOP‘ 0.0022 _— + ABottom‘ 0.001 1‘
Top ABottom
2:-(W+D) 2:-(W+D)

1 0.25 1 0.25
+ 2.Amﬁ.o.ooz4-(ﬁ) +2~AFr0m.0,()()24.(ﬁ)

RCE_Const = 2.327

RCE_Const

ATWA
Set Up and Calculate External Radiation Resistance:

ATotal ‘= AFront + ABack + ALeft + ARight + ATop + ABottom

1
R; =

& ATow 0| (ATWA + Ty +273.16)° + (ATWA + Ty + 273.16)% (T + 273.16) ...
+(ATWA + Ty +273.16)-(Ta +273.16)* + (T + 273.16)°

R, = 1.126

Total External Resistance:

RCE-R;
RE = ——
RCE + R;

ATWA - RE(Qun-0Q)  [BTWA =757
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Set Up and Calculate Internal Convection Resistance:

1

1 0.25 0.25

Top ABottom

2-(W+D) 2-(W+D)

0.25 025
+| 2-Aqef 0.0024- (ﬁj + 2.AFr0m.0'0024(ﬁj

RCI_Const :=

RCI_Const
RCI Comst = 2327 RCI = R&L-Const. RCI = 1.321

ATATW?

Total of Total External Resistance (Conv and Rad) and Internal Convection Resistance:

Rx := RCI + RE

Calculate Total System Thermal Resistance And Total Air Temperature Rise:

Rx- Ry
Roal = Rota = 1.435
Total Rx + R; Total |
TAir_TA = Rrotal' QBox TAir_TA = 14.35 |
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Convection Calculation Heat Sink Using Van de Pol & Tierney and Fin
Radiation

Ty = 2(1 th = 0.63| t = 0.1# [S:i=033 [L:=26] [H:=§ [Ng:= 9| kap = 5|

L
W = Ne-tg + (Nf - 1)-S W = 4.15 S = 746

H
— = 22.857
S

Ap = [2-(Nf - 1)-L+W]-H Ag =2HL A = 368.56 | Ap = 41.92

Convection Calculation for AT=10:

AT =1 hRatio := 0.5 Te:=TA +AT [Tg =30
S A S

. AT 0.25 . ‘
hH = 0.0024- ? hC = hRath'hH

— — 3 — -3
hyy = 2.538 X 10 h, = 1.446 X 10

Radiation Calculation for AT=10:

k.;N;: 0,g| |SF = 0.1| for H =8.0in. and % = 7.486 % = 3.053

h, == 3.657-10" ' (TA + AT+ 273.16)3 + (TA + AT+ 273.16)2-(TA + 273.16)
+ (TA + AT + 273.16)-(TA + 273.16)2 + (TA + 273.16)3

h, = 3878x 107 °

Fin Efficiency Calculation for AT=10:

L 1
Ry = ——— R. = Ry = 0437 R. = 13.005
k C k C
kapHetp 2-(he + SF-hy)- H-L




Rc Rk
M= [——tanh| | —

Heat Calculation for AT=10:

Cpi=m-(h,+SFh)A Cg:=n-(hg+eh)Ag Cg:=mhyAg C:=C+Cg

Cp = 0.669 |CE = 0.105 ||C = 0.774 |
Q=car  R=t

C

Convection Calculation for AT=25:

IAT := 2 IhRatio = 0.71| de=Tp+AT  [Tg =45

0.25
AT )
Al;\l/Hv:: 0.0024(?j ha = hRatlo-hH

_ — 3 _ —3
hH = 3.191 X 10 hC = 2.266X 10

Radiation Calculation for AT=25:

le,.= 08 |SE.:= o] for H =8.0 in. and % = 7.486 % = 3.053

h, == 3.657-10" ' (TA + AT + 273.16)3 + (TA + AT + 273.16)2-(TA + 273.16)

+ (TA + AT + 273.16)-(TA + 273.16)2 + (TA + 273.16)3

h, = 4.184X 10~ 3

Fin Efficiency Calculation for AT=25:

L 1
Ry == — R = Ry = 0437 R. = 8.888
AN ANA k C
kapHtg 2-(he + SF-hy) H-L



R, Ry
R
k

R¢

Heat Calculation for AT=25:

Cr=n(he+SFh)Ap Cp=mn(hg+eh)Ap Cg=nhgAg G:=Cy+Cg

Cp = 0973 |CE = 0.132 ||C = 1.105 |
QeCAT gt

Convection Calculation for AT=50:

[AT= Sd [I.l‘Rgt‘iQ. = 0.77| NTWSA:: TA + AT TS =70

0.25
AT )
Al;\l/Hv:: 0.0024(?j ha = hRatlo-hH

— — 3 — -3
hyy = 3.795X 10 h, = 2922X 10

Radiation Calculation for AT=50:

le,.= 04 |SE.:= o] for H =8.0 in. and % = 7.486 % = 3.053

Ry, = 3.657-107 1. (TA + AT+ 273.16)3 + (TA + AT+ 273.16)2-(TA + 273.16)

+ (TA + AT + 273.16)-(TA + 273.16)2 + (TA + 273.16)3

h, = 474%x 107 °



Fin Efficiency Calculation for AT=50:

L 1
Ry i=—-— R = Ry = 0437 R. =7.025
AN ANA k C
kapHetp 2-(he + SF-hy) - H-L
R, Ry
= |t [
k C

Heat Calculation for AT=50:

Agllv:: n'(hc—i_SF'hr)'AI NQVE/:: n-(hH+€-hr)'AE Agﬁ,::n'hH'AE NCVV\:: CI+CE

Cp = 1226 |CE = 0.156 ||C = 1382 |
Q,=CAT M&:é

Convection Calculation for AT=100:

[AT= 10d lh‘R‘ﬂLiQ. = 0.79| N"l;\&:: TA + AT TS = 120

| AT\ - ‘
A;;Hv.: 0.0024- ? Nh,&.: hRatlo-hH

_ — 3 _ —3
hH = 4513X 10 hC = 3.565X 10

Radiation Calculation for AT=100:

[§N;= 0,g| %;: 0.1| for H =8.0in. and % = 7.486 % = 3.053

Ry, = 3.657-107 1. (TA + AT+ 273.16)3 + (TA + AT+ 273.16)2-(TA + 273.16)

+ (TA + AT + 273.16)-(TA + 273.16)2 + (TA + 273.16)3



h, = 6.037% 107 °

Fin Efficiency Calculation for AT=100:

L 1
Ry = ——— R = Ry, = 0437 R.=15722
AL AMANGA k C
kppHetp 2-(he + SF-hy)- H-L
RC Rk
= | tanh| [—=
k c

Heat Calculation for AT=50:

S1= n'(hc + SF'hr)'AI 5B TI'(hH + €'hr)'AE B =hyAp Go= G+ Cg

Cp = 1498 |[Cg = 0.185 |[C = 1.68 |
Q-cAT gl




Convection Calculation Heat Sink Using Van de Pol & Tierney and Fin

Radiation

Ty = 2(1 th = 0.63| t = 0.1# Wi=41J|L =261 [H:=9 [g:=08 [ka;:=

AT := 50 N =1

W - Nt
S = [s = 01577 JAp =2 (Ng — 1) L+ W|-H Ag = 2HL
-
Ap = 578.16 | Ap = 41.92
H :
3 = 16615 | |o = 50732 [hRatio := 0.999

H
— = 3.053 SF :=04
L

Convection Calculation for AT=50:

TS I:TA+AT TS:70

0.25
. AT ) ) _3 —3
hH = 0.0024- ? hC = hRatIO-hH hH = 3.795X 10 ‘ hC = 3.791 X 10

Radiation Calculation for AT=50:

forH=8.0in.and % = 16.615 % = 3.053

h, == 3.657-10" ' (TA + AT+ 273.16)3 + (TA + AT+ 273.16)2-(TA + 273.16)

+ (TA + AT + 273.16)-(TA + 273.16)2 + (TA + 273.16)3

h, = 474x 1073



Fin Efficiency Calculation for AT=50:

L 1
Ry = —— R, = Ry, = 0.437 R. = 3.963
k c k c
kapHtg 2-(he + SF-hy) H-L
R¢ Ry
n = R—-tanh — T = 0.965
k c

Heat Calculation for AT=50:

Cpi=m-(h,+SFh)A; Cg:=n-(hg+eh)Ag Cg=nhyAg C:=Cr+Cg

Cp = 3357 |CE = 0.153 ||C = 3511 |

Q=CAT R:= é Q=175546 | [R = 0285

h, = 474X 10 3

Fin Efficiency Calculation for AT=100:

L 1
Ry = ——— R = Ry, = 0.437 R. = 3.963
AR ARGA k c
kapHtg 2-(he + SF-hy) H-L
R¢ Ry
N,= [—tanh| | — T = 0.965
Ry R¢

Heat Calculation for AT=50:

NgVIV:: n'(hc—i_SF'hr)'AI NgVEN:: n-(hH+€-hr)'AE Agﬁ,::n'hH'AE NCW\:: CI+CE

Cp = 3357 |CE =0.153 ||C = 3511 |

Q=CAT R:= é IQ=175546 | [R = 0285




Application Example 11.6: Metal Cooled PCB with Forced Air Cooling

V,=300 L= W=4  |t:=0.0625 k= 5.0f Tq = 4ﬂ f=1.54

Q=833 |ATL_ A=20+ 4q

’ v
h:= 0.00109- | —-f h=0.0145
w

1 L
= R, = R, = 1.433 R, = 4.8
ST 2.hW.L L s k
First lteration:
To
T,
— R R& ~ R AT
k R LA
L3351 — =339 Ri=~t L 4R 21735 R=2487 Q= — =0
R R e Ry R R
h
COS e
R, Q =24.129
Calculate a New R and Q:
To
T,
— R R& ~ R AT
k R LA
L1157 —=3349 R::S——i-Rs — =1.049 R=1503 Q= ———
R R e Ry R R
cosh R_
s Q =39.91
Calculate a New R and Q:
To
T,
0 2 Ry
o Ry R R ATy, A
——=0699 —=3349 R:=—-———2—+R, — =0906 R=1298 Q=
R R R R R
cosh R_
s Q = 46.212
Calculate a New R and Q:
To
T,
— R R& R AT
Q k s R LA
— =0604 —=3349R=—-—""—< 4R —=0876 R=1256 Q.=
R R e R il

S
S R S R
cosh| R_
§ Q =47.785



Calculate a New R and Q:

-0
Ty L2 Ry
o R R AT
k R L_A
L0584 — =339 Ri=~ L LR S 2087 R=1247 Qi= —=
R R e R R R
cosh R_
s Q =48.127
Calculate a New R and Q:
-0
Ty L2 Ry
o R R AT
k R L_A
2 _os8 — =339 R=~S L R, — =0869 R=1245 Q.= ————
R R e Ry R R
cosh R_
s Q = 48.199
Calculate Qg Into Ty:
R
k| (T
Qtanh[ EJ 0
Qp= — 2| L Qo = —10.529

Ry Ry

Ry



Application Example 11.12: Calculation of PCB Conductivities for PCB

Using New ks and Isotropic for each layer:
First Layer is Mix of Cu and EG
Second Layer is EG
Third Layer is Cu
Fourth Layer is EG

keu=10 [kgg=00140 1;:=00014 1:=003 t3:=00014 ty:=0.03

First make calculations using series and parallel method for One Layer
Orthogonal:

Layer 1 In-Plane and Through Plane:

fi_cu=03 [fi_EG=09

kl = fl_EGkEG + fl_Cu'kCu kl = 5.007

Layer 2: ky = kgg Layer 3: k3 = key Layer 4: ky = kg
Entire PCB:
t ty t3 . ty
tI:t1+t2+t3+t4 f1::_ f2::_ f3I:_ f4:_

£ =0022 | [ =0478 | [t =0.022 |
kpi= ki f] + kyfy + kyfy + kyofy ] =0.022 5= 0478 f£5=0.022 f4=0478

Check: f=1f +f)+f3+1 f=1

|

kg o= kg = 0.015

N7 g -N
— — _+_

+ =+
ki k k3 Ky

Make calculations using Azar Method: kg = 0.0140
Z 1

KplZcywsZ) = 0.0203 + 8.89-(%} JolZew Z) = z -
Cu
66.53-[1 - j + 0_10.( j

Cu

kP := kp(0.0014 + 0.0014-0.5,0.0628) kN := ky(0.0014 + 0.0014-0.5,0.0628 kP = 0.318 |[kN = 0.016
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Redo Series and Parallel Method, Dividing PCB Into Top, Bottom Halves
kp for each layer, ky from top to bottom surface, i.e. Two Layer Othogonal:

Top Half, In-Plane: The result for layer 1 may be used here.

Y _Top =l ©_Top = Top = 1_Top T 12_Top
. . . t1_T0p . t2_T0p
ki Top =¥ Rrp =k fi_Top = B Top ="
Top Top
1(P_Top = k1_T0p'f1_T0p + k2_T0p'f2_T0p k1_T0p =5.007 k2_T0p =0.014

tpop = 0-031 f] Top = 0.045 |f2_TOp = 0.955 | |kP_Top — 0237

Bottom Half, In-Plane:

Y Bot=14 1 Bot =4 Bot = '1_Bot T 12_Bot
t t
1_Bot 2 _Bot
K| Bot = k3 k) Bot = K4 f] Bot= o fy Bot = o
Bot Bot
kp Bot = K1_Botf1_Bot * k2_Bot2_Bot K| Bot =10 k3 =10 ky g, =0.014

[Fi_pot = 0:045 | [2_Bot = 0955 | [kp_por = 0459 |

For thermal network applications with the two layers of nodes placed
at the top and bottom surfaces, the ky for two separate top and bottom

halves should be the ky calculated for the entire PCB.
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Application Example 11.14: TO-220 Power Transistor on Heat Sink

|H:= 1.71~1oﬂ kg = 6.7:10°

M = 1.469~10_51 [Tgo=273.16 + 50Ty := 27316 + 3 [Py:=1  [Pyg:= P

First row of Table 11.3:

2k ky ’ ,
kv = ky +ky kM=4 g, :=\/2-(120-10_6)2 Ry = 2-(65-10_6)2 R3 = 2'(10‘10_6)2

4

Ry =1.697x 10

0.598 (100\* 1 I:

kM:4

kg

- 0.097 T P
1
1'53'R1‘[ﬂj . MO.[_gj.[in
H Tyo ) | Py

= 0.818

hgl 100 =

hglyog

1

= 0.146

Create Plots:

i=1,2..500
pi =1
- 0.097 T P
0
153-R | — + My | =2 | == 1
TgO pg 1rcli =
el = K 9224y, R, %81 "
. 22k R, (=
1
rl. =
i 1
— + —



T
1rg2i = kg
.\~ 0.097 P
i 20
g0 g i
1rg3i =
kg
rC1100: 0.178 rgllooz 0.818
rc2100 =0.123 rg2100 =0.453
rc3100 =0.04 rg3100 = 0.087

r1100 =0.146

r2100 = 0.097

r3100 =0.028




Interfach.dat InterfacRZ.dat InterfacR3.dat

pa .at

rl 2 13




Application 12.13: Heat Sink with Two Convecting Sides, One
Finned, One Unfinned.

|Nf = lit| [L:=19 |tb = 0.%| la=40 [b:=40 k= 5.0 |h2 = 0.0}|
|TA2 = 3(1 |TA1 = 3(1 [Ax:= 04 [Ay:= 04 |Q = 2(]

Calculate Finned Side hg:

1 1
- he P —
hy-Ag Rgink Fins @b

|Ap=120 | [Rsink_Fins = 083333 | [, = 0.075 |

Ap=2:(Ng— 1)Lb+ab Rgjy Fing =

Calculate Finned Side Spreading Parameters:

hety,
Biotty = T |p =1 | |OL= 0.1 | |B =0.1 | |B10t72 = 0.003
Get Dimensionless Spreading Resistance for Various Values of h;:

hyt
1'% .
hy := 0.0 Biotr) := ——  [Biotry = 0x 10° ‘ |¢sp1 = 0.8031ffrom Figure 12-13

hy-t
1I''b _
h; := 0.004 BiotT, = v BiotT) =2x 10 ¢ |¢Sp2 = 0.8023' calculated

hy-t
1''b _
h; := 0.0 BiotT, = v BiotT| =4 x 10 ¢ |1|)Sp3 = 0.801§| calculated

BiotT 1= hl—l:b Biotr; =0.003 | [@gpy:= 07933 calculated

Calculate Spreading Resistance for Various Values of hy:

Ax Ay b
=— T=—
a a

Psi

k+/ Ax-Ay

Rgpread(Psi) = Rspl = Rgpread($sp1) ~ [Rsp1 = 040155 |

Rgpo = RSpread(ll)Sp2) |RSp2 = 0.40125 |
Rgp3 = RSpread(lpSp3)

Rsp4 = Rspread¥spa)  [Rspa = 039675 |




Calculate Uniform Source Resistance Term for Elevated AT ,,=30:

bt
Ryy(hy. Tpoq) = :
1Al
1+ —
he
Ryq, = Ryy(0.0,0.0) [Ryq= 083583 |
Ryypp, = Ryy(0.0,30) [Rup = 083583 |
Ryy5, = Ryy(0.005,0) [Rujoq = 078345 |
Ryjop, = Ry5(0.005,30) [Ruap = 266372 |
Ryj3, = Ryy(0.01,0) |RU3a = 0.73724 |
Ryj3p = Ryy(0.01,30) |RU3b = 4.27599 |
Ryjg, = R(3(0.075,0) [Rugq = 041729 |
Ryjgp, = Ryy(0.075,30) [Ruap = 1543976 |

Calculate the Total Resistance from Source to Ambient T,,. Since
the four Rg, are nearly identical, use only one value.

Rg, = 0401 AT RU) = (Rsp + RU)-Q
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Gordon Ellison's Calculation of a Single Value of Average Thermal Spreading Resistance W yesp

o= 0001 B:=0001 p:=1 Bit = 10°° =1
Lmax := 3000 Mmax := 3000 Recommended
1= 1. L o=0 Lmax=Mmax
;= 1..Lmax 05 50
0.25 75
1+ -tanh(2-1-7t-T) 0.1 100
1 . 2 21T )
Ltelrm1 = (—3} sin(l-1t-Q)) ™ - 0.05 150
1 + tanh(2-1-7-T) 0.025 175
21707 0.01 300
0.005 400
m := 1..Mmax 0.0025 700
NN
0.001 1000
BiT
1 + ——— tanh(2-m-7v-T-p)
1 2 2m-meTp
Mterm_:= —-sin(m-7-(3-p) -
m BiT
m — + tanh(2-m-7v-T-p)
1:= 1..Lmax
m = 1.. Mmax
_ B _
1+ = -tanh(2-7r-\/ 12 + mz-pZ-T)
1 2 2 2--T- 12+ m2- 2
LMtelrm1 m= -sin(l-v-a)) - sin(m-7t-3-p) P
, 2 2 Bi
I"m 2-71-\’ 12 + m2-p2- T + tanh(2-7r-\/ 12 + m2-p2-T)
2 2 2
L 2T l"+mp i

3 Lmax | | | > Mmax 4 | Lmax Mmax
Ltotal := L Z Lterm Mtotal i= | — || — |\ — | —- Z Mterm  LMtotal := . . Z Z LMterm
3 o 1 2 3/BY8 m 4 Jor I,m

1=1 1 T pofB B 1=1 m=1

1‘|)AVCSP = Ltotal + Mtotal + LMtotal 1‘|)AVCSP = 0471 1|)UC0nd = p'\’ OL'B'T 1,') = 1‘|)AVCSP + 1|)UC0nd 1,') =0.4718727056 1‘|)AVCSP = 0471 1‘|)UC0nd =1x 10_
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Ave Psi_Calc.xmcd

Calculation and Display of Convergence Plot of Thermal Spreading Resistance ‘P&

4 1
= . . 1 131
FMsubtotal, 4 (w/a-ﬁj LMterml,l Lsubtotal | = ——. E-Ltelrm Msubtotal, := [ — || — | = | [Z | Mterm
oIS pOLB 1 7-[3,& a 1 1 2 3 6 6 1

j = 2..Lmax

Total1 = LMsubtotal1 + Lsubtotal1 + Msubtotal1

J J

j j—1
4 1 4 1
LMsubtotalj = LMsubtotalj_1 + ( a-ﬁj. E E LMterml,m+ ( a-ﬁj. E E LMterml,m

4 4

1 Q
Lsubtotal. := P E-Ltelrm. + Lsubtotal. Msubtotal. ;= —— - [—-Mterm. + Msubtotal.
] 3 Qa ] j-1 ] 3 2 5 ] j-1
.a ’rr .p .

Totalj = LMsubtotalj + Lsubtotalj + Msubtotalj

j = 1..Lmax
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Ave Psi_Calc.xmcd

0.5
0.458]~ 7]

Meubtotal 04171 ] Waming: Mathcad 8 gives the correct plot
[ Subtot 03751 7 results that agree with ¥ Sp calculated at
Lsubtotal; 0.333 ] bottpm of page 1. Mathcad 2000i does not seem
—_ 0.292 to give the correct plot results. Mathcad 2000iC

Msubtotal;  0-23 seems to give the correct results.
0.208[ 7

Totalj 0.167 -
0.125[ T
0.083 7
0.042 7]
0

0 600 1.2x10° 1.810° 2.4x10°  3x10°
]

The following explains the unusual summation method used for the convergence plot by way of an example (LMAX=MMAX):
Sum[(I=1t0 3, m=110 3), xim] = {x11 + x12 + x21 + x22} + {x13 + x23 +x33} + {x31 + x32}
= {Sum[l=1to 2, m=1to 2), xim]} + {Sum[(I=1 to 3, m=3 to 3), xim]} +
{Sum[l=3to 3, m=1to 3-1), xim]}
Thus to get a single plot point, the first {} is the previous plot point and the second {} plus third {} are the additions required to get this point.

Then in general

Sum[(l=1toj, m=1t0j), xim] = Sum[(l=1toj-1, m=11toj-1), XIm] + Sum[(I=1 to j, m=jtoj), xim] +
Sum[(Il=j to j, m=1to j-1), xim]

9/22/2012




The Calculation of the Spreading Resistance from a Centered Circular
Source on a_Circular Disk

Source: Lee, S. et. al., MathCad Worksheet by Ellison.

Input, A Data Title Block:

Source radius/disk radius: £,=0.01
Dimensionless thickness (t/b): T :=0.01
Biot * t: Biotxt = 1.10'°

Intermediate Variable Calculation(s):

. BiotxT
B =

Bl x1 == Bi Xo =T

T

Calculate Eigenvalues A, That Satisfies nth Root of J1(A,,)=0
and Manually Insert Into Column Vector:

ORIGIN =1 f(x) =J1(x) x = 802
root(f(x),x) = 801.89106

1 := 800,800.1..850

0.04 A= 1
0.02 1 3.83185
. 2 7.01558
I 0 3 10.17347
—0.02 4 13.32369
5 16.47465
—0.04 6 | 1961672
800 806 812 818 824 830 836 842 848 854 860 .
i 7 22.76018
8 25.90301
i:= 1550,1550.1..1600 9 29.04682
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TO 0Z. TIUIO
0.03 11 35.33221
0.02 12 38.47401
0.01 13 41.61781
J1() 0 14 44.75231
-0.01 15 47.90072
-0.02 16 51.04354
—-0.03 T 17 54.18663

1.55x I0355% 036X 10365% 1037x 10575% 1038x 1N385x I039x 10395%10%6x 10 =

i
Calculate Maximum Thermal Spreading Resistance ¥y, :
Set Maximum Number of Series Terms: Max := 500

- - >\

Calculat.e Intermediate j=1,2..Max tanh(>\j-’l') e

& Functions: Bi

B =

Calculate and Plot Each Series:

NMax = 1,2.. Max

>\.
1+Eji-tanh(>\j-’r)
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WUMaxNMax

0.5
0.48
0.46
0.44
0.42

0.4
0.38
0.36
0.34
0.32

0.3
0.28
0.26
0.24
0.22

0.2
0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02
0

100

200
NMax

300

400

500
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U AveNMax

0.3

0.2

0.1

100

200
NMax

300

400

500
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Gordon Ellison's Calculation of a Single Value of Thermal Spreading Resistance VYsp

a:=025 B:=025 p=10 Bit = 210 ° T

Lmax = 25 Mmax := Lmax

1:=1..Lmax
W

1+ -tanh(2-1-77-T)
1 . 21T
Ltelrm1 = | — || sin(l-7v-ov)-
2
1 + tanh(2-1-7v-T)
21T
m = 1.. Mmax
NN
Bi
1+ a -tanh(2-m-7t-T-p)
1 2-m- T p
Mterm_ := —-sin(m-7t-(3- p)-
m 2 BiT
m + tanh(2-m-v-T-p)

1:=1..Lmax

m := 1.. Mmax

1+

=2510 °

Recommended

oa=p Lmax=Mmax

0.5 50

0.25 75

0.1 100

0.05 150

0.025 175

0.01 300

0.005 700 Waming: This version of Mathcad

0.0025 1500 (2001i) reports an internal error for

0.001 3000" Lmax=3000. The workable lower limit
is not exactly known. This same
error does not occur with Mathcad 8.
It has been reported to Mathsoft. It is
possible that the error is also due to
memory limitations. It is possible
that the difficulty is that of a memory
limitation.

BiT 1

LMterm

2.7 12 + m2-p

-tanh(2-7r-\' 12 + m2-p2-T)

2

1 .
I'm E-sm(l-ﬁ-a)-sm(m-ﬂ-B-p)-

0 3 Lmax
Ltotal .= —- ’—- Lter
2 Q Z m]
™ 1=1

Vg, := Ltotal + Mtotal + LMtotal

2-71-\' 12 + m2-p2-[

DENG
Mtotal := | — || — |- [—- Mterm
p [ 2} 8 m

Bit

2.7 12 + m2-p2

+ tanh(2-7r-\/ 12 + m2-p2-‘r)j

| Lmax Mmax

4
LMtotal .= —-| —— |- LMterm
S E X e,

I=1 m=

Vg, = 17.42954
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Calculation and Display of Convergence Plot of Thermal Spreading Resistance ‘I’§Q

4 (1 1 1
LMsubtotal , :== — LMterm Lsubtotal = — Lterm Msubtotal L Y -Mterm

j = 2..Lmax

Total1 = LMsubtotal1 + Lsubtotal1 + Msubtotal1

] ] ]
4 1 4
LMsubtotal = LMsubtotal + —| — E LMterm + — E E LMterm
! (J Bj 2 m (J Bj m

I=1 m=j I=j m=1

1 a l
Lsubtotal. := L. E-Ltelrm. + Lsubtotal. Msubtotal. := — [—-—-Mterm. + Msubtotal.
] Qa ] j-1 ] 2 ] ]

B p -1

s

Totalj = LMsubtotalj + Lsubtotalj + Msubtotalj

j = 1..Lmax

18 Waming: Mathcad 8 gives the correct plot
16.57 T results that agree with WSp calculated at

157 T bottom of page 1. Mathcad 2001iA does not
LMsubtotal; 13,5/ ] seem to give the correct plot results. Mathcad

_]:S_l;t;tomlj 2001iC seems to give the correct results.

12
- 10.5] T
Msubtotalj o )

U AR e e e n
Totalj 6/ -
4.5 n
3 -
1.5 T
0
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The following explains the unusual summation method used for the convergence plot by way of an example (LMAX=MMAX):
Sum[(l=1t0 3, m=110 3), xim] = {x11 + x12 + x21 + x22} + {x13 + x23 +x33} + {x31 + x32}

= {Sum[l=1to 2, m=1to 2), xim]} + {Sum[(I=1 to 3, m=3 to 3), xiIm]} + {Sum[l=3 to 3, m=1 to 3-1), xim]}
Thus to get a single plot point, the first {} is the previous plot point and the second {} plus third {} are the additions required to get this point.
Then in general

Sum[(l=1toj, m=1t0j), xim] = Sum[(l=1toj-1, m=11toj-1), XIm] + Sum[(I=1 to j, m=j toj), xim] +
Sum[(l=j to j, m=1to j-1), xim]

Some Results for h=2.5x10"11:

o B ySp yTotal RTotal TAMS (k=1)
0.05 0.05 0.427 0.429 8.58 8.6
0.05 0.10 0.361 0.364 5.15 5.2
0.05 1.00 0.115 0.1237 0.553 0.55
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Gordon Ellison's Calculation of a Single Value of Thermal Spreading Resistance Vsp. for Two Sided Cooling

o= 0.1 B:=0.1 p:=1.0 Bi2r = 0.0017 Bilr = 410 " T:=0.05
Recommended
Lmax := 300 Mmax := Lmax o=8 Lm ax=Mmax
1 := 1..Lmax 0.5 50
W
- 0.25 75
—TT 4 tanh(2-1-m-T) 0.1 100
Lierm. = 1y sin(171-00)- Bi2T 0.05 150
12 BilT Bilt 21wt 0.025 175
1 I+ + + -tanh(2-1-7-T) 0.01 300
Bi2T 21T Bi2T ’
0.005 70 N .
0.0025 154Haming: This version of Mathcad
m = 1..Mmax ’ 001i) reports an internal error for
MW 0.001 30 .
max=3000. The workable lower limit
M + tanh(2-m-7-7-p) is not exactly known. This same
Mt L Bo) Bi2T error does not occur with Mathcad 8.
oMy, = 5 sin(m-7e--p) BilT 2:mTTTp BilT It has been reported to Mathsoft. It is
m IL+— ]+ , + -tanh(2-m-7-7- p) possible that the error is also due to
Bi2t Bi2t 2-mTTp o . .
memory limitations. It is possible
_ that the difficulty is that of a memory
1:= 1..Lmax limitation.
m = 1.. Mmax
I ﬂ-\/ 12 + m2- 2-1' 2 2 2 |
P + tanh(2-7r-\’1 +m -p -T)
1 . . Bi2T
LMterm = —-sin(l-7v-0)- sin(m- v 3- p)-
Lm™ 1. . . 2 2 2
2 2 2 BilT BilT 2.1+ mp T ( 2 2 2 )
2wl +mp | 1+ — + + - tanh\2-mt+[1" 4+ m -p~-T
Bi2t 2 2 2 Bi2t
L 2T 1"+ mp

0 3 Lmax | | > Mmax 4 | Lmax Mmax
Ltotal .= —- |—- Lter Mtotal := | — || — |- [—- Mterm LMtotal := — LMterm
L2y em FHE M5 Z e, ) 2 Z e

1=1 m=1 I=1m
Vg, := Ltotal + Mtotal + LMtotal Pgp = 0.8052

9/22/2012




Psi_Doub_h_Calc.xmcd

Calculation and Display of Convergence Plot of Thermal Spreading Resistance ‘I’§Q

LMsubtotal , := -LMterm Lsubtotal

-

j = 2..Lmax

Total1 = LMsubtotal1 + Lsubtotal1 + Msubtotal1

4 4
LMsubtotal. := LMsubtotal. . + — Z Z LMterm + —
j Sl mt

T

I=1 m=j I=j m=1

a l
Lsubtotal. := L. E-Ltelrm. + Lsubtotal. Msubtotal. := — [—-—-Mterm. + Msubtotal.
i 2\ @ i i-1 i B p i
T
Totalj = LMsubtotalj + Lsubtotalj + Msubtotalj
j = 1..Lmax
LMsubtotal; o 675 -
Lsubtotal ]
Msubtotal 7]
Totalj —
60 120 180 240 300

-2 -GHENE)
= — Lterm Msubtotal 1 — || |— |-Mterm
p)|l. 2B !

( ji Z LMterm,

-1

Waming: Mathcad 8 gives the correct plot
results that agree with ¥ Sp calculated at
bottom of page 1. Mathcad 2001iA does not
seem to give the correct plot results. Mathcad
2001iC seems to give the correct results.
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The following explains the unusual summation method used for the convergence plot by way of an example (LMAX=MMAX):

Sum[(I=1to 3, m=1to 3), xim]

= {x11 + x12 + x21 + x22} + {x13 + x23 +x33} + {x31 + x32}

= {Sum[l=1to 2, m=1to 2), xim]} + {Sum[(I=1 to 3, m=3 to 3), xiIm]} + {Sum[l=3 to 3, m=1 to 3-1), xim]}

Thus to get a single plot point, the first {} is the previous plot point and the second {} plus third {} are the additions required to get this point.

Then in general

Sum([(I=1to j, m=1toj), xim]

Some Results for h=2.5x10"11:

yTotal

0.429
0.364
0.1237

hl := 0.01

1|)Sp

o § VySp
0.05 0.05 0.427
0.05 0.10 0.361
0.05 1.00 0.115
k=5 Ax:= 04 Ay:=04
T
T Bi2 hl-a-b-T1
2T .a-b-
by = aBp — [1 + j
1+ Bi2t + —
Bi2t
R b Rg,:
U Ax Ay Ry=1257 %7

k+ Ax-Ay

= Sum([(l=1 to j-1, m=1to j-1), xim] + Sum[(I=1 to j, m=j toj), xXim] +

Sum[(l=j to j, m=1to j-1), xim]

RTotal

8.58
5.15
0.553

Q=10

RSP = 0403

TAMS (k=1)

8.6
5.2
0.55

NRVV:: RU + RS R =1.659

P
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y := 100CFParInf := (

Y= 10
Y= 4
yo=2
yo=1

Radiation Shape Factors for Parallel Plates

Graphical Results:

xq := 0.09 x=L/S, y=W/S:

In
E 1+ (x0)2 + y2
xo 1+ y2-atan(

|

_ xpy 1+ yz-atan( = y2

_] 1+ (x0)2 + y2

_ xpy 1+ yz-atan( = y2

2

- XO'Y).

X0

I+y

2
FParl0g := ( J
X0y

1+ (x0)2 + y2
X0

2
FPard = (ﬂ-xo-y}

X0

2 1+ x 1+
FPar2 ::( j In L O y y
X0y E 1+ xo +y
+ 1+y atan
L 1+y
i 2
2 1+ x 1+
FParl ::( j In L O y y
X0y E 1+ xo +y
+ 1+y atan
L v1+y

y

Ll + (XO)ZJ'(l Bl YZ)} +ya 1+ (xo)z-atan{—

1+ (X())

— y-atan(y) — xo-atan(xo)

y

Ll + (XO)ZJ'(l il YZ)} +ly 1+ (xo)z- atan{—

1+ (X())

— y-atan(y) — X( atan(xo)

y

Ll + (XO)ZJ'(l il YZ)} +ly 1+ (xo)z- atan{—

1+ (X())

— y-atan(y) — X( atan(xo)

atan Y

1+ (X())

— y-atan(y) — Xqr atan(xo)
atan Y

1+ (X())

— y-atan(y) — Xqr atan(xo)
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2 2
y:=0.5 FParPtS) := ( j In \/Ll + (x0) Jz(l +2y )} iy 1+ (Xo)z_atan A
wxoy) |V 1 (xo) +y L+ (x0)”
+| x4/ 1+ y2-atan 70 — y-atan(y) — xo-atan(xo)
1+ y2
~ - . . ] -
1 A1
X.:= 0.25 FParPt25¢ := ( 2 j In \/\‘ i (XO) Jz( +2y )} +ly+ 1+ (xo)z-atan S
wxoy) | 1 (xo) +y L+ (x0)”
+| xpy 1+ yz-atan( 70 ]} — y-atan(y) — xo-atan(xo)
L I+y i
~ - - - -
Y= 0.1 FParPtl( := ( j In \/Ll + (x0) Jz(l +2y )}r vl 1+ (Xo)z_atan S A
wxoy) | 1 (xo)f +y L+ (x0)?
+| xpy 1+ yz-atan( l — y-atan(y) — xo-atan(xo)
L I+y i
MAXxDIVS 4
MAXxDIVS := 100 [STEP := 0.0l STEPS := —————— STEPS = 1x 10
i:=1,2..STEPS
Xi := Xj—1 + STEP
~ - - - -
1 i) |-\1
Y.:= 10000 FParlnf; := ( 2. j In \/\‘ i (Xl) Jz( +2y )} +ly4 1+ (xi)z-atan S
iy || 1 () ey Lt (v
+| xj/ 1+ y2-atan( i — y-atan(y) — xi-atan(xi)
L I+y i
_ - - -
1 i) |-\1
Y= 10 FPar10; := ( 2 j In \/L i (Xl) Jz( +2y )} +|y4 1+ (xi)z-atan S —
X'y . 1+ (Xi) +y 1+ (Xi)Z
+ xi-\/ 1+ y2- atan( i — y-atan(y) — xi-atan(xi)
L I+y i
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— y-atan(y) — xj- atan(xl)

2 1+ Xj 1+
Yo=4 FPar4; := ( j In \/\‘ 1 y Y atan !
’Tr.X'.
iy K 1+ X1 1+(X1)2

— y-atan(y) — Xxj atan(xl)

2 1+ Xj 1+
=2 FPar2; := ( J In \/L ) y y atan Y
O Xjr
ry K 1+ X1 1+(X1)2

— y-atan(y) — Xxj atan(xl)

2
2 1+ Xj 1+
No=2 FPar2; := ( J In \/L ] y atan Y.
’Tr.X’.
ry E 1+ X1 1+(X1)2

— y-atan(y) — Xxj atan(xl)

2 1+ Xj 1+
Yo=1 FParl; = ( ) In \/L 1 y Y atan —
/Tr.X'.
iy K 1+ X1 1+(X1)2

1
Y.:=0.5 FParPt5; ::( 2. j In \/\‘ i Xl 5 1+2y + y- 1+( )2 atan S —
wxiey) || 1 () ey Ji+(af
+| xiy 1 +y atan( i J — y-atan(y) — Xxj- atan(xl)

1+y2

Y= 0.25 FParPt25; = ( 2 || In \/\‘1 i (Xi)zj.(l i YZ)} + _y- 1+ (xi)z-atan|:+ﬂ

XYL 1+ (xi)2 +y 1+ (Xi)2
+| x4 1+ yz-atan( 0 ZD — y-atan(y) — xi-atan(xi)
L Vi+y i
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2
Y.:=0.1 FParPtl; := ( j
Xy

L1+(xi)2j.(1+y2q+ y 1+(xi)2-atan{

J 1+ (Xi)zﬂ

2 Xi
+| xj/ 1 +y -atan — y-atan(y) — Xi-atan(xi)
L I+y
1
FParInf
FPar10 A
FPar4 o
FPar2 /,’ .
FParl ¢ 7
FParPt5 /,’, /,’
FParPt25 ’/ 7 s vl T
FParPt1 / -
- - — L/ / y
S
/ /
0.01

Write to Files: ,,.\Pa r_PIte_X.dat

X
|

..\Par_Plate_10.dat  ...\Par Plate_4.dat

FPar10 FPar4

..\Par_Plate_l.dat ..\Par_Plate_Pt5.dat

100

...\Par_PIate_Inf.dat

FParInf

...\Par_Plate_2.dat
FPar2

C..\Par_Plate_Pt25.dat

FParl FParPt5 FParPt25
1
...\Par_Plate_Pt1.dat
FParPt1
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Radiation Shape Factors for Perpendicular Plates

Graphical Results:

xg = 0.09

y:=0.1

1
FPerPtlo = (4—j
.’Tr.

+

o= 0.2

1
FPCI'Pt20 = (4—j
. Tr.

+

o= 0.4

1
FPCI'Pt4O = (4—j
. Tr.

+

X=L2/W, y=L1/W:

() == (X0)2 + y2

|:1 + (xo)z]-(l + y2)

(x0)™(1+ 20)

In .
1+ 279
y-atan| — | + x(o-atan| —
y X0

<

=)

<

() == (X0)2 + y2

—| <

y (x0)”
2.(1+z0)} [ }
i 1+y2)-z0 1+(x0)2]-z0

- \/70 atan

7~ X\
=1
(=)
N—

_ st

In
1+ 279

( 1 1
y: atan(—j + X(-atan (—
y X0

<

=)

<

() == (X0)2 + y2

|:1 + (xo)z]-(l + y2)

—| <<

(xo)*
<xo>2-<1+zo>}
1+ (Xo)z]-zo

2(1420) |
1+y2)-z0
—\/70-atan

—

7~ X\
51
(=)
N—

(x0)*(1+ 20)

In .
1+ 279
y-atan| — | + xg-atan| —
y X0

<

=)

<

y (x0)”
2.(1+z0)} [ }
i 1+y2)-z0 1+(x0)2]-z0

- \/70 atan

—| <

—

7~ X\
=1
(=)
N—
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1 +
FPerlg := (— :
+| — || y-at
Ty
2 2
=2 0:=(x0)" +y
1 +
FPer2( :(— :
+| — || y-at
Ty
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NS

=10 7( = (x0)2 + y2
' - : (x0)
y 0
( I ) {[1.+(XO)%](1.Fy2)} P(1+20) | | (x0)>(1+2)
FPer10g := In : :
4-m I+20 (1+y2)-z0 1+(x0)2]-z0
(Lj Zy- atan(lj +X -atan(i —\/? -atan L
ue y 0 XQ 0 \/?O
MAXXDIVS = 100 [STEP = 0.] STEPS := % STEPS = 1x 10°
i:=1,2..STEPS
Xi := Xj—1 + STEP
Y= 0.1 Zi = (xi)2 + y2
_ 2] (1 41T 2 YT o (x)°
= (o ﬂwxﬂ- } (15[ [ ()1 +3)
)" e ) Lo
+ sz -atan(lj +X'-atan(ij —\/;-atan L
o) ) T ) Y i
Xoo=0.2 Zi == (xi)2 + y2

1
FPerPt2; = (—j :
4.7t

=)

<

+

<

y -(1 +zi)

SRR

X

mFPN??f+fqlz

(1 + yz)-zi

( 1 1
Y atan(—j + xi-atan(—j — 4/ zi-atan
y .

1

Zj

(X1)2
1+<Xi>2]-zj

9/22/20
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Yo=4 Zi == (xi)2+ y2
2 2\ 1T 2 Y'r . (si)
( | ) {[1+(xi) 14y )} Pea)] |21 +2)
FPer4j := | —— || In : :
4.0y 1+7z (1+y2)'Zi 1+(Xi)2]'zi
1 j ( (1) (1} 1
+| — || y-atan| — | + Xxj-atan| — —\/;i-atan —
Ty y Xj Jzi
Y= 10 zZj = (xi)2+y
| [1+(X_)2]_(1+ 2) 2'(1+z-) v (X.)z_(1+z.) (xi)?
FPer10; := (— | In ! Y7 v oA 1
4.y 1+ z; (1+y2)'Zi 1+(Xi)2]'zi
1 j ( (1) (1} 1
+| — || y-atan| — | + Xxj-atan| — —\/;i-atan —
Ty y Xj Jzi
0.5
FPerPt1
FPerP2 04| T e e
FPerPt4
FPerPt6 ) 3 S e e eI R e R
FPerl . -7
FPer2 g
------ 0.2 v
E’efl ) LA e T
FPer10 - |
T a7 — ==t
’ ] - =71 | | |4l I T i B
0.1 7 o 1 10 100
X
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Write to Files:

...\Per_Plate X.dat

X

...\Per_PIae_PtZ.dat

FPerPt2 FPerPt4

C...\Per_PIate_l.dat

FPerl FPer2

...\Per_PIte_lO.dat

FPer10

...\Per_PIae_Pt4.dat

C.. .\Per_PIate_2.dat

...\Per_PIae_Ptl.dat

FPerPt1

...\Per_Plate_Pt6.dat

FPerPt6

C.. .\Per_PIate_4.dat

FPer4
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U-Channel Gray Body Radiation Shape Factors

Functions for Geometric Shape Factor for Perpendicular Plates:

W = common dimension of plates 1 and 2.
L1 and L2 are the other dimensions of plates 1 and 2.
X=L2/H, y=L1/H.

: j AT y?) _|:(y2-(1+x2+y2) yz{ Xz_(uxzwz))T2

FPerp(x,y) = (— '
L.y 4.1ty 1+><2+y2 1+y2)-(x2+y2) (1+x2)-(X2+Y2

1Y ( 1 1y [2 2 1
+ —j y: atan(—j + X-atan —j — x2+ y2-atan —}}
. y X / 2 2

s
X +y

<

Functions for Geometric Shape Factor for Parallel Plates:

L and W are dimensions of identical plates, S = plate spacing.

x=L/S, y=W/S.
- - - -
FPar(x,y) := ( 2 j In (1 X )(1 +2y ) +| y/ 1+x2-atan Y
Xy K 1+x2+y «/1+x2
+] x4/ 1+ y2- atan . — y-atan(y) — x-atan(x)
2
L I+y _

Function for Cye¢:
a, b, c, d, e are dummy variable names for Resistances R,, Ry, R¢, Rg; Re, respect.

(a+b+e)(c+d+e)—c

CNet(a,b,c,d,e) :=
b+d){(a+b+e)ctdre)—e| .
+(=1)-(b)-[b-(c+d+e¢) + e-d] —d-[d-(a+b+e) + be]
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Input Dimensions and Emissivity for Heat Sink Channel:

Height, Depth, Spacing: ‘ = 10 ‘ = 1.0 ‘ = 25
Emissivity: € = 0.1

Calculate Areas:
Al :=H-S A3 :=H-L
A1 = Back panel area, A3 = Side panel area.

Calculate Geometric Shape Factors:

Surface 2 is front panel, surface 5 is (open) top panel.

L S S H
F13 := FPerp| — ,— F35 := FPerp| —,—
H H L L

L H S H
F15 := FPerp| —,— F12 := FPar| —,—
S S L L

Calculate Various Resistances:

1-¢ 2:(1-¢) 1 2 1
Ra = Rb:=— Rc = Rd = Re =
e-A3 e-Al Al1-F13 + 2-A3-F35 Al-F12 +2-A1-F15 ™™  Al-F13
Calculate CNet: C := CNet(Ra,Rb,Rc,Rd,Re)

Calculate Radiation Gray Body Shape Factor:

C
F=2— F = 0.05952

H-(S+2-L)
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Calculation of h¢/hy from Van de Pol & Tierney

Ty = 2(1 s:=03 [L:=10 [H:=9 [AT:=5(

. 2TA + AT . . H _ L — —
Tvi= ———— Tg = TA+AT z:=— xi=— [z= 16667 |[x = 3333
s —3 : 1 :
Cy =545410 -exp(—9.254-10 'TS) Bi=——— Vi=-118
Ty +273.16
2X-8
GrPry = Cy- B-AT-H3 r= GrPr = Cy- B-AT-r3
2:X+ 1

( (—0.17)
24-| 1 —0.483-exp
a

PSI(a) = 3
(1 + ;)-[1 + (1 —exp(—0.83-a))- (9.14-\/—21-exp(V- S) — 0.61)]}
P = PSI(i) RaChan := (ﬁj-GrPr |’Lb = 15.843 | |RaChan = 41.537
X
RaChan 0.5 4 4
Nur ;= |1 —exp| - Nuyy := 0.595-GrPr
P~ (RaChan) H H
. H Nur ;
hRatio = — INur = 1.148 Nupy = 28952 | [hRatio = 0.76
r Nu
H

k .
Air
Kpjp == 605831074+ 1.6906- 10~ ©Tpg  hyy = ?-NuH h,, := hRatio-hyy

_ — 4 _ _3 _ —3
kAir = 6.819X 10 hH = 3.948 X 10 hC =3X10




YVV VVVVVVVVVVVVVVVYVVY

A

VVV VYV VYVVY

start:
rho:=2.33:
C:=0.704:
k:=1.465:
W:=0.001:
L:=1.0*W:
H:=1.0*%10~(-10) :
d

Q0:=0.001:

Steps:=10000:

dt:=1.0*10~(-7):

V:=L*H*W:

alpha:=k/ (rho*C) :

f:=t->(Q/ (8*rho*C*V) ) * (erf ( (0.5*W+x—-xs) /sqrt (4*alpha*t))+erf ((0.5*
W-x+xs) /sqrt (4d*alpha*t)))\

* (erf ((0.5*L+y-ys) /sqgrt (4*alpha*t) ) +erf ((0.5*L-y+ys) /sqgrt (4*alpha*
£) N\

* (erf ((z+zs+d+H) /sqrt (4*alpha*t) ) +erf ( (-d-z-zs) /sqrt (4*alpha*t) )\
+erf ((z—-zs-d) /sqrt (4*alpha*t) ) +erf ( (d+H+zs-z) /sqgrt (4*alpha*t)));

1 0.5W+x—uxs 0.5W —x+xs
::t—ng er +er

AJadot Naat

( QSL+y—wj OSL—y+ij
er +er

A4 ot 4ot

( z+zs+d+HJ —d—z—zs} z—zs—d} d+H+zs—zjj/( cv)

erff —F— |+erf| —F/— |+erfl] —F/7— |+erf] —F— p
AN4at VAot Jdot ANAat

T:=array(l..Steps):

t:=array(l..Steps):

tMax:=0:

for J from 1 to Steps do
T[J] :=evalf (Int (£(t),t=0..tMax)):
t[J] :=tMax:
tMax:=tMax+1l*dt:

end do:



> plot ([t[M],T[M],M=1..Steps], thickness=2,labels=["Time (sec)", "Temp.
(K)"],title="Joy & Schlig
Plot", axes=BOXED, labeldirections=[horizontal, vertical], font=[TIMES
,BOLD, 14],titlefont=[TIMES, BOLD, 16]);

Joy & Schlig Plot
035 F

0.3 *

0.25 —

0 ; I T T T T T T T T T I T T T T I T T T T I T T T T T
0 0.0002 0.0004 0.0006 0.0008 0.001
Time(sec)

> T[Steps];
0.3809523013
> C:=(T[Steps]/Q) *2*k*sqgrt (L*W) ;
C:=1.116190243

> Rss:=C/ (2*k*sqrt (L*W)) ;

Rss :=380.9523014
> NDR:=k*sqrt (L*W) *Rss;

NDR :=0.5580951216



Application Example 13.2: Solution of Steady-State Network Using
Gauss-Seidel Method - Relaxation - 10 lterations

Input Data:
[1=01] [ =14 [wi =14 TG, are mati
elements.

[2=00 [o=00] [w,=10

lt3 = 09 [s=104  |w3:=10 13:=0.5

=04 [y =49 [wa =19

=2 o

Calculate Conductances:
i=1,2.7
j=1,2.7
Si.j=00 Q=0
) )
. kp-wi ) ko woy = . kywy— o Ky wyly

1,2° 4 2,3 t 2,4° t 3,5° 5
C, = ! C. .= !

347 I3 Iy 260 I3 Iy

B B B B
k3-%3-w3 k4-%4-w4 k3-%3-w3 k4-%4-w4

C4 6 = t4 C5’7 = h8W313 C6 7 = h9W414

C, =C C,,=C C,,=C C.,=C C, ,=C



0 10 O
10 0 02
0 02 O
C=| 0 02 2857
0 0 10
0 0 0
0 0 0

0
0.2 0
2.857 10
0 0
0 0
4 2857
0 1

0 10
0 0
0 0
0 0=10
! 0
0.5 0
0 0

Solution Using Gauss-Seidel Showing Only Two lterations:
Set Starting Temps:

First Iteration:

i=1,2..6
T. =40
1

TOLD = T,
T €Tt
1 C
1.2
AQLR= T
) Gy TR +C) T+ Cy )T,
2=
Co+tC3t Gy
AQLR= T
) Gy TR+ Cy T+ Cy Ty
3=
C327C34+ G55
AQLR= T
o Cy yTRy+C, 2 TRy +C, T
4=
CyntCy37Cy6
AQLR= T

TR, := TOLD + B-(Tl - TOLD)

TR, := TOLD + 6-(T2 - TOLD)

TR, = TOLD + 6-(T3 - TOLD)

TR, := TOLD + B-(T - TOLD)

T1 = TR1
T2 = TR2
T3 = TR3
T4 = TR4



C5’3-TR3 +C, T + C5’7-T

5,6 6 7

T.:= TR, := TOLD + B-(T - TOLD) T.:=TR
5 5 5 5 5
Cs,3+tC5 67 Cs,7
TOLD := T
ANV 6
c, .-TR, +C, ~.TR_+C, T
4% , 17
T, = 6 65 5 6 TR, = TOLD + 6-(T6 - TOLD) T = TR,
Co,atC6,57 C6.7
417 417
42779 42779
40.072 . 40.072
T =| 40.184 "1 40.184
37.635 37.635
36.298 36.298
20
Second lteration:
AUR= Ty
Ci2THh*+Q
T, = —— TR, := TOLD + B-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AAR= Ty
C, TR +C, s T,+C, T,
T,:= TR, := TOLD + 6-(T2 - TOLD) T = TR
Co1tC 36, 27 1%
AR= T3
c, ,-TR,+C, T, +C, T
3,20 2T 344 T Y357 s
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
AUR= Ty
Cy yTRy+C, ;TR +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatCu3+Cs



TOLD =T
AN 5

C5’3-TR3 +C, T + C5’7-T

5,6 6 7

T, := TR, := TOLD + 6-(T - TOLD) T.:= TR
5 5 5 5 5
Cs,3+tC5 67 Cs.7
TOLD := T
ANV 6
C, ‘TR, +C, ~.TR_+C, _-T
6.4 "4T 6,5 s T M7
Ty = TR = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 C6.7 6
45.234 45234
46.619 46.619
37.111 37.111
T =| 34.635 TR = 34.635
34.36 34.36
31.598 31.598
20
Third lteration:
TOLD,= T,
C, T,+Q
1,227 %)
T, =— TR, := TOLD + 6-(T - TOLD) T, = TR
1 C 1 1 1 1
1,2
TOLD,= T,
C, ;TR +C, 2T +C, /T,
T, = TR, = TOLD + 6-(T2 - TOLD) T - TR
Co1tC 36, 27 1%
TOLR= T,
C, -TR,+C, T, +C, T
3.0 02 T340 35T s
T, = TR, = TOLD + 6-(T3 - TOLD) T,= TR,
C32tC3 47655
TOLD,= T,
C, TRy +C, TR+ Cy (T
T, = TR, = TOLD+6-(T4—TOLD) T,= TR,
CantCy3tCs



TOLD =T
NV 5

C5’3-TR3 +C. T + C5’7-T

5,6 6 7

T.:= TR, := TOLD + 6-(T - TOLD) T.:= TR
5 5 5 5 5
Cs,3+Cs5 67 Cs.7
TOLD := T
ANV 6
. C6’4.TR4 + C6’5.TR5 + C6,7'T7 IR, = TOLD + 8 (T TOLD)
6 6 e T, := TR
Co,atC6,57 C6.7 6 6
49288 —
50.28 50‘ .
32.951 » '951
T =|31.304 TR = 31'304
29.902 29'902
28.866 28'866
20 :
Fourth lteration:
TQLD:= T,
Ci T+ Q
T = TR, := TOLD + 6-(T - TOLD) T, := TR
C 1 1 1 1
1,2
TQLD,= T,
T, = e e B e R TR, := TOLD + (3 (T TOLD)
2 27 2 T,:= TR
Co1tC 36, 2 2
TOLD, = T,
Cy yTRy+Cy T, +Cy o T,
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
TQLD,= T,



Cy yTRy+C, TRy +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatCu3+Cys
TOLD := T
ANV 5
Cg yTRy+Cy T +Cy T,
T, = TR, = TOLD + 6-(T5 - TOLD) T, = TR,
Cs,3+tCs5 67 Cs.7
TOLD := T
ANV 6
. C6’4.TR4 + C6’5.TR5 + C6,7'T7 IR = TOLD + 8 (T TOLD)
6 6 e T, = TR
Co,atC6,57 Co.7 6 6
52.674
52.674
53.006
53.006
28.89
28.89
T=|28339 TR =
28.339
27.083
27.083
26.178
26.178
20
Fifth Iteration:
AR =
Ci2THh*+Q
T = TR, := TOLD + 6-(T - TOLD) T,:=TR
C 1 1 1 1
1,2
A=
C, /TR +C, ;T,+C, T,
T, = TR, := TOLD + 6-(T - TOLD)
2 2 2 T,:= TR
Co1tC 36y 2 2
AR =
Cy yTRy+Cy T, +Cy ST,
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
AR =



C4’2-TR2 + C4’3-TR3 + C4,6'T

6
T4 =
CyntCy37Cy6
TOLD = T
ANV 5
o Cs y TRy + Cy T+ Cy 0T,
57
Cs3+Cs6%Cs 5
TOLD = T
ANV 6
o Co s TR, + Co ¢TRG+Cy T,
6"
Co.a™Co 5% C6.7
Sixth Iteration:
AQER= T,
C T +Q
T1 =
Cia
AQER= T,
. C, ‘TR +C, yT,+C, T,
2=
Co+t Gt Gy
AQER= Ty
. Cy yTRy+ Cy T, +Cy T

3
Ci2tC34+ G55

TR, := TOLD + 6-(T4 - TOLD) T, = TR,
TR, = TOLD + B-(TS - TOLD) T, = TR,
TR, = TOLD + 6-(T6 - TOLD) T - TR

54.939

54.939
54.57

54.57
27.001

27.001

T=| 26.6 TR =
26.6

25.796

25.796
25.602

25.602

20

TR, := TOLD + B-(Tl - TOLD) T, = TR,
TR, := TOLD + B-(T, — TOLD _

2 ( 2 ) T, = TR,
TR, = TOLD + 6-(T3 - TOLD) T, = TR,



TOLD := T
ANV 4

C4’2-TR2 + C4 3-TR3 + C4,6.T6

T, = ; TR, := TOLD + 6-(T - TOLD) T,:= TR
4 4 4 4 4
CaatCu3+Cys
TOLD := T
AN 5
C. ,TR,+C. T, +C_ T
5.3 73756067 V5,77
T, = TR, = TOLD + 6-(T5 - TOLD) T = TR,
Cs,3+tCs5 67 Cs.7
TOLR= Tg
C, ‘TR, +C, ~.TR_+C, _-T
6.4 4T 6,5 s T 6,70y
Ty = TR = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 C6.7 67~ 6
56.012 —
55.112 55'112
26.015 26'015
T=| 2661 TR = 26.61
25.285 s '285
25.677 25'677
20 :
Seventh lteration:
TOLD,= T,
C, T,+Q
1,227 %)
T, =—— TR, := TOLD + 6-(T - TOLD) T, = TR
1 C 1 1 1 1
1,2
TOLD,= T,
C, ;TR +C, 2T +C, /T,
T, = TR, = TOLD + 6-(T2 - TOLD) T - TR
Co1tC 36, 2T 1%
TOLR= T,



C3’2-TR2+ C, /T +C3’5-T

3,414 5
T3 =
Ci2t G4+ G55
TOLD = T
AWM 4
o Cy 5 TRy +C, 2 TRy +C, (T
4=
CyntCy37Cy6
TOLD = T
ANV 5
. Cs y TRy + Cy T+ Cy T,
55
Cs3+Cs6+Cs 5
AQLR= T
o Co s TR, + Co ¢TRG+Cy T,
6"
Co.a™Co5%C6.7
Eigth lteration:
AQLR= T,
C T +Q
T1 =
Cia
AQLR= T,
. C, ‘TR +C, 2T, +C, T,
2=
Co+t Gt Gy

TR T,

TR, := TOLD + 6-(T3 - TOLD) T

TR, := TOLD + B-(T - TOLD) T

TR, := TOLD + B-(TS - TOLD) T

TR, := TOLD + 6-(T6 - TOLD)

6 T6. TR

56.182

56.182
54.977

54.977
26.04

26.04

T =1 26.686 TR =

26.686
25.701

25.701
25.969

25.969

20

TR, := TOLD + B-(Tl - TOLD) T

3:= TR

=TR

4

=TR

5

TR, := TOLD + 6-(T2 - TOLD)

1:= TR

=TR

2




C3’2-TR2+ C, /T +C3’5-T

3,4 4 5

T, = TR, := TOLD + B-(T - TOLD) T,:=TR
3 3 3 3 3
C32tC3 47655
TOLD := T
NWAWWWW 4
Cy yTRy+C, TRy +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatC3+Cs
TOLD := T
ANV 5
c. ,TR,+C. T +C. T
53 37556067 5,707
T, = TR, = TOLD + B-(TS - TOLD) T, = TR,
Cs,3+tCs5 67 Cs,7
AUR= T
c, .-TR +C, .TR_+C, T
6,4 4T 6,5 85T M6, 707
T, = TR, = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 Co.7 67~ "6
55.834 —
54.507 54'507
26.579 26'579
T=|27.262 TR = 27'262
26.174 26'174
26.61 26’ ol
20 :
Ninth Iteration:
AUR= Ty
C, ) T,+Q
1,227 4
T, = —— TR, := TOLD + B-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AUR= Ty
C, | TR +C, s T,+C, T,
T,:= TR, := TOLD + 6-(T2 - TOLD) T = TR
Co1tC 36y 2T 1%
AR= T3

10



C, TR, +C, T, +C, T
3,0 2T 3,447 3,575
T, = TR, = TOLD + 6-(T3 - TOLD) T,:= TR,
32764765
TOLD = T
NWAWWWW 4
Cy yTRy+C, TRy +C, T
T, := TR, = TOLD+6-(T4—TOLD) T, = TR,
CuatC 3186
TOLD = T
NWAWWWW 5
C. +TR,+C_ T, +C_ T
5373756767 5,77
T, = TR, = TOLD + 6-(T5 - TOLD) T, := TR,
Cs.37C5.67C57
WR= Tg
C. TR, +C,_ ~TR_+C, _-T
6,4 47 6,5 5T V6,77
T = TRg = TOLD + B:(To = TOLD) . _ o
Co.41 C6.57 C6.7 6~ 6
55.278
55.278
53.964
53.964
27.018
27.018
T=|27.752 TR =
27.752
26.605
26.605
26.899
26.899
20
Tenth lteration:
ANRw= T
CroThtQ
T, = —— TR, := TOLD + 6-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AR= T,
C, | TR +C, s T,+C, T,
T, = TR, = TOLD + B:(T, - TOLD} . _ .
Co1T 63176, 27T

TR T,

11



C3’2-TR2+ C, /T +C3’5-T

3,4 4 5

TR, := TOLD + B-(T —TOLD) T,:=TR
3 3 3
Cy,+Cy +Cy s

TOLD .= T
NV 4

C4’2-TR2 + C4’3-TR3 + C4,6.T6

ETIIRE: TR, = TOLD+6-(T4—TOLD) T, = TR

4 4,6

TOLD :=T
ANV 5

C5’3-TR3 +C, T + C5’7-T

5,6 6 7

TR, = TOLD + B-(TS - TOLD) T, = TR

Cs3+Cs6+Cs 5

TR~ T,

C ’4-TR4 + C6’5-TR5 + C6,7'T

6 7
TR, := TOLD + B-(T - TOLD)
6 6 T := TR
Co,atC6,57 Co.7 6
54.744
54.744
53.501
53.501
27.443
27.443
T=|27.958 TR =
27.958
26.926
26.926
27.098
27.098
20

12



Application Example 13.2: Solution of Steady-State Network Using
Simultaneous Equation Method

Input Data: I = 1L [s1:= 104
2= 0.0 [ky =003 [wyi=1q [ly:= 10| |tz = 0.5 [k3 := 10.q fwz = 1.0] [I3:= 0.9

L0 =09 [hg:=9 |hg=1 [TA:=2(

|t4 = 0.5| |k4 = 4.q |W4 :

Calculate Conductances:

i=1,2.7
j=1,2.7
,g"j = 0.0 Q=0
1 1
2 2
ky-wn-— ky - wH-—
1,2° 2,3 2,4° 3,5°
4 ) ) 3
C, = ! C. = !
> 13 I >0 I3 I
2 B 2 B
t t t t
3 4 3 4
ky—-w kg —-w ky—-w kg —-w
353 47V 353 47V
kywyly ‘ .
C4 6 = t4 C5’7 = h8W313 C6 7 = h9W414
Co1=Ca Ga=Cg Cuoa=Cy C53=Cs € 3=Cy
C65=Cs6 C64a=Cue6 C757Cs7 C16=C67
Set Up Equations:
Define Conductance, Source Matrices
i=1,2..6
j=1,2.6
N(v}‘.’j = 0.0 ‘§’) = 0.0 NTVY = 30 T,:= TA



SI:= S1

Equation 1 Elements:

G1,1:: C1,2 G1,2:= _C1,2 SI:Z 10.0

Equation 2 Elements:

Gy1=7Co 1 G =6 1 +653+6

Equation 3 Elements:

Gy ,="C5, Gy 37 C3 7G5 4+ G55

Equation 4 Elements:

G =-C G =-C G =C

4,2 4,2 4,3 4,3 4,4

Equation 5 Elements:

G, ,=-C G, . =-C G, .=C

5,3 5,3 5,6° 5,6 5,5

Equation 6 Elements:

Gg,4= Ce.4 Gs,5=C6,5 Y66~ Ce,
0 -10 0 0 0 0
~10 104 02 02 0 0
0 —02 13.057 —2.857 —-10 0
=1 0 02 2857 7057 0 4
0 0 -10 0 13857 —2.857
0 0 0 4 -2857 7357

Solve Problem by Matrix Inversion:

T=G S 53.467
52.467
27.252
27.682
26.625
26.749




< Te) No) =~ =~
1 - Ta) Ne} 2
J'JT Ul uUw S =
< o < < B ot
= H BB — =
(S X
_ _ _ _ _ = %
N <t N=) —
= = = B H 6Zﬂ 2 %
_——— — . &
| | | | | B I
© T e v I &
N o <t v Ne)
O U W U U = @
) < en ) )
S = = R Sy
| | | | |
~ n <t ©°
S
[ [ [ [ [ .
— N n/~s (<a) <t —
N sa] < s} Ne) _0
O LU LU VU v = =
— Q)] N ) <t — X
H FH FH = = - o~
= N
| | | | | — — N
N on <t N=) n .
S I\ T
| | | | | | Il .F
I — /M
— % 4|



Application Example 13.4: Solution of Time-Dependent Network

Input Data: Density units kg/m3, CP J/(kg K), AV m3to give Capcitance units C* J/K or J/°C.

Calculate Conductances:

—

1
2
Cl2=— C23=—— (24=— (C35=—
tl t2 t2 t3
1 1
C3_4:= C5_6:=
I Iy I Iy
B B B B
+ +
t t4 t t4
kyrwyly
C4_6 = C5_7 = h8W313 C6_7 = h9W414
Y4

C2_1=Cl.2 (C32=C23 C(C42=C24 C53=C35 C(C43:=C34
C6_5=C56 C6_4=C4.6 C7_5=C5_7 CI_6:=C6_7

Calculate Total Capacitance of Each Node:

t 3
1 2.54
AVNI = —1;-wq| — CS1 := p;-CP{-AVNI
5 1M (100) |
t 3 t 3
1 2.54 2 2.54
AVN2A = —'1y-wq:| — AVN2B = —'1y-Wy:| — CS2 := p;-CP;-AVN2A + p,-CP,-AVN2B
2 1 1(100) 2 2 2(100) Pt P22
t 3 t 3
2 2.54 3 2.54



AVN4A := AVN3A AVN4B := AVN3B CS4 := py-CPy AVN4A + py-CP4-AVN4B

AVN4A = 2,048 x 107 | AVN4B = 2,048 x 10_° | CS4 = 5.203

t 3 t 3
3 2.54 4 2.54

6 6

AVN5 =2.048x 10 AVNG6 = 2.048 x 10 CS5 = 8.194 CS6 =40916

Calculate Maximum Time Step (for those methods that have stability criteria) for
Each Node:

Adl = 551 AD = CS2 AG- CS3 . CS4

t3 = At4 =
1.2 Cl2+C23+C24 C3 2+C3_4+C3_.5 C42+C4.3+C4.6

CS5 . CS6

A5 = A6 =
C5.3+C5_6+ C5_7 C6_4+ C6_5+ C6_7

[E=0ze2]A2=0307]

At:= 0.
At At At
S1.=——C1_2 S2:=—(C1.2+C2.3+C2_4) S3:=——(C3_2+C3_4+C3_5)
CS1 CS2 CS3

At At At
S4:=——(C4.2+C4.3+C4.6) S5:=——(C53+C5_.6+C5_7) S6:=——-(C6_4+ C6_5+C6_7)

CS4 CSs CS6
Set All Starting Temperatures:
T1,
TA
T2
o1 |Ta
T3 | TA
T4, TA
TA
TS5
0 TA
T6,,

Solution Using Forward Finite Difference in Time:

EndTi
EndTime := 200 [AL=0. Maxlt := % Maxlt = 1 x 10°

t

i=0,1..Maxlt



Tli+1

T2i+1

T3i+1

T4i+1

T5i+1

T6i+1

Tl (1—Sl)+ﬁ(Q1+C1 2T2)
i Csl T
At
T2. (1—52)+—(C2 IT1, + C2_3-T3, + C2 4T4)
CS2
At
T3.- (1—53)+—(C3 2-T2, + C3_4T4, + C3 5T5)
CS3
At
T4.-(1 — S4) + —-(c4_2-T2. +C4.3T3. + C4_6-T6.)
1 CS4 1 1 1

At
T5.(1 — S5) + —-(C5_3-T3. + C5_6-T6. + C5_7-TA)
1 CSS 1 1

At
T6.(1 — S6) + —-(C6_4-T4. +C6_5-T5. + C6_7-TA)
1 CS6 1 1

60)

T1; 50

TlMaxIt

= 5345

T2MaxIt

= 52.45

T3MaxIt

= 27.245

T4MaxIt

= 27.674

TSMaxIt

=26.618

T6MaxIt

= 26.742

20
0

50

100
i-At

150 200

Forward Finite Difference in Time According to Holman:

i=0,1..Maxlt

Tli+1

T2i+1

T3i+1

T4i+1

T5i+1

T6i+1

%-[C4_2-(T2i — T4,

%{Ql + C1_2~(T2i - Tli) + T1,

—[C2 1( 1. —T2)+C2 3( 3. - T2.

[C3 2. (T2 - T3,

1
1

1

[cs 3( 3. - T5.

)
)
)
)

[C6 4. (T4 - T6,

1

+C2_4( T4, - T2,]] + T2,

1 1

+C3_4- (T4 -T3.)+ C3_5-(T5i - T3.J| + T3,

1 1

+ C4_6-(T6i — T4,

1

+C5 6( 6, — T5. +C5_7-(TA—T5 +T5,

1 1

+ C6_5-

)
)
+ 043 (13, - T4
)
) -6,

)
)
M+
)
)

(TS - T6.) + C6_7-(TA - T6,

1 1

3




T1

60)

50

TlMaxIt = 5345

TZMaXIt = 52.45

T3MaxIt = 27.245

T4MaxIt = 27.674

TSMaxIt = 26.618

T6MaXIt = 26.742

20
0

100
i-At

150

Backward Difference in Time Using First Method with Equations Resembling
Gauss-Seidel:

In this method we must also set for timet=0AND t = 0 + At.

TlO

T20

T30

T4 0

TSO

T60

TA
TA
TA
TA
TA
TA

Maxlt :
MWW

_ EndTime

MaxIt = 1 x 103




T1

i:=1,2..MaxIt

CS1
(cr2T2,)+ Tt
CS1

Cl 2+ —
At

CS2
(C2_1-T1. + C2_3-T3. + C2_4-T4.) +—T2. -1
i i i At i

T1.
T2.
T3.
i
T4.
i

TS.

T6.

2
(C2_1+C23+C2.4)+ %
t

CS3
(C3.2T2, + C3_4.T4, + C3_5-T5,) + ——-T3,
1 1 1 At i—1

CS3
(C3_2+C3_4+C3.5)+ T
t

CS4
(c4_2-T2. +C4_3-T3. + C4_6-T6.) LV
1 1 1 At i—1

4
(C4 2+ C43+C46)+ %
t

(C5_3-T3. +C5_6-T6. + C5_7-TA) S5,
1 1 At i—1

(C5.3+C5_6+C5_7) + €55
At

(C6_4~T4i +C6_5-T5, + C6_7-TA) + E56 16

60)

50

20
0

(C6_4+C6_5+C6_7)+ €56
At ]
50 100 150 200

TlMaxIt

= 5345

T2MaxIt

=52413

T3MaxIt

= 27.245

T4MaxIt

= 27.674

T5MaxIt

=26.618

T6MaxIt

= 26.742




Backward Difference in Time Using Second Method with Equations
Solvable as Simultaneous:

EndT;j
AL= 3 Maxli= % Maxlt = 40
t
TSI,
TS2, TA
TA
TS3
01 TA Time0 =0
TS4, TA
Tss, | | A
TA
TS6,
i:=1,2..MaxIt
Timei = 1At
[(cs1
Sl cia —Cl1.2 0 0
At
TSI, CS2
i 2.1 = 21+ C23+C2 4 0-C2.3 —C2_4
TS2, At
CS3
0 3.2 = L 3.2+ C3.4+C3.5 ~C3_4
TS3, X
1 t
TS4, |~ CS4
54, 0 —C4.2 —C4.3 (T +C4 2+ Ch3+ C4_6j
t
TSS,
s6, 0 0 —C5_3 0
0 0 0 —C6_4




60)

50 100 150
i-At

...\Example 13_4 Time.dat  ...\Example 13_4 Tl.dat ...\Example 13_4 T2.dat

Time TS1 TS2

...\Example 13_4 T5.dat

...\Example 13_4 T6.dat

TS5 TS6

...\Example 13_4 T3.dat ...\Example 13_4 T4.dat

TS3

200

TS1

Ma

. 53.436

TS2

Ma

. 52.436

TS3

Ma

. 27.238

TS4

Ma

. 27.667

TS5

Ma

s 26.612

TS6

Max

I 26.736

TS4




-C3_.5

t

-C6_5

(% +C5.3+C5_6+ C5_7j

-C4_6

-C5_6

T6 +C6_4+ C6_5+ Co6_7

CS3
—-TS3.
At i—1

4
39 T4

CS5
—TS5. . +C5_7-TA
At i—1

CS6
—TS6. . + C6_7-TA
At i—1




Application Example 13.2: Solution of Steady-State Network Using
Gauss-Seidel Method - No Relaxation

Input Data:

It = 01 Jky = 1.0 1) = 1.ﬂ Ql:=104
(=003  [lip=003 [wy:=10

lt3:= 0.9 k3:=100  |wy:= 10 l3:=0.5

It = 0.9 lky = 4.0

TA := 20

Calculate Conductances:

=
N
i
—
o
=
s
I
o
19}

) )
ky-wy g ky wy — kpwy Ky-wyily
Cl_2:= C2_3:= C2_4 = C3.5:=
B ) 2 {3
1 1
C3 4 .= C5_6:=
B M B M
2 2 2 2
+ +
t t t t
3 4 3 4
ky—-w kg —-w ky—-w kg —-w
3 7 3 4 7 4 3 7 3 4 7 4
kq-wy-l
4 Wy'ly
C4_6 = T C5_7 = h8W313 C6_7 = h9W414

C21=Cl2 (C32=C23 C42:=C24 C53:=C35 C43:=C34
C65=C56 C64:=C46 C75=C57 C7_6:=C67
Solution Using Gauss-Seidel: AT :=20

T1Start := AT + TA T2Start:= AT + TA T3Start := AT + TA

T4Start := AT+ TA  T5Start:= AT+ TA  T6Start := AT+ TA



0
T1St The formulae must be put in a matrix to get variables to know
T2 art .
0 other variable values, but
3 T2Start have not found a way to make relaxation work in this method.
0 T3Start
T4 | := | T4Start
T50 T5Start
T6Start
T6
0 TA
T70
MaxlIt := 500
i:=0,1. MaxIt
C1_2-T2i + Q1
Cl1_.2
C2_1-T1. + C2_3-T3. + C2_4-T4.
Tl 1 1 1
i+1
C2_1+C2.3+C2.4
T2.
i+l C3>_2-T2i + C3>_4-T4i + C3_5-T5i
B C3.2+C3_4+C3.5
T4. — | C4_2-T2. + C4_3-T3. + C4_6-T6.
i+l |- i i i
T5 1 C42+C4.3+C4.6
1
C5_3-T3. + C5_6-T6. + C5_7-T7.
T6.+1 1 i i
1
7 C5.3+C5_6+C5_7
i+ C6_4-T4, + C6_5-T5, + C6_7-T7,
C6_4 + C6_5+ C6_7
T7.
1



r = Ql - C1_2-(T1

r3 =

1’412

1’52

1’6.

—(T3 -T2

—(T4 -T2

:{% — T4

60)

20
0

T1

MaxIt

5 MaxIt

MaxIt

MaxIt

_(TSMaxIt - 13

MaxIt

_(TzMaxIt
_(T3MaxIt
_(T4MaxIt
_( TS Maxtt

_( T6MaxIt

= 53.462

= 26.624

MaxIt

MaxIt)

Maxlt,

Maxlt,

- Tl
-T2
-T2
-T3 )-C5_3 (T

~- T4 )-C6_4— T6

Maxh)-c3_2 - (T3

T2MaxIt

T6MaxIt

\

T2 i, 2 = _(TzMaxIt

Maxlt T4

-C4.2 (T

( 4MaxIt - 13

- T6

)~c5_3 - (TSMaxIt

)-C6_4 - (T6MaxIt -T5

QI - C1_2-(

2.1 - (T2

MaxIt) MaxIt

)-C3_2 - (T3

Maxlt, MaxIt

C4_2 — (T4

MaxIt) MaxIt

MaxlIt,

MaxlIt, Maxlt

( 5MaxIt
(

= 52.462

MaxlIt,
MaxIt)

MaxlIt,

MaxlIt

500

T4 = 27.68

T3 MaxIt

Maxlt = 27.251

= 26.748

- Tl )-C2_1 - (T2 - T3

Maxlt, MaxlIt ) C23- (T2

MaxlIt

)-C3_4 - (T3 - T5 )-C3_5

MaxIt Maxlt,

-C4.3 (T - T6

( 4MaxIt €46

MaxIt)

)-c5_6 - (Ts TA)-C5_7

Maxlt

)-C6_5 - (T6 TA)-C6_7

Maxlt

-T2

MaxIt MaxIt)

~ T4 .C2_4

MaxIt)

- TSMaxIt).C?)_5

MaxIt ( MaxIt

( MaxIt

) Cc2_
MaxIt) C3_
)c4 3- ( - T6

MaxIt €46

MaxIt)
- TA)-C5_7

MaxIt

MaxIt) C5.6- (

)C65 (

MaxIt

MaxIt axlt TA) €67

Maxlt

T4MaxIt) ¢



1.074% 107 °

374% 104

2982x 10”4

1706 % 10~ ¢

2813x 10”4

4

1.505x 10

EBI = 2348 x 10 2

EB2 = =0 100
Q1
EB2 = 0.023



Application Example 13.2: Solution of Steady-State Network Using
Gauss-Seidel Method - Relaxation - 10 lterations

Input Data:
[1=01] [ =14 [wi =14 TG, are mati
elements.

[2=00 [o=00] [w,=10

lt3 = 09 [s=104  |w3:=10 13:=0.5

=04 [y =49 [wa =19

=2 o

Calculate Conductances:
i=1,2.7
j=1,2.7
Si.j=00 Q=0
) )
. kp-wi ) ko woy = . kywy— o Ky wyly

1,2° 4 2,3 t 2,4° t 3,5° 5
C, = ! C. .= !

347 I3 Iy 260 I3 Iy

B B B B
k3-%3-w3 k4-%4-w4 k3-%3-w3 k4-%4-w4

C4 6 = t4 C5’7 = h8W313 C6 7 = h9W414

C, =C C,,=C C,,=C C.,=C C, ,=C



0 10 O
10 0 02
0 02 O
C=| 0 02 2857
0 0 10
0 0 0
0 0 0

0
0.2 0
2.857 10
0 0
0 0
4 2857
0 1

0 10
0 0
0 0
0 0=10
! 0
0.5 0
0 0

Solution Using Gauss-Seidel Showing Only Two lterations:
Set Starting Temps:

First Iteration:

i=1,2..6
T. =40
1

TOLD = T,
T €Tt
1 C
1.2
AQLR= T
) Gy TR +C) T+ Cy )T,
2=
Co+tC3t Gy
AQLR= T
) Gy TR+ Cy T+ Cy Ty
3=
C327C34+ G55
AQLR= T
o Cy yTRy+C, 2 TRy +C, T
4=
CyntCy37Cy6
AQLR= T

TR, := TOLD + B-(Tl - TOLD)

TR, := TOLD + 6-(T2 - TOLD)

TR, = TOLD + 6-(T3 - TOLD)

TR, := TOLD + B-(T - TOLD)

T1 = TR1
T2 = TR2
T3 = TR3
T4 = TR4



C5’3-TR3 +C, T + C5’7-T

5,6 6 7

T.:= TR, := TOLD + B-(T - TOLD) T.:=TR
5 5 5 5 5
Cs,3+tC5 67 Cs,7
TOLD := T
ANV 6
c, .-TR, +C, ~.TR_+C, T
4% , 17
T, = 6 65 5 6 TR, = TOLD + 6-(T6 - TOLD) T = TR,
Co,atC6,57 C6.7
417 417
42779 42779
40.072 . 40.072
T =| 40.184 "1 40.184
37.635 37.635
36.298 36.298
20
Second lteration:
AUR= Ty
Ci2THh*+Q
T, = —— TR, := TOLD + B-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AAR= Ty
C, TR +C, s T,+C, T,
T,:= TR, := TOLD + 6-(T2 - TOLD) T = TR
Co1tC 36, 27 1%
AR= T3
c, ,-TR,+C, T, +C, T
3,20 2T 344 T Y357 s
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
AUR= Ty
Cy yTRy+C, ;TR +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatCu3+Cs



TOLD =T
AN 5

C5’3-TR3 +C, T + C5’7-T

5,6 6 7

T, := TR, := TOLD + 6-(T - TOLD) T.:= TR
5 5 5 5 5
Cs,3+tC5 67 Cs.7
TOLD := T
ANV 6
C, ‘TR, +C, ~.TR_+C, _-T
6.4 "4T 6,5 s T M7
Ty = TR = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 C6.7 6
45.234 45234
46.619 46.619
37.111 37.111
T =| 34.635 TR = 34.635
34.36 34.36
31.598 31.598
20
Third lteration:
TOLD,= T,
C, T,+Q
1,227 %)
T, =— TR, := TOLD + 6-(T - TOLD) T, = TR
1 C 1 1 1 1
1,2
TOLD,= T,
C, ;TR +C, 2T +C, /T,
T, = TR, = TOLD + 6-(T2 - TOLD) T - TR
Co1tC 36, 27 1%
TOLR= T,
C, -TR,+C, T, +C, T
3.0 02 T340 35T s
T, = TR, = TOLD + 6-(T3 - TOLD) T,= TR,
C32tC3 47655
TOLD,= T,
C, TRy +C, TR+ Cy (T
T, = TR, = TOLD+6-(T4—TOLD) T,= TR,
CantCy3tCs



TOLD =T
NV 5

C5’3-TR3 +C. T + C5’7-T

5,6 6 7

T.:= TR, := TOLD + 6-(T - TOLD) T.:= TR
5 5 5 5 5
Cs,3+Cs5 67 Cs.7
TOLD := T
ANV 6
. C6’4.TR4 + C6’5.TR5 + C6,7'T7 IR, = TOLD + 8 (T TOLD)
6 6 e T, := TR
Co,atC6,57 C6.7 6 6
49288 —
50.28 50‘ .
32.951 » '951
T =|31.304 TR = 31'304
29.902 29'902
28.866 28'866
20 :
Fourth lteration:
TQLD:= T,
Ci T+ Q
T = TR, := TOLD + 6-(T - TOLD) T, := TR
C 1 1 1 1
1,2
TQLD,= T,
T, = e e B e R TR, := TOLD + (3 (T TOLD)
2 27 2 T,:= TR
Co1tC 36, 2 2
TOLD, = T,
Cy yTRy+Cy T, +Cy o T,
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
TQLD,= T,



Cy yTRy+C, TRy +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatCu3+Cys
TOLD := T
ANV 5
Cg yTRy+Cy T +Cy T,
T, = TR, = TOLD + 6-(T5 - TOLD) T, = TR,
Cs,3+tCs5 67 Cs.7
TOLD := T
ANV 6
. C6’4.TR4 + C6’5.TR5 + C6,7'T7 IR = TOLD + 8 (T TOLD)
6 6 e T, = TR
Co,atC6,57 Co.7 6 6
52.674
52.674
53.006
53.006
28.89
28.89
T=|28339 TR =
28.339
27.083
27.083
26.178
26.178
20
Fifth Iteration:
AR =
Ci2THh*+Q
T = TR, := TOLD + 6-(T - TOLD) T,:=TR
C 1 1 1 1
1,2
A=
C, /TR +C, ;T,+C, T,
T, = TR, := TOLD + 6-(T - TOLD)
2 2 2 T,:= TR
Co1tC 36y 2 2
AR =
Cy yTRy+Cy T, +Cy ST,
T, = TR, = TOLD + 6-(T3 - TOLD) T, = TR,
C32tC3 47655
AR =



C4’2-TR2 + C4’3-TR3 + C4,6'T

6
T4 =
CyntCy37Cy6
TOLD = T
ANV 5
o Cs y TRy + Cy T+ Cy 0T,
57
Cs3+Cs6%Cs 5
TOLD = T
ANV 6
o Co s TR, + Co ¢TRG+Cy T,
6"
Co.a™Co 5% C6.7
Sixth Iteration:
AQER= T,
C T +Q
T1 =
Cia
AQER= T,
. C, ‘TR +C, yT,+C, T,
2=
Co+t Gt Gy
AQER= Ty
. Cy yTRy+ Cy T, +Cy T

3
Ci2tC34+ G55

TR, := TOLD + 6-(T4 - TOLD) T, = TR,
TR, = TOLD + B-(TS - TOLD) T, = TR,
TR, = TOLD + 6-(T6 - TOLD) T - TR

54.939

54.939
54.57

54.57
27.001

27.001

T=| 26.6 TR =
26.6

25.796

25.796
25.602

25.602

20

TR, := TOLD + B-(Tl - TOLD) T, = TR,
TR, := TOLD + B-(T, — TOLD _

2 ( 2 ) T, = TR,
TR, = TOLD + 6-(T3 - TOLD) T, = TR,



TOLD := T
ANV 4

C4’2-TR2 + C4 3-TR3 + C4,6.T6

T, = ; TR, := TOLD + 6-(T - TOLD) T,:= TR
4 4 4 4 4
CaatCu3+Cys
TOLD := T
AN 5
C. ,TR,+C. T, +C_ T
5.3 73756067 V5,77
T, = TR, = TOLD + 6-(T5 - TOLD) T = TR,
Cs,3+tCs5 67 Cs.7
TOLR= Tg
C, ‘TR, +C, ~.TR_+C, _-T
6.4 4T 6,5 s T 6,70y
Ty = TR = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 C6.7 67~ 6
56.012 —
55.112 55'112
26.015 26'015
T=| 2661 TR = 26.61
25.285 s '285
25.677 25'677
20 :
Seventh lteration:
TOLD,= T,
C, T,+Q
1,227 %)
T, =—— TR, := TOLD + 6-(T - TOLD) T, = TR
1 C 1 1 1 1
1,2
TOLD,= T,
C, ;TR +C, 2T +C, /T,
T, = TR, = TOLD + 6-(T2 - TOLD) T - TR
Co1tC 36, 2T 1%
TOLR= T,



C3’2-TR2+ C, /T +C3’5-T

3,414 5
T3 =
Ci2t G4+ G55
TOLD = T
AWM 4
o Cy 5 TRy +C, 2 TRy +C, (T
4=
CyntCy37Cy6
TOLD = T
ANV 5
. Cs y TRy + Cy T+ Cy T,
55
Cs3+Cs6+Cs 5
AQLR= T
o Co s TR, + Co ¢TRG+Cy T,
6"
Co.a™Co5%C6.7
Eigth lteration:
AQLR= T,
C T +Q
T1 =
Cia
AQLR= T,
. C, ‘TR +C, 2T, +C, T,
2=
Co+t Gt Gy

TR T,

TR, := TOLD + 6-(T3 - TOLD) T

TR, := TOLD + B-(T - TOLD) T

TR, := TOLD + B-(TS - TOLD) T

TR, := TOLD + 6-(T6 - TOLD)

6 T6. TR

56.182

56.182
54.977

54.977
26.04

26.04

T =1 26.686 TR =

26.686
25.701

25.701
25.969

25.969

20

TR, := TOLD + B-(Tl - TOLD) T

3:= TR

=TR

4

=TR

5

TR, := TOLD + 6-(T2 - TOLD)

1:= TR

=TR

2




C3’2-TR2+ C, /T +C3’5-T

3,4 4 5

T, = TR, := TOLD + B-(T - TOLD) T,:=TR
3 3 3 3 3
C32tC3 47655
TOLD := T
NWAWWWW 4
Cy yTRy+C, TRy +C, T
T, = TR, = TOLD+6-(T4—TOLD) T, = TR,
CaatC3+Cs
TOLD := T
ANV 5
c. ,TR,+C. T +C. T
53 37556067 5,707
T, = TR, = TOLD + B-(TS - TOLD) T, = TR,
Cs,3+tCs5 67 Cs,7
AUR= T
c, .-TR +C, .TR_+C, T
6,4 4T 6,5 85T M6, 707
T, = TR, = TOLD + 6-(T6 - TOLD) T - TR
Co,atC6,57 Co.7 67~ "6
55.834 —
54.507 54'507
26.579 26'579
T=|27.262 TR = 27'262
26.174 26'174
26.61 26’ ol
20 :
Ninth Iteration:
AUR= Ty
C, ) T,+Q
1,227 4
T, = —— TR, := TOLD + B-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AUR= Ty
C, | TR +C, s T,+C, T,
T,:= TR, := TOLD + 6-(T2 - TOLD) T = TR
Co1tC 36y 2T 1%
AR= T3

10



C, TR, +C, T, +C, T
3,0 2T 3,447 3,575
T, = TR, = TOLD + 6-(T3 - TOLD) T,:= TR,
32764765
TOLD = T
NWAWWWW 4
Cy yTRy+C, TRy +C, T
T, := TR, = TOLD+6-(T4—TOLD) T, = TR,
CuatC 3186
TOLD = T
NWAWWWW 5
C. +TR,+C_ T, +C_ T
5373756767 5,77
T, = TR, = TOLD + 6-(T5 - TOLD) T, := TR,
Cs.37C5.67C57
WR= Tg
C. TR, +C,_ ~TR_+C, _-T
6,4 47 6,5 5T V6,77
T = TRg = TOLD + B:(To = TOLD) . _ o
Co.41 C6.57 C6.7 6~ 6
55.278
55.278
53.964
53.964
27.018
27.018
T=|27.752 TR =
27.752
26.605
26.605
26.899
26.899
20
Tenth lteration:
ANRw= T
CroThtQ
T, = —— TR, := TOLD + 6-(T - TOLD) T,:=TR
1 C 1 1 1 1
1,2
AR= T,
C, | TR +C, s T,+C, T,
T, = TR, = TOLD + B:(T, - TOLD} . _ .
Co1T 63176, 27T

TR T,

11



C3’2-TR2+ C, /T +C3’5-T

3,4 4 5

TR, := TOLD + B-(T —TOLD) T,:=TR
3 3 3
Cy,+Cy +Cy s

TOLD .= T
NV 4

C4’2-TR2 + C4’3-TR3 + C4,6.T6

ETIIRE: TR, = TOLD+6-(T4—TOLD) T, = TR

4 4,6

TOLD :=T
ANV 5

C5’3-TR3 +C, T + C5’7-T

5,6 6 7

TR, = TOLD + B-(TS - TOLD) T, = TR

Cs3+Cs6+Cs 5

TR~ T,

C ’4-TR4 + C6’5-TR5 + C6,7'T

6 7
TR, := TOLD + B-(T - TOLD)
6 6 T := TR
Co,atC6,57 Co.7 6
54.744
54.744
53.501
53.501
27.443
27.443
T=|27.958 TR =
27.958
26.926
26.926
27.098
27.098
20

12



Application Example 13.2: Solution of Steady-State Network Using
Simultaneous Equation Method

Input Data: I = 1L [s1:= 104
2= 0.0 [ky =003 [wyi=1q [ly:= 10| |tz = 0.5 [k3 := 10.q fwz = 1.0] [I3:= 0.9

L0 =09 [hg:=9 |hg=1 [TA:=2(

|t4 = 0.5| |k4 = 4.q |W4 :

Calculate Conductances:

i=1,2.7
j=1,2.7
,g"j = 0.0 Q=0
1 1
2 2
ky-wn-— ky - wH-—
1,2° 2,3 2,4° 3,5°
4 ) ) 3
C, = ! C. = !
> 13 I >0 I3 I
2 B 2 B
t t t t
3 4 3 4
ky—-w kg —-w ky—-w kg —-w
353 47V 353 47V
kywyly ‘ .
C4 6 = t4 C5’7 = h8W313 C6 7 = h9W414
Co1=Ca Ga=Cg Cuoa=Cy C53=Cs € 3=Cy
C65=Cs6 C64a=Cue6 C757Cs7 C16=C67
Set Up Equations:
Define Conductance, Source Matrices
i=1,2..6
j=1,2.6
N(v}‘.’j = 0.0 ‘§’) = 0.0 NTVY = 30 T,:= TA



SI:= S1

Equation 1 Elements:

G1,1:: C1,2 G1,2:= _C1,2 SI:Z 10.0

Equation 2 Elements:

Gy1=7Co 1 G =6 1 +653+6

Equation 3 Elements:

Gy ,="C5, Gy 37 C3 7G5 4+ G55

Equation 4 Elements:

G =-C G =-C G =C

4,2 4,2 4,3 4,3 4,4

Equation 5 Elements:

G, ,=-C G, . =-C G, .=C

5,3 5,3 5,6° 5,6 5,5

Equation 6 Elements:

Gg,4= Ce.4 Gs,5=C6,5 Y66~ Ce,
0 -10 0 0 0 0
~10 104 02 02 0 0
0 —02 13.057 —2.857 —-10 0
=1 0 02 2857 7057 0 4
0 0 -10 0 13857 —2.857
0 0 0 4 -2857 7357

Solve Problem by Matrix Inversion:

T=G S 53.467
52.467
27.252
27.682
26.625
26.749




< Te) No) =~ =~
1 - Ta) Ne} 2
J'JT Ul uUw S =
< o < < B ot
= H BB — =
(S X
_ _ _ _ _ = %
N <t N=) —
= = = B H 6Zﬂ 2 %
_——— — . &
| | | | | B I
© T e v I &
N o <t v Ne)
O U W U U = @
) < en ) )
S = = R Sy
| | | | |
~ n <t ©°
S
[ [ [ [ [ .
— N n/~s (<a) <t —
N sa] < s} Ne) _0
O LU LU VU v = =
— Q)] N ) <t — X
H FH FH = = - o~
= N
| | | | | — — N
N on <t N=) n .
S I\ T
| | | | | | Il .F
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Application Example 13.4: Solution of Time-Dependent Network

Input Data: Density units kg/m3, CP J/(kg K), AV m3to give Capcitance units C* J/K or J/°C.

Calculate Conductances:

—

1
2
Cl2=— C23=—— (24=— (C35=—
tl t2 t2 t3
1 1
C3_4:= C5_6:=
I Iy I Iy
B B B B
+ +
t t4 t t4
kyrwyly
C4_6 = C5_7 = h8W313 C6_7 = h9W414
Y4

C2_1=Cl.2 (C32=C23 C(C42=C24 C53=C35 C(C43:=C34
C6_5=C56 C6_4=C4.6 C7_5=C5_7 CI_6:=C6_7

Calculate Total Capacitance of Each Node:

t 3
1 2.54
AVNI = —1;-wq| — CS1 := p;-CP{-AVNI
5 1M (100) |
t 3 t 3
1 2.54 2 2.54
AVN2A = —'1y-wq:| — AVN2B = —'1y-Wy:| — CS2 := p;-CP;-AVN2A + p,-CP,-AVN2B
2 1 1(100) 2 2 2(100) Pt P22
t 3 t 3
2 2.54 3 2.54



AVN4A := AVN3A AVN4B := AVN3B CS4 := py-CPy AVN4A + py-CP4-AVN4B

AVN4A = 2,048 x 107 | AVN4B = 2,048 x 10_° | CS4 = 5.203

t 3 t 3
3 2.54 4 2.54

6 6

AVN5 =2.048x 10 AVNG6 = 2.048 x 10 CS5 = 8.194 CS6 =40916

Calculate Maximum Time Step (for those methods that have stability criteria) for
Each Node:

Adl = 551 AD = CS2 AG- CS3 . CS4

t3 = At4 =
1.2 Cl2+C23+C24 C3 2+C3_4+C3_.5 C42+C4.3+C4.6

CS5 . CS6

A5 = A6 =
C5.3+C5_6+ C5_7 C6_4+ C6_5+ C6_7

[E=0ze2]A2=0307]

At:= 0.
At At At
S1.=——C1_2 S2:=—(C1.2+C2.3+C2_4) S3:=——(C3_2+C3_4+C3_5)
CS1 CS2 CS3

At At At
S4:=——(C4.2+C4.3+C4.6) S5:=——(C53+C5_.6+C5_7) S6:=——-(C6_4+ C6_5+C6_7)

CS4 CSs CS6
Set All Starting Temperatures:
T1,
TA
T2
o1 |Ta
T3 | TA
T4, TA
TA
TS5
0 TA
T6,,

Solution Using Forward Finite Difference in Time:

EndTi
EndTime := 200 [AL=0. Maxlt := % Maxlt = 1 x 10°

t

i=0,1..Maxlt



Tli+1

T2i+1

T3i+1

T4i+1

T5i+1

T6i+1

Tl (1—Sl)+ﬁ(Q1+C1 2T2)
i Csl T
At
T2. (1—52)+—(C2 IT1, + C2_3-T3, + C2 4T4)
CS2
At
T3.- (1—53)+—(C3 2-T2, + C3_4T4, + C3 5T5)
CS3
At
T4.-(1 — S4) + —-(c4_2-T2. +C4.3T3. + C4_6-T6.)
1 CS4 1 1 1

At
T5.(1 — S5) + —-(C5_3-T3. + C5_6-T6. + C5_7-TA)
1 CSS 1 1

At
T6.(1 — S6) + —-(C6_4-T4. +C6_5-T5. + C6_7-TA)
1 CS6 1 1

60)

T1; 50

TlMaxIt

= 5345

T2MaxIt

= 52.45

T3MaxIt

= 27.245

T4MaxIt

= 27.674

TSMaxIt

=26.618

T6MaxIt

= 26.742

20
0

50

100
i-At

150 200

Forward Finite Difference in Time According to Holman:

i=0,1..Maxlt

Tli+1

T2i+1

T3i+1

T4i+1

T5i+1

T6i+1

%-[C4_2-(T2i — T4,

%{Ql + C1_2~(T2i - Tli) + T1,

—[C2 1( 1. —T2)+C2 3( 3. - T2.

[C3 2. (T2 - T3,

1
1

1

[cs 3( 3. - T5.

)
)
)
)

[C6 4. (T4 - T6,

1

+C2_4( T4, - T2,]] + T2,

1 1

+C3_4- (T4 -T3.)+ C3_5-(T5i - T3.J| + T3,

1 1

+ C4_6-(T6i — T4,

1

+C5 6( 6, — T5. +C5_7-(TA—T5 +T5,

1 1

+ C6_5-

)
)
+ 043 (13, - T4
)
) -6,

)
)
M+
)
)

(TS - T6.) + C6_7-(TA - T6,

1 1

3




T1

60)

50

TlMaxIt = 5345

TZMaXIt = 52.45

T3MaxIt = 27.245

T4MaxIt = 27.674

TSMaxIt = 26.618

T6MaXIt = 26.742

20
0

100
i-At

150

Backward Difference in Time Using First Method with Equations Resembling
Gauss-Seidel:

In this method we must also set for timet=0AND t = 0 + At.

TlO

T20

T30

T4 0

TSO

T60

TA
TA
TA
TA
TA
TA

Maxlt :
MWW

_ EndTime

MaxIt = 1 x 103




T1

i:=1,2..MaxIt

CS1
(cr2T2,)+ Tt
CS1

Cl 2+ —
At

CS2
(C2_1-T1. + C2_3-T3. + C2_4-T4.) +—T2. -1
i i i At i

T1.
T2.
T3.
i
T4.
i

TS.

T6.

2
(C2_1+C23+C2.4)+ %
t

CS3
(C3.2T2, + C3_4.T4, + C3_5-T5,) + ——-T3,
1 1 1 At i—1

CS3
(C3_2+C3_4+C3.5)+ T
t

CS4
(c4_2-T2. +C4_3-T3. + C4_6-T6.) LV
1 1 1 At i—1

4
(C4 2+ C43+C46)+ %
t

(C5_3-T3. +C5_6-T6. + C5_7-TA) S5,
1 1 At i—1

(C5.3+C5_6+C5_7) + €55
At

(C6_4~T4i +C6_5-T5, + C6_7-TA) + E56 16

60)

50

20
0

(C6_4+C6_5+C6_7)+ €56
At ]
50 100 150 200

TlMaxIt

= 5345

T2MaxIt

=52413

T3MaxIt

= 27.245

T4MaxIt

= 27.674

T5MaxIt

=26.618

T6MaxIt

= 26.742




Backward Difference in Time Using Second Method with Equations
Solvable as Simultaneous:

EndT;j
AL= 3 Maxli= % Maxlt = 40
t
TSI,
TS2, TA
TA
TS3
01 TA Time0 =0
TS4, TA
Tss, | | A
TA
TS6,
i:=1,2..MaxIt
Timei = 1At
[(cs1
Sl cia —Cl1.2 0 0
At
TSI, CS2
i 2.1 = 21+ C23+C2 4 0-C2.3 —C2_4
TS2, At
CS3
0 3.2 = L 3.2+ C3.4+C3.5 ~C3_4
TS3, X
1 t
TS4, |~ CS4
54, 0 —C4.2 —C4.3 (T +C4 2+ Ch3+ C4_6j
t
TSS,
s6, 0 0 —C5_3 0
0 0 0 —C6_4




60)

50 100 150
i-At

...\Example 13_4 Time.dat  ...\Example 13_4 Tl.dat ...\Example 13_4 T2.dat

Time TS1 TS2

...\Example 13_4 T5.dat

...\Example 13_4 T6.dat

TS5 TS6

...\Example 13_4 T3.dat ...\Example 13_4 T4.dat

TS3

200

TS1

Ma

. 53.436

TS2

Ma

. 52.436

TS3

Ma

. 27.238

TS4

Ma

. 27.667

TS5

Ma

s 26.612

TS6

Max

I 26.736

TS4




-C3_.5

t

-C6_5

(% +C5.3+C5_6+ C5_7j

-C4_6

-C5_6

T6 +C6_4+ C6_5+ Co6_7

CS3
—-TS3.
At i—1

4
39 T4

CS5
—TS5. . +C5_7-TA
At i—1

CS6
—TS6. . + C6_7-TA
At i—1




Application Example 13.2: Solution of Steady-State Network Using
Gauss-Seidel Method - No Relaxation

Input Data:

It = 01 Jky = 1.0 1) = 1.ﬂ Ql:=104
(=003  [lip=003 [wy:=10

lt3:= 0.9 k3:=100  |wy:= 10 l3:=0.5

It = 0.9 lky = 4.0

TA := 20

Calculate Conductances:

=
N
i
—
o
=
s
I
o
19}

) )
ky-wy g ky wy — kpwy Ky-wyily
Cl_2:= C2_3:= C2_4 = C3.5:=
B ) 2 {3
1 1
C3 4 .= C5_6:=
B M B M
2 2 2 2
+ +
t t t t
3 4 3 4
ky—-w kg —-w ky—-w kg —-w
3 7 3 4 7 4 3 7 3 4 7 4
kq-wy-l
4 Wy'ly
C4_6 = T C5_7 = h8W313 C6_7 = h9W414

C21=Cl2 (C32=C23 C42:=C24 C53:=C35 C43:=C34
C65=C56 C64:=C46 C75=C57 C7_6:=C67
Solution Using Gauss-Seidel: AT :=20

T1Start := AT + TA T2Start:= AT + TA T3Start := AT + TA

T4Start := AT+ TA  T5Start:= AT+ TA  T6Start := AT+ TA



0
T1St The formulae must be put in a matrix to get variables to know
T2 art .
0 other variable values, but
3 T2Start have not found a way to make relaxation work in this method.
0 T3Start
T4 | := | T4Start
T50 T5Start
T6Start
T6
0 TA
T70
MaxlIt := 500
i:=0,1. MaxIt
C1_2-T2i + Q1
Cl1_.2
C2_1-T1. + C2_3-T3. + C2_4-T4.
Tl 1 1 1
i+1
C2_1+C2.3+C2.4
T2.
i+l C3>_2-T2i + C3>_4-T4i + C3_5-T5i
B C3.2+C3_4+C3.5
T4. — | C4_2-T2. + C4_3-T3. + C4_6-T6.
i+l |- i i i
T5 1 C42+C4.3+C4.6
1
C5_3-T3. + C5_6-T6. + C5_7-T7.
T6.+1 1 i i
1
7 C5.3+C5_6+C5_7
i+ C6_4-T4, + C6_5-T5, + C6_7-T7,
C6_4 + C6_5+ C6_7
T7.
1



r = Ql - C1_2-(T1

r3 =

1’412

1’52

1’6.

—(T3 -T2

—(T4 -T2

:{% — T4

60)

20
0

T1

MaxIt

5 MaxIt

MaxIt

MaxIt

_(TSMaxIt - 13

MaxIt

_(TzMaxIt
_(T3MaxIt
_(T4MaxIt
_( TS Maxtt

_( T6MaxIt

= 53.462

= 26.624

MaxIt

MaxIt)

Maxlt,

Maxlt,

- Tl
-T2
-T2
-T3 )-C5_3 (T

~- T4 )-C6_4— T6

Maxh)-c3_2 - (T3

T2MaxIt

T6MaxIt

\

T2 i, 2 = _(TzMaxIt

Maxlt T4

-C4.2 (T

( 4MaxIt - 13

- T6

)~c5_3 - (TSMaxIt

)-C6_4 - (T6MaxIt -T5

QI - C1_2-(

2.1 - (T2

MaxIt) MaxIt

)-C3_2 - (T3

Maxlt, MaxIt

C4_2 — (T4

MaxIt) MaxIt

MaxlIt,

MaxlIt, Maxlt

( 5MaxIt
(

= 52.462

MaxlIt,
MaxIt)

MaxlIt,

MaxlIt

500

T4 = 27.68

T3 MaxIt

Maxlt = 27.251

= 26.748

- Tl )-C2_1 - (T2 - T3

Maxlt, MaxlIt ) C23- (T2

MaxlIt

)-C3_4 - (T3 - T5 )-C3_5

MaxIt Maxlt,

-C4.3 (T - T6

( 4MaxIt €46

MaxIt)

)-c5_6 - (Ts TA)-C5_7

Maxlt

)-C6_5 - (T6 TA)-C6_7

Maxlt

-T2

MaxIt MaxIt)

~ T4 .C2_4

MaxIt)

- TSMaxIt).C?)_5

MaxIt ( MaxIt

( MaxIt

) Cc2_
MaxIt) C3_
)c4 3- ( - T6

MaxIt €46

MaxIt)
- TA)-C5_7

MaxIt

MaxIt) C5.6- (

)C65 (

MaxIt

MaxIt axlt TA) €67

Maxlt

T4MaxIt) ¢



1.074% 107 °

374% 104

2982x 10”4

1706 % 10~ ¢

2813x 10”4

4

1.505x 10

EBI = 2348 x 10 2

EB2 = =0 100
Q1
EB2 = 0.023



2.4



	Chpt 1.pdf
	Mathcad - Example 1.3.pdf
	Mathcad - Example 1.5.pdf
	Mathcad - Example 1.7.pdf
	Mathcad - Example 1.8.pdf

	Chpt 3.pdf
	Chpt 4.pdf
	Mathcad - Example 4.4a.pdf
	Mathcad - Example 4.4b.pdf
	Mathcad - Example 4.6.pdf
	Mathcad - Example 4.8.pdf
	Mathcad - Example 4.9.pdf
	Mathcad - Example 4.11.pdf

	Chpt 6.pdf
	Chpt 7.pdf
	Mathcad - Example 7.7.pdf
	Mathcad - Example 7.9.pdf
	Mathcad - Example 7.11.pdf

	Chpt 8.pdf
	Mathcad - Example 8.4.pdf
	Mathcad - Example 8.5.pdf
	Mathcad - Example 8.7.pdf

	Chpt 9.pdf
	Mathcad - Example 9.4.pdf
	Mathcad - Example 9.5.pdf

	Chpt 10.pdf
	Mathcad - Application Example 10.3.pdf
	Mathcad - Application Example 10.6.pdf
	Mathcad - Application Example 10.15.pdf
	Mathcad - Application Example 10.16.pdf

	Chpt 11.pdf
	Mathcad - Example 11.6.pdf
	Mathcad - Example 11.12.pdf
	Mathcad - Example 11.14.pdf

	Chpt 12.pdf
	Chpt Misc Sp.pdf
	Mathcad - Ave_Psi_Calc.pdf
	Mathcad - Disk_Spreading_Resistance_from_Lee.pdf
	Mathcad - Psi_Calc.pdf
	Mathcad - Psi_Doub_h_Calc.pdf
	Mathcad - Shape_Factors_ParPlate.pdf
	Mathcad - Shape_Factors_PerpPlate.pdf
	Mathcad - U_Channel_Gray_Body_Shape_Factors.pdf
	Mathcad - VandePol&Tierny Improved - Single Heat Sink.pdf

	Maple_Joy&SchligPlots.pdf
	Chpt 13.pdf
	Mathcad - Application Example 13 GS Rel.pdf
	Mathcad - Application Example 13 Simul.pdf
	Mathcad - Application Example 13 Time Dep.pdf
	Mathcad - Application Example 13.2 GS No It.pdf

	Mathcad - Application Example 13 GS Rel.pdf
	Mathcad - Application Example 13 Simul.pdf
	Mathcad - Application Example 13 Time Dep.pdf
	Mathcad - Application Example 13.2 GS No It.pdf



