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Chapter 1

Linear Algebraic Equations, Matrices,
and Eigenvalues

Section 1.1.4
1.1.4.1. unique solution: (z,y) = (-39, —32)

—25/27
1.1.4.3. unique solution x = | —11/27
4/27

1.1.4.5. (a) there is no solution.

—11 — 2¢1 4+ 5
C1
5
C2

(b) solutions are: x = , arbitrary scalars ci, c2

1.1.4.7. Ex. Here are three such possible matrices:

@ 0 0 0 @5 0 0 0@ 0 o0
o @ 0 0], 0 0@ 01, [00 @ o0
0 0 @D O 00 0 (O 00 0 D

1.1.4.9. In whole hours, run Plant II for 9 hours/day and Plant III for 17 hours/day, or, if trucks
are more profitable than cars, run Plant II for 8 hours/day and Plant III for 18 hours a day.

1.1.4.11. The meal should consist of % x 100 g = 57.14 g of food #1, % x 100 g =~ 128.57 g of food
#2, and 1 x 100 g ~ 14.29 g of food #3.

11 1 1
1.1.4.13. (a) may be true or may be false: Ex. | 2 2 [ or [ 2 2 |,
3 3 0 0
1 1)1 1 1)1
(b) may be true or may be false: Ex. | 2 2|2 | or | 2 2|2 [, (c), must be true,
0 0|0 3 33

(d) must be true, (e) must be true



o0 0 21[@ 0 0 2| 5
10 @ 0 -2 0 @ 0 —2| =55
1.1.4.15. (a) RREF(A) = 0o 0@ ol'lo 0o @ o 6 =RREF ([4 | b])
0 0 © 0 0 0 0 0| 0
5 — 261
(b) RREF ([A | b]); solutions are x = _5'52— 261 , arbitrary constant c;
C1

(c) Both RREF ([A | b]) and RREF(A) have rank three.

Section 1.2.5

1 0 0 1
vsnme a=[t 0] po[0)]
0 1 0 2
v2same 4= 1] o=[ 8 2]
1 -2 1 -1 3 0
1255 A2=10 1 1],A%= 0 -1 3
0 0 4 0 0 8

1.2.5.7. Hints: Assume A = [a;;], where a;; = 0 for i > j and B = [b;;], where bj;, = 0 for j > k.
To explain why AB = C' = [c;] is upper triangular, suppose i > k and start by calculating

Clk_§ Q5 ]k—§ Qg5 ]k"_g azy jk -

1<t 7>
0 1]
1.2.5.9. False. Ex. A = [ 00
1 0 0 [ 1 0 0 1 0 0
12515 (a) | 0 1 0, () |0 1/2 0|, ()]0 0 1
—2 0 1 0 0 1 010
1.2.5.13. Hints: Suppose A =[A,1 | A | ... | Ay ] and D = diag(dy,da, ..., dpy). Explain why
AD = [diAa | dAss | .| dopAin |

Begin by using Theorem 1.9 in Section 1.2, and later use Lemma 1.2 in Section 1.2.
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CHAPTER 1. LINEAR ALGEBRAIC EQUATIONS, MATRICES, AND EIGENVALUES ©p. 3

Section 1.3.1

-2 —5/2
. 1 1/2 .
1.3.1.1. General solution is x = ¢; 1 + ¢o ol where c1, co =arbitrary constants
0 1
0
-2
1.3.1.3. General Solution is x = ¢; L where ¢; =arbitrary constant

1

1.3.1.5. Hint: For some scalars c1, co, a1, o, and B, B2, W = ¢c1v] +covy, Vi = aju; +agug, and
va = Biug + Bous.

® o0 1
1.31.7. (&) Ex. A= 0 @ O
0 0 O
1
(b) solutions of Bx =0arex=c¢; | 0 | +c2 | 1 |, where ¢y, ¢y are arbitrary constants
0 0
Section 1.4.1
-1 -2 -1
14.1.1. x= 2 | +c1 | =2 | =%, +xp,c1 = arbitrary constant, where x, = 2 |,
0 1 0
—2
Xp = C1 —2
1
1.4.1.3. no solution
4 c1 — Cy 4 c1 — Cy
1 —c1 — 1 —c1 —
1.4.1.5. (a) x = ol 0101 = = Xp + Xp,, where x,, = 0 and xp = 0101 @ ,
0 Co 0 C2
c1,co are arbitrary constants
C1 — Cy
(b) general solution of Ax =0 is x = xp, = A c_ 2 , where c1, co are arbitrary constants
1
C2
1 -1
(c) x\M) = 1 and x o | are the basic solutions of Ax =0
0 1

1.4.1.7. Hint: Ax =b = b? = xTAT. Use also the assumption that A7z = 0 to help calculate
b’'z.
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1.4.1.9. No. One can find a b for which Ax = b has no solution. [Hint: Use the elementary matrices
that row reduce A to its RREF.]

Section 1.5.3

- -1
1.5.3.1. L4 } =1 [ 3 - ] exists

-2 3 T2 1
1 -2 271" 1 -2 2
1533. | =2 0 -1 =1| -2 —4 -3 | exists
2 -1 0 2 -3 —4
1 0 -17"" 0 2 -2
1535 | 2 -2 1 =& | -5 —2 =3 | exists
| -3 -2 1| ~10 2 -2
1.5.3.7. ABT
- 71 -
ajq _a1a11(1222
-1 .
@22 _a;;;ss
1.5.3.9. Yes: A7 l=.. =
| 0 a,_”% ]

15311 A7 = [y 1 y®) 4 y@ | —y@ 1 y@) _ y@)]
1.53.13. A7 = [ —y@ |y + y@ 1 —y1) —y(2) 4 O]

1.5.3.15. (a) Hint: If Ax =0, then (CA)x = C(Ax) = ...
(b) Hint: If CAx = 0, then C~1(CAx) = ...

1.5.3.17. Hints: Define D = AC and B = C~'A~!. Explain why DB = I, and that will imply AC

is invertible ...
1.5.3.19. (a) must be false, (b) must be true, (c) must be false, (d) must be false
1.5.3.21. (a) yes, (b) yes, (c) yes
1.5.3.23. (a) X = BC, (b) X = —BC, (¢) X = —~CB
ALl O

1.5.3.25. there exists A~ 1= | — — — — — - —
—Ap An Ay 1 Ay

©Larry Turyn, March 17, 2014



CHAPTER 1. LINEAR ALGEBRAIC EQUATIONS, MATRICES, AND EIGENVALUES ©p. 5

Section 1.6.3

1.63.1 (a) | — =..=-19

1

N = O

4
: -

(e R

2 —
il

(b) Hint: Begin by using R; <> Rs

1 0 -1 0
1.6.3.3.EX.A—[0 _J,B_[ 0 1]

1.6.3.5 (a) |A| = —132. Hint: Use —R; + Ro — R»
(b) Hint: Use Ry %Rg. Eventually, get that the determinant is equal to —44.

1.6.3.7. Hint: Begin with —aR; + Ry — Ro
1.6.3.9. (a) Hint: Begin with B = aA = A(al) = B™! = (al)7!A~! = ... exists.
(b) adj(aA) = a" tadj (A). [Hint: Begin with adj(B) - B = |B| = |a A| = a"|A|/]

11 5 5 3 s — 20— 4t
L631L 1= —Js— 5t mp=2+7s+ ot andxgzs_—4=5—l-s—|-t

1.6.3.13. (a) the system has exactly one solution for |s| # 2, that is, 2 # s # —2

and zoy = =6

b) F 2 = —_— .
(b) For |s| #2, 1 = —

1
For |s| # 2, the solution is x = —— 3
s—2| —6

(C) For s = 2, there does not exist a solution
3,1
2 + =

For s = —2, there are co—ly many solutions x = [ B .
1

c .
! } , ¢ = arbitrary constant

1.6.3.15. 2o = 1 by + 5 b3
1.6.3.17. If k is neither 0, —6, nor 6, then the matrix is invertible.

1.6.3.19 (a) Hint: Suppose R; = R; in matrix A. Compare |A| and |B|, where B is obtained from
A by —R; +R; — R;.

(b) Hint: If A has two equal columns, then A7 has two equal rows.

(c) (i) Hint: Let B be obtained from A by replacing the j—th row of A by the i — th row of A, and
calculate the expansion of |B| along the j — th row of B.

(ii) Hint: Let C be obtained from A by replacing the j—th column of A by the ¢ — th column of A,
and calculate the expansion of |C| along the j — th row of C.

1.6.3.21. Hints: Define C' 2 AB and explain why |C| # 0.
1.6.3.23 (a), (c)
1.6.3.25. (a) Hint: Use adj(AB) = |AB|(AB)~! = |A| |[B|B~'A™!, (b) no, not necessarily

©Larry Turyn, March 17, 2014



1.6.3.27. HlInt: First, explain why the last n — r columns of A are the last n — r columns of the
n X n identity matrix I,,. After that, expand the determinant of A along the last column.

A11 | 0 I I AfllAlg

1.6.3.29. Hint: Use |[A|=| — — 1+ —— || — = 1 — — — | and theresults of problems 1.6.3.27
O | I O I A22

and 1.6.3.28.

Section 1.7.3
1.7.3.1. b is in that Span <— 0= %bl — by + b3
1.7.33. t=—-2+7

1.7.3.5. (a) not linearly independent, does not span R?, and is not a basis
(b) linearly independent, spans, and is a basis

(c) linearly independent, does not span, and is not a basis

(d) not linearly independent, does span, and is not a basis

1.7.3.7. (a) 2 <rank(A) <4, (b) 1 <v(A) <3
—.5
1.7.3.9. (a) 2, (b) 1, (c) 1.5
1

1.7.3.11. (a) Ex. A= [ %3 C?) 8 } has v(A) = 1 and A7 has (A7) = 0

(b) Suppose m = n. Hints: Use v(AT) = n — rank(AT), v(A) = n — rank(A), and Theorem 1.44
in Section 1.7.

©Larry Turyn, March 17, 2014



Chapter 2

Matrix Theory

Section 2.1.6

2.1.6.1. eigenvalues & corresponding eigenvectors are (1) A\ = -3 & vi =1 1

} , any constant

cl#O,and(Q))\Q:S&vQ:cl[l

1 ], any constant ¢ # 0

2.1.6.3. eigenvalues & corresponding eigenvectors are (1) A\; = V5 & vi=c; [1 Jlr \/ﬂ, any

_1_\/5

constant ¢; # 0, and (2) Ao = —V/5 & vo=c1 [ ], any constant ¢ # 0

1
-1
2.1.6.5. eigenvalues & corresponding eigenvectors are (1) Ay =0 & vy =¢; | —1 |, any constant
1
1 1
1 #0,(2) da=2& va=c; | —1 |, any constant ¢; #0, and (3) \3 =4 & vz =¢; | 1 |, any
1 1
constant ¢; # 0
2.1.6.7. eigenvalues & corresponding eigenvectors are (1) the defective eigenvalue A\; = Ay =
0 [0
—3& vy =c | =3 |, any constant ¢; # 0, and (2) \3 = —1 & v3 = ¢; | —1 |, any constant
1 |1
(&1 75 0
[ 1
2.1.6.9. eigenvalues & corresponding eigenvectors are (1) Ay =1 & vi = ¢ —% , any constant
1
0
1 70,2 A =4+V3& vy =0 *1%\/3 , any constant ¢; # 0, and (3) A3 = 4 — /3 & v3 =
1
0
c1 %\/g , any constant ¢; # 0
1



are the values of A\ for which Ax = ABx has a non-trivial solution for x

2.1.6.11. A= %177

2.1.6.13. The eigenvalues are 9, —6,—6.  Their algebraic and geometric multiplicities are «(9) =
1=pu(9), a(—6) =2 = pu(6). No, A cannot have another eigenvalue.

2.1.6.15. (a) No, two unequal eigenvalues cannot have the same eigenvector ...

(b) Yes, a nonzero vector x be an eigenvector for two unequal eigenvalues A; and Ay corresponding
to two different matrices A and B, respectively.

1 0 5 0
EX.A—[O O]andB—[O 0}

2.1.6.17. (a) ¥ £ X\ + 3 is an eigenvalue of C
(b) Hints: Having the x # 0 with (A + 8)x = (A + B)x = Ox = A?x = \?x implies a quadratic
equation for A.

2.1.6.19. (a) yes, (b) Ax = 0 would have co—many solutions

2.1.6.21. Hints: First, explain why the n distinct eigenvalues of A must each have algebraic multi-
plicity of one. Then do row reduction, for example, on [A — aj11|0].

2.1.6.23. (a) Hint: If (I—A~!) were not invertible, then there would be an x # 0 with (/—A~!)x =0
(b) Hint: A~ (I—A )" = ((I-A1)4)™"
(c) Hint: Use Theorem 1.23(c) in Section 1.5.

2.1.6.25. (a) because B is invertible and x # 0
(c) Hint: Explain why {x,y} is a linearly dependent set.

2.1.6.27. (a) Hint: Use |A—0-1|="P(0).
(b) Hint: Use |[A—1-1|=P(1).
(c) Hints: Use the results of parts (a) and (b).

21629 (a) Al = 07 )\2 — _%
(b) w1 = ¢4 [ (1) }, c1 # 0, gives non-trivial solns. corr. to A\1; wo = ¢ [ _1 }, co # 0, gives

non-trivial solns. corr. to Ay

Section 2.2.3

2231 Ex P=[vi vs]= [ bl ]
2233 . Ex. P= [ -3 0 ]

9235 Ex. P = [ —14+ V2 1+\/§}

1 1

©Larry Turyn, March 17, 2014



CHAPTER 2. MATRIX THEORY p- 9

[ 1 -1
2237 Ex. P= 1 0 -1
i 1
1 0 3
2239.Ex. P=|1 1 0
0 0 1
@ 0 -1
22311. (a)Ex. A=| 0 (D 2
0 0 0
1 0 1
(b) {p(l), p?, p(3)} = of,[1],] —2 is a basis for R? consisting of eigenvectors of A
0 0 1

2.2.3.13. (a) must be true, (b) may be true and may be false, (¢) must be false, (d) must be false,
(e) must be true, (f) may be true and may be false, (g) may be true and may be false

-1 1 -2
2.2.3.15. Ex. 11,101, 1
0 1 0

22.3.17. |A|=2-3-3=18
2.2.3.19. Hint: S% = (P diag(\/A1, ..y VAn) P~Y(P diag(v/ A1,y VAn) P71 = ..

2.2.3.21. Ex. [ 1740 }

2 19

2.2.3.23. (a) Pa(A) = (2—=N(=2-X)(V3-X)
(b) the set of these three given eigenvectors, {xi,x2,x3}, is also a linearly independent set of
eigenvectors of A?

(c) Paz(N) = (4= A)(4 = A)(3—=N) =48 — 40\ + 1112 — )3
2.2.3.25. Hint: Multiply
— 1,1 1,my 2,1 2,m2 p,1 p,m
O=ci1x7 +...+ C1,m X + 21X + ... FCamuX + ot epaXTT X
on the left by (A — pol)(A — psl) - (A — ppl).

2.2.3.27. The eigenvalues are A = 2,44++/15. Because the 3 x 3 matrix has three distinct eigenvalues
it has a set of three linearly independent eigenvectors.

©Larry Turyn, March 17, 2014



Section 2.3.4

wsan {5 1] 5] 1]

-1 2 2

23.43. ¢ L 2 L 1 L 11
V5 7 V6 > /30

0 -1 5

2.3.4.5.‘9:{%{_3]7 é[i]}

1 1
2.34.7. Ex. x= [0], y = [1]

2.3.4.9. Yes. Begin by calculating
(X, x+y—2z) = (xx) +(xy) - (x2) = x|+ (x,y) - (x,2),

y,y+z—x)=(y,y)+({y.2) — (v, x) = ly P+ {y,2) — (v, x),

and similarly for
(z,z+x—y)=..

2.3.4.11. (a) {vi,v2,v3} is an orthogonal basis for R, where vi = aj, vo = ag — %al, and
V3 = ag — 2a1

(b) {q1,q2,qs} is an orthogonal basis for R, where q; = %al, g2 = V2(ag — %al), and q3 =
as — 2a1

2.3.4.13. Hint: Begin by explaining why, for all x,y in R", we have

[l + 312 = [Ix[|* + 2(x, y) + [ly]|*.

2.3.4.15. v, = 0, so the Gram-Schmidt process fails at this step.
2.3.4.17. Hint: begin by calculating P2 = (qq’)(qq’) = q(q’q)q” = ...

2.3.4.19. Begin by calculating P?2 = (P, P)(P1P2) = Pi(P2P)Ps = ... and
Pl = (PP) =PIPl = ...

Section 2.4.4

2.4.4.1. No. In using the G.-S. process, we arrive at v3 = 0. The underlying cause of the G.-S.
process’s failure is that the given set of three vectors is linearly dependent.

2443. (1) a and b =

Sl

©Larry Turyn, March 17, 2014



CHAPTER 2. MATRIX THEORY p- 11

1 13 0 1 _ 2 3
V14 V182 Vi1 75 77
2 2 9 2 1 6
2.4.4.5. Ex. 1 Ql = Vil ~/ise i ;o Ex. 2 Q2 = W 7 7
-3 __3 __6 3 0 __5_
V14 182 117 V14 V70
- 1 -
iz v
2.44.7. Ex. Q = % _% 0
| 0 0 1]

2.4.4.9. Hint: Caleulate Q7Q = (Q1Q2)" (@1Q2) = (QF Q1) (@1Q2) = ...
2.4.4.11. The hint and a little further work: Rewrite (Qx, Qy) = (@x)T(Qy) = (xTQT)(Qy) = ...

2.4.4.13. Hint: Use the result of problem 2.4.4.12.

2.4.4.15. Hint: Usex = (x,q1)q1+...+(X, dn)qyn to rewrite (x,y) = <<x, q)qi+...+(x, qn>qn,y> =

2.4.4.17. Hints: First explain why @ is symmetric, and then calculate
QT =Q% = (I — 2qu) (I — 2qu) = ..

2.4.4.19. Py=1

25 —20 10
24421 Pa=4| -20 25 10
10 10 40

Section 2.5.2

2.5.2.1. there is only one Ls.s.: x = (ATA)714ATb = & 2 ]

2.5.2.3. there is only one ls.s.: x = (ATA)"1ATb = % 1; }

2.5.2.5. there is only one Ls.s.: x = (ATA)714ATb = & 29 }

2.5.2.7. Hint: Use Theorem 1.21 in Section 1.5.

2.5.2.9. Take the hint and begin by definingy = [ L . L7 Use the assumption that at least

m m
two of the x;’s are distinct to help explain why the set of vectors {x,y} is linearly independent.

Then, use the Cauchy-Schwarz inequality:
_ 1
[zl = |~ (@14 2m)| = [ y) | <[] Iy]]-..

©Larry Turyn, March 17, 2014



2.5.2.11. f(x) = px +  ~ 1.028880866 x + 0.0108303249

2.5.2.13. First, find f(x) = pux + 8 ~ 0.9630541872 x — 0.0743021346.
(a) =~ 2.525944171, that is, about a B, in Circuits
(b) ~ 2.880733163, that is, between a B~ and a B but closer to a B.

2.5.2.15. Yes, there can be infinitely many solutions, depending upon the matrix AT A.
Ex. For the system

1 -1 2
2 2 |x=| -2/,
3 -3 0

there are infinitely many l.s.s. given by

3
—3 4t
x:[ 7+t}’ —00 <t < oo.

2.5.2.17. y = Ae®® ~ 1.000051019 04992600699

Section 2.6.3

-2 1
1 . .
2.6.3.1. Ex. Q= 7 [ 1 9 ] should diagonalize A
[ —1 1 0
2.6.3.3. Ex. Q = % 1 1 0 | should diagonalize A
2
. 0 0 V2
[ -2 V2 0
2.6.3.5. Ex. Q = % 1 V2 —+/3 | should diagonalize A
6
L1 V2 VB
(V2 0 0
2.6.3.7. Ex. Q = % 0 1 -1 should diagonalize A
| 0 1
—18 4 —4/17
2.6.3.9. Ex. Q = ﬁ 44/18 1 —/17 | should diagonalize A
0 17 V17
2.6.3.11. For every vector x = [z1 ... x,]7 in C", calculate x'X = 2177 + - - + 2,7, = ...

2.6.3.13. Hint: Calculate B2 = (A(ATA)_lAT)2 = (A(ATA)_lAT) (A(ATA)_lAT) = ..

2.6.3.15. Hints: Use the spectral decomposition (2.34) in Section 2.6 to get A = 3" | A\;q;q; and
we define

123 Vh adl
=1

©Larry Turyn, March 17, 2014



CHAPTER 2. MATRIX THEORY p- 13

We calculate that

(‘/2)2 = <z§: VA qiqf> ]Z:\/Tg qa! | =..

2.6.3.15. Hint: For all x = [z1 22]T in R?, we have xT Ax = ... = (71 + az2)? + (1 — o?)z3.

2.6.3.17. Define (x,y)w = (Wx,y) 2 x' W'y and ||x|lw £ /{x,X)w, where W is a real,
symmetric, positive definite n x n matrix.

Hint: Basically, the method of establishing these results is to apply Theorems 2.3.1 and 2.3.2’s
properties concerning (X,y) and || x || to get properties for (x,y)w and || x||w.

2.6.3.19. Let W = diag(b7?, ...,b,;2) = WT. Then the relative squared error is

m N2
Z <(AX)ZbZ> = ... = (diag(b;?, ..., b,2)(Ax — b), (Ax — b)) = ...

i=1 i

2.6.3.21. Exs. le[(l) (1)]7@2: [ _(1) _(1)]

Section 2.7.7

v3 -1 2 1
2.7.7.1. Q:% V3 o1 andR:\}i[O \/3}

0

Vid o1 3 1
2773. Q=-| V14 -5 andRzl[ ~ }

Va2 V3|0 V14

Vid 4

2.7.7.5. Q = [”allHal ] man} and R = diag(||ai]], ..., [|an||)
[ Jai1| aizsgn(air) . . . amsgn(air) ]
0 |a22| agnsgn(am)

2.7.7.7. Q = diag <sgn(a11), e sgn(ann)) and R =

. 0 . . . |G|
2.7.7.9. Hint: Explain why Ax = Q(Rx) = Q(Q'Db)... and then use b = Qc to see why Ax = ... = b.
41
2.7.7.11. there is only one l.s.s.: x* = %
36

2.7.7.13. Hint: Use Corollary 1.3 in Section 1.7.
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27715 Q = [Lar Lo(a+2m)], R=

V2t e 5
0 2
a1 [V2 0]
2.7.7.17.U_\/§__1 R /3 VT =1,
0 1 1 4 0 1
2.7.7.19.U:% V2 0 o|,2=]0 V10 ,szl{ ]
51 21
0 1 -1 0 0
ot 0 0 -
0 02_1 u
2.7.7.21. Hint: Use x* = V1S 1UIb = [v; v ] : |b
. uz—’
0 o,
r 3
5 -1 -1

2.7.7.23. Hint: Calculate A= % 1 1| and use the result of Example 2.34 in Section 2.7.

2.7.7.25. Hints: Without loss of generality suppose that A = QDQ" as in Theorem 2.23, where
D =diag(\i, ..., \n), where \y > ... > A, > 0.

1 1 0
27727 Ex. (a) A=|1 -1 1
0 0 1
0

2 0 V2 +v2 0 0 |
by U=1 24v2 0 —V2-v2|, = 0 2 0 ,
| V2/V2+V2 0 V2/V2-V2) .0 0 v2- V2]

1/2 -1/2  1/V2
and VI = [ 1/v/2  1/V2 0
—1/2 1/2 1/v2

1 0 2
2.7.7.29. (a)BEx. A=|0 1 -1
0 0 0

2 1 0 V6 0 0 2 -1 5

(b)U:% -1 2 0[,2=| 010 ,andVT:\/% V6 2v6 0

0 V5 00 0 —2v5 V5 V5

©Larry Turyn, March 17, 2014



CHAPTER 2. MATRIX THEORY p- 15

Section 2.8.3

1 0 0 -2 1 0
2831 L=|-3 1 o, U=| 0 -3 1
| 0 -2 1 0 0 —3
o
2.8.35. L= 2 3
RVERVE
v 0 0
2837. L=~ /3 O
2 2
L 0 V3

Section 2.9.2

2.9.2.1. the Rayleigh quotient gives maximum eigenvalue being % and minimum eigenvalue

being 1_75/@

2.9.2.3. Mathematica™, as in Example 2.37 in Section 2.9, gives maximum value of +3 and minimum

value of —1.

SIFS

2925 Ra([1 1 11 1) =4, Ra(1 —-11 -1 1)) =~
2.9.2.7. Hint: for each index i = 1,...,n, use Ra(e®) = ... = ay;

2.9.2.9. (a) Hints: Use the facts that {tqi, (1 —t)q,} is an orthogonal set of vectors and y is real,
along with the Pythagorean theorem to calculate ||x(t)|[?.

(c) Hint: Use the Intermediate Value Theorem.

Section 2.10.8

2.10.8.1. Hints: Define the function ¢(z) = 1 and suppose p is a polynomial. On the space P,
consisting of all polynomials of degree less than or equal to n with real coefficients, define the inner

product

1
(2.78) (p.q) = / p(x)q(x)dx

-1

and then use the Cauchy-Schwarz inequality:

IRCREEY R RS |p<x)|2dx)”2 (/_11|12d$)”2 -

2.10.8.3. Hints: For any unit vector in V, ||x|| = ||BAx|| < ||BA|| [|Ix|| < ||B|| ||Al] ||x]]-.-

2.10.8.5. Hints: For all x,y in C", (x, A*y) = (Ax,y) £ (Ax)Ty =xTATy = ...
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2.10.8.7. Hints: Begin with |(xx, yx) — (Xoo, Yoo)| = |({(Xk, ¥&) — (Xk» Yoo)) + ((Xk, Yoo) —

2.10.8.9. Hint: Begin by explaining why || A || < [A1| + -+ | Al

2.10.8.11. Hint: For all x,y in H,

(x (A7) 7y) = (a7xy) =

2.10.8.13. HInt: For each x =[z7 ... xy,]in C",
2
PHERUTES 2
| Ax|[|* = : Z Zagkl’k =
2 k=1 OnkTk =

Next, use the fact that or each index j = 1,...,n, A,; satisfies

n
E ikl = A*j ® X,
k=1

and use the Cauchy-Schwarz inequality ...

<X007YO0>>‘ S
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Chapter 3

Scalar ODEs I: Homogeneous Problems

Section 3.1.4
3.1.4.1. y = —e 2% + ce”!, where ¢ =arb. const.
3.1.4.3. y = t* + ct3, where ¢ =arb. const.

3145 y=3-2+2Int=1t*(3+1n t)

1 1
3.14.7. y= —5 t3e72 4 ( —1+ 3 6—2) 43

3149 y=—t—e-tet = —t(14e (D)
3.1.4.11. A =100(1 —0.02¢) — 90 - (1 — 0.02t)3

2 2 4
31413 y==-t— - — — o 3(t=1)

1
3.1.4.15. y = (1+ t2)_1( —7—In2+Int+ 5152)
31417 y=—t"le 2 p el lemt = ¢ le2 ¢l (D)

3.1.4.19. the steady state solution is y,(t) = = (— cost + sint)

DN | =

( cos 2t + 2sin 2t)

| =

3.1.4.21. the steady state solution is y(t) =

2 2
3.14.23. (a) y == + (1 - a)e—at, (b) a ~ 0.64379776

3.1.4.25. the temperature at 1:00 pm. was = 499.8371056 = 500° C.
3.1.4.27. the person died about 1.960430011 hours before 11 am., that is, at about 9:02 am.

d _ , 9.81 s
3.1.4.29. IVP: —[mv] = mg — 4v, v(0) = 0;  the solution of the IVP is v = TO — e %); and

dt
9.81
the steady state velocity is v, = e ~ 1.22625m/s

17



3.1.4.31. '(a) Let A be the number of acres occupied by the plant and ¢ be measured in years. The
ODE is A = —10+ kA, where k is a positive constant.

1
(b) A= ?04-66“

3.1.4.33. the velocity is v = —32t — uln (1 — 2%)0) + vg; the velocity when the rocket stops burning
is v(190) = —6080 4 u1n 20 4 vy

t
3.1.4.35. y(t) = 3¢t +/ (=)
0

3.1.4.37. y(t) = exp (— fot eSQd:;)‘ <y(0)+f0t exp (fos e“2du>ds>
Section 3.2.4

3.24.1. C = ¢(t,y) = —% et +ty — %tQ Iny — %e*?’y, where C'is an arbitrary constant

3243, () y1() =1+ V2V1I+82 =14+2(1+12), (b)) =1

y

al y1(t)

1 ya(t)

Figure 3.1: Problem 3.2.4.3: Solutions for two different 1Cs

3.2.4.5. the sarcophagus was buried about 3820 years ago
3.2.4.7. about July 16, 2026

3.2.4.9. between April 26, 2020 and May 5, 2035

_ 2 2

= T, 1.
1—2L¢ 1-1¢

(c) the particle reaches position y = 8 at time ¢ = 5.988,  (d) the particle lives for 0 < ¢ < 6

3.2.4.11. (a) y(t) (b) the particle reaches position y = 8 at time t = 4.5

3.24.13. 4 = —2? —zy + 3y + ¢
1
3.2.4.15. C = ¢(t,y) =tsiny + ysint — 4t + 3 y?, where C' is an arbitrary constant

3.2.4.17. (a) Assuming A = 0.005 and k = 0.01, it would take about 2 hours and 9 minutes for the
person’s blood alcohol concentration to be within the legal limit.

©Larry Turyn, March 17, 2014



CHAPTER 3. SCALAR ODES I: HOMOGENEOUS PROBLEMS p- 19

(b) Ex: 1: Assuming A = 0.005 and k£ = 0.007, it would take about 3 hours and 4 minutes for the
person’s blood alcohol concentration to be within the legal limit.

Ex: 2: Assuming A = 0.01 and k£ = 0.01, it would take about 2 hours and 42 minutes for the
person’s blood alcohol concentration to be within the legal limit.

(c) add a positive constant, b, to the right hand side of the ODE

t—2\2
3.2.4.19. Exs: yi(t) = 1 + <7> ya(t) =1

3
3.2.4.21. Exs: y1(t) = (%) ,y2(t) =0

1
1
t—3

3
1—3t’

3
3.2.4.23. (a) Hint: get solution y(t) = — i

(b) Hints: f(t,5) = y? is continuous and has continuous partial derivative with respect to y every-
where.

(c) Hints: Use Picard’s Theorem 3.7 to get the criterion 2(3+0)a < 1. The theoretically guaranteed

time open interval of existence is at most —— < t < — but the actual time interval of existence is

) 6 6
( — 00, §> In fact, we need

which is more restrictive than & < %.

Section 3.3.8

3.3.8.1. y(t)=c1e75 + coe™3!, ¢y, cy = arbitrary consts., time constant is 7 = %

3.3.8.3. y(t)=c1e "2 + c9e®/2) ¢, cy = arbitrary consts., there is no time constant

3.3.8.5. y(t) =cre *cos(v2t) + cae *sin(v/2t), where c1,co =arb. consts., time constant is
1

T=—

4
3.3.8.7. y(t) = 2e~t + 33

3.3.8.9. y(t) = 7e7/? (cos(\/it) + 2\1@ sin(\/it)>

1
3.3.8.11. y(t) = ?(5e—5t + 2¢*)
3.\ —¢)2
3.3.813. y(t) = -1+ it e

3.3.8.15. y(t) = e_t/2< — 2cos (\gﬁ t) — 2v/3 sin (? t)) = 4e~'/% cos (? t— 4%)

3.3.8.17. y(t) = e—t< — 2cos2t + 2sin 2t> = 2v2¢ "t cos (2 - %{)
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3.3.8.19. y(t) = 6_2t( — cost + /3 sin t) =2e % cos (t - 2%)

3.3.8.21. y(t) = e % (—2 cos (\/gt) — /2 sin (\/gt)) =/6e 2 cos (\/gt — 7 — arctan %)

3.3.8.23. Note that m =1. (a) Ex. b =3,k = 2 would be in the overdamped case,
(b) Ex. b =3,k = 3 would be in the underdamped case,
(c) Ex. b=2,k =1 would be in the critically damped case

3.3.8.25. only pair (e) could conceivably give the graphs shown in Figure 3.15 in the textbook

3.3.8.27. é meters

3.3.829. b=6 & k=10

3.3.8.31. C > i
3.8.31. €2 o5

3.3.8.33. p =~ 0.2506287350 & ¢ ~ 9.885308092
3.3.8.35. (a) al, (b) b3

3.3.8.39. Hint: after some work, find that y(t) = yoe™* (1 + at), and then use that to analyze
whether () can equal zero

3.3.8.41. (b) HInt: calculate the Wronskian, (c) there is no solution of this IVP
(d) Hint: examine the hypotheses of Theorem 3.8

3.3.8.43. y(t) = ¢ cosh (w(L —t)), where ¢ is an arbitrary constant

3.3.8.45. all o except a = £/3

3.3.8.47. Hint: Begin by using Calculus to find the relative maxima and minima of y(t) =
Ae® cos(vt — )

Section 3.4.4

3.4.4.1. y(t) = c1e! + cae~tcost + cgetsint, where c1, c2, c3 =arbitrary constants

3.4.4.3. y(t) = cre t +cate t +cgt? e, where ¢y, co, c3 =arbitrary constants

1
3.4.45. y(t) = 120 (573" — 8 4 3¢"); there is no time constant

1 1
—V3t _ —e‘/gt + —sint

1
= ——e
43 4/3 2

3.4.4.9. y(t) = crett + eqtett + cgcost + ¢y sint, where c1, ¢2, c3, c4 =arbitrary constants

3.4.4.7. y(t)

3.4.4.11. (a) y(t) = cre™2 + cy et cos(v/3t) + c3 et sin(v/3t), where c1, c2, 3 =arbitrary constants
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CHAPTER 3. SCALAR ODES I: HOMOGENEOUS PROBLEMS p- 21

(b)y(t) =1 e%t—l—CQ e_%t/Q oS (W) +es e_\?yit/2 sin <\6/§2\/§t) , where c1, ¢o, c3 =arbitrary
constants

Section 3.5.1

3.5.1.1. y(r) = clr_2+\/6 + 027”_2_‘/6, where c¢1, co =arbitrary constants

3.5.1.3. y(r) = c1cos(2In7) + casin(21Inr), where ¢, co =arbitrary constants

3.5.1.5. y(r) = c1772 4 cor~2Inr, where c1, co =arbitrary constants

3.5.1.7. y(r) = H(—er~t +e711?)

3.5.1.9. y(r) = —2rcos(2Inr) + rsin(2Inr)

3.5.1.11. (a) Case 1: If m =0, y(r) = ¢1 + c2 Inr, where ¢1, co =arbitrary constants

(b) Case 2: If integer m > 1, y(r) = c17®™ + cor 2™, where cy, co =arbitrary constants
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Chapter 4

Scalar ODEs 1I: Non-homogeneous
Problems

Section 4.1.5

3 .
4.15.1. y(t) = cre™3 4+ cpe 2 + Z et where ¢, ¢; =arbitrary constants

2
4.1.5.3. y(t) = —2te 3t + cre 3 + cge™?!, where ¢1, cp =arbitrary constants
5 o —t —t ¢ .
4.1.5.5. y(t) = 3 e —te "+ cre” " + coe’, where c¢q, cg =arbitrary constants
5, 4 —4t 3t .
4.1.5.7. y(t) = —x te ™ 4+ cre”* 4 cge”, where ¢, co =arbitrary constants

4.1.5.9. y(t) = —e ' cos(e’) + (cos(1) + sin(1))e " — sin(1)e*

1 1 17

4.1.5.11. y(t) = —g te! + 6 t2et + 2—7(6_% —é")
1 1 1
41518 y(t) = 3 e — 3 e '+ G et
V19 1 V19
4.1.5.15. y(t :2—26_t/2(COS< t) + cos( t>>
y(t) 5 7o 5
1
4.1.5.17. The steady state solution is y (t) = 1=(—4 cos 2t + sin 2t), whose amplitude is Vit
1
4.1.5.19. The steady state solution is y(t) = %(cost + sint), whose amplitude is Nk
Lo 3 : .3

4.1.5.21. The steady state solution is y,(t) = 5 whose amplitude is 5
4.1.5.23. The steady state solution is y,(t) = %( — cos(V2t) + V2 sin(\@t)), whose amplitude is
| fol
43

23



1 1
41.5.25. y(t) = S(L+) + 5 (14 m)e' " cost - get*” sint

3
4.1.5.27. y(t) = s te 2t 4 616_% + ¢y cost + cgsint, where c1, co, cg =arbitrary constants

1 2 ) —t —t . .
4.1.5.29. y(t) = —E(—2t+3)—1—7(— cos 2t—4 sin 2t)+cie” " cos 2t+coe” ' sin 2t, where ¢1, co =arbitrary
constants

4.1.531. Bx. 1: (x) §+59+6y=2e"" Ex. 2: (bx) §+4y+3y=—e 2

In fact, there are infinitely many examples based on each of (x) and (xx), for example, 53 + 25y +
30y = 10e".

Section 4.2.5

3
425.1. y(t) = ~1 t sin 2t + ¢1 cos 2t 4 ¢o sin 2t, where ¢1, co =arbitrary constants
1 . 3 .
4.2.5.3. y(t) = B tsindt — cos 4t + 1 sin 4t
cos

1 1
4.2.5.5. the steady state solution is y,(t) = g(—2 cost +sint) = t — 7 + arctan 5), whose

/N

Sl

1
amplitude is —

V5

1
4.2.5.7. the steady state solution is yg(t) = —(—4 cos2t —sin2t) =

1
=17 cos (275 — m — arctan 7),

4

-3

1
whose amplitude is ——

V17

4.2.5.9. the steady state solution is y(t) = 2cos3t + 12sin3t = 2v/37 cos (3t — arctan 6), whose
amplitude is 2/37

4.2.5.11. the steady state solution is y(t) = %(—2 cos 2t + sin 2t) = ﬁ cos (275 — 7 + arctan %),

1
whose amplitude is
p 25
2v2 -3 3-2v2
4.2.5.13. (a) the frequency of the beats is ( = 2v2 -3 = 5 V2

(b) the maximum amplitude of the motion given is 10

fo
(k — mw?)? + (bw)?

4.2.5.15. y,(t) = (—bwcoswt + (k — mw?) sinwt)

_27r T

4.2.5.17. (a) w 1= (b) the steady state solution appears to have Amplitude ~ 1.7,

(c) there are two possibilities for the natural frequency: wy = VkT ~ 1/4.013394149 ~ 2.0  and
wy = Vk~ = v/0.9214080517 ~ 0.96, to the two significant digits of accuracy of the data we read
from the graph
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CHAPTER 4. SCALAR ODES II: NON-HOMOGENEOUS PROBLEMS p- 25

4.2.5.19. as d — 0T, the Amplitude of the steady state solution — 400

4.2.5.21. pure resonance vibrations occur if the machine spins at ~ 9.862471105 H z, that is, revo-
lutions per second

42523 w=2 b=0, m=

42525 (a) Ex: b=1, fo =1,
w=2

4.2.5.27. Hint: wg = ﬁ, so k — mw(Q] =0
m
4.2.5.29. (a) j+y=1.5—0.52¢"/°
(0) 03 = (D +-1)(D+4)[y] = ¥ + Lir+3+ b

() 0= (D2 + 1)(D+ 1) Dly] =y + 175 +j+ L

4.2.5.31. (a) the steady state solution is y(t) = M%%Q (—0 coswt + wsinwt)

fo

(b) the steady state solution is y,(t) = 5

(—w coswt + 0 sinwt)
(c) the steady state solution is y(t) = wgfiﬁy ((a6 — bw) coswt + (aw + bd) sin wt)
Section 4.3.2

4.3.2.1. y(z) = —1 wcos(2z)+7% sin(2z) In | sin 22| +cy cos 2z +co sin 2z, where ¢y, ¢2 =arbitrary con-
stants

4.3.2.3. y(t) = —1 +sin(¢) In| tant + sect| + ¢1 cost + casint, where ¢1, co =arbitrary constants
4.3.2.5. y(x) = %:n?’ + c1x + cx?, where ¢, co =arbitrary constants

4.3.2.7. y(x) = c1x? + ot + %xze*w + %x4 flx s~2e7%ds, where c1, ca =arbitrary constants
4.3.2.9. y(r) = r® 4 cort — ir?’ sin 2r, where ¢y, cg =arbitrary constants

4.3.2.11. y(r) =172 + 13 — r2In|r|, where ¢, ¢ =arbitrary constants

4.3.2.13. y(t) = —te t + ¢ + cae7t, where ¢1, ¢o =arbitrary constants.

13215 y(t) = (2 + 2= 2(2+ L)+ £ 65/2) e

4.3.2.17. y(r) = %7“2 + % cos(Inr) — % sin(In r)

4.3.2.19. y(z) = —6 — 62 — 322 — 23 + c1e” + 02(1 +x + %:c2), where c¢1, co =arbitrary constants
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Section 4.4.1

5 2
4411, ——— + ———
s—3 + s2 44
1 2 3
1413 - (1 + 24 (9) + (9) )
S S s s
1
s_ 1
4.4.1.5. 2
s24+s+1
4 1
4.4.1.7. ~E e 2t 4 g(4cost — 3sint)

4.4.1.9. e (- cos(vV/3t) +2v/3 sin(\/gt))

17 3 17 19
44111, —e 3+ Ste 3t et [ === cost + — sint
25 5
2 2

5 3
4.4.1.13. y(t) = —=e* + = e there is no steady state solution

2
4.4.1.15. y(t) = = e %" + = €*; there is no steady state solution

7

4.4.1.17. y(t) = —% cos(3t) — & sin(3t) + L et +te !

4.4.1.19. the steady state solution is y(t) = %E‘l [

4.4.1.21. beats phenomenon case

O

44123 Lpa(t)] = —7—

Section 4.5.8

7 3 4 1
4581. — + e
s s+2 s s

4583. ——+ -+ —=e

4.5.8.5.

4.5.8.7. only (a) is correct

1
4.5.8.9. 5( -1+ 62(t_1))8t€p(t -1)
1 .
4.5.8.11. Ztsm(%)

1 1
4.5.8.13. 1 sin 2t — it cos 2t

} = z(—2cost + sint)
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CHAPTER 4. SCALAR ODES II: NON-HOMOGENEOUS PROBLEMS p. 27

Figure 4.1: Answer for problem 4.5.8.15

1
45815, y(t) = 3 (106—5“ +24 (—1 + 6—3(‘*—1)) step(t — 1))
o . 1
4.58.17. y(t) = D) sin(2t) + Z(l — cos (2(t — c)))step(t —¢) For the case when ¢ = /2,

1
the graph of the solution is given below. The amplitude of the steady state solution is 1 +

1 1
‘}/( ~ 1 cos(2\f2))2 + (- g ~1 sin(2\f2))2, as indicated by the dashed horizontal lines in the fig-
re.

Figure 4.2: Answer for problem 4.5.8.17

4.5.8.19. y(t) = e + e300 step(t — 2), whose graph is given below

4.5.8.21. y(t) = acos(t) + bsin(t) + 3 sin(t) — 3t cos(t). The graph of the solution, when a =  and
b= —1, is given below, with the red dashed line showing the “envelope" y = i% t.

4.5.8.23. y(t) = /0 % sin (2(¢t — u)) f(u) du
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4.5.8.25. y(t)= 55 e "

-05

Figure 4.3: Answer for problem 4.5.8.19

Figure 4.4: Answer for problem 4.5.8.21

1+ (5t —1)e™, 0<t<nm
24 (5m — 1)e>™+(5(t — ) — 1)e’, m<t<27m
34+ (51 — 1)ed™+(5m — 1)e!O"+(5(t — 27) — 1), 2m <t < 3m

44 (51 — 1)ed™+(5m — 1)e!9"+ (57 — 1)e!> +(5(t — 37) — 1)e?, 3r <t <dn

In general, for kr <t < (k+ 1), y(t) = g€ (k‘ + 14 (5(t — kr) — 1) + (5br — 1) Z?:l 65]”>.
The solution is graphed below.
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CHAPTER 4. SCALAR ODES II: NON-HOMOGENEOUS PROBLEMS p- 29

y=1(t)
[0-
0.5k V\/V
1 1 1 1 1 1 f
2 4 6 8 10 12
—-0.5F
-1.0t

Figure 4.5: Answer for problem 4.5.8.25

Section 4.6.4
4.6.4.1. yp = c1 + c2 (—1)¥, where ¢y, ¢y are arbitrary constants

4.6.4.3. yr = c1 cos (g k:) + ¢9 sin (g k), where ¢, o are arbitrary constants

4.6.4.5. Yy = c1 + co cos (%” k) + c3 sin (%” k), where c1, co, c3 are arbitrary constants

4.6.4.7. yr = y,ih) + y,(cp) =)+ co(—1)F + %k — ikQ, where c1, co =arbitrary constants
4.6.4.9. yp = 202 (2 cos(wk) + \% sin(wk:)), where w = 7 — arctan(v/7)

4.6.4.11. yj, = 13%/2 (=2 cos(wk) — sin(wk)), where w = m — arctan(3/2)

4.6.4.13. det(Ay) = yr = cos (% k) + % sin (% k) = % sin (%(2 - k)), for k >3

4.6.4.15. det(Ap) =1-(-DF+1- k(- =1+ k)(-1)* k>3

5

4.6.4.17. det(Ay) = 2F . (cos(w k) — % sin(w k:)) , k > 3, where w = 7 — arctan (

)

4.6.4.19. After running through a cascade of 1024 centrifuges, the mixture contains ~ 4.19% of
U235F6.

4.6.4.21. (a) Hint: Use —ag ;R1 + R3s — R3 and —a; ;,R2 + R3 — R3 to begin.
(b) Hint: Use —ap—1 xR1 + Ry = Ry, —an—2,Ro+ Ry — Ry,..., —a1 ,Rn—1 + Ry, — R, to begin.

Section 4.7.5

4751 zn]=Z7[X(2)] = &5 - (=1)" + o

— a+1 1+a
4.7.5.3. the steady state solution is z¢[n] = —% cos 2 + % sin I + L (—1)"

4.7.5.5. the steady state solution is z4[n| = Q%H(COS 5+ asin %)
4.759. z[n] = - 2"+ 3 - (=1)" — % - cos T2
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Chapter 5

Linear Systems of ODEs

Section 5.1.3

5.13.1. x=

5.1.3.3. x =

A =8 —

5.1.3.5.

Ay

ai
a21 — ai2

a2 a3 0 0 fi
a2 0 0 O 0
az2 a3 0 O |x+ ] O
0 as3 0 0 0
asi 0 0o 0 O 0
Ty
afl iodine in @51 Ts
bloodstream iodine in
(a1) urine
a2 (3D a3
T2 T3 T4
iodine in |@32 | iodine in |a43|2, ..° |
thyroid body tissues iodine in
(a2) (as3) feces

Problem 5.1.3.1: Modification of Example 5.6

Figure 5.1: Problem 5.1.3.1: Modification of Example 5.6

[ kit ke
mi
satisfies X = ﬁ
ma
0
6 2
— A — A
) 0
5 5
A — A
Vi(0) 7t Va(0)

ko
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k3

m3

31

kst kg
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5.1.3.7. Let T1,T5, M be the temperatures, respectively, of the two objects and the medium.

d Ty —kr1 0 kra Ty
7 T | = 0 —kr2  krp T
M km kv —2ky M
Section 5.2.5
—3t 1 | 2] :

5.2.5.1. x(t) = cie Lo | e ,where c1, co = arbitrary constants

1 [ 1] 1
5.2.5.3. x(t) = cret | =3 | +ee? | 0| +eze’t | 1 ,where c1, co, c3 = arbitrary constants

12 0

5.2.5.5. x(t) = cre™ ¥ [ \_/? } + coe™! [

isT=1

] ,where c1,co = arbitrary constants, time constant

S

a—cC

5.2.5.7. x(t) = cre™ [ b

0 .
] + coect [ 1 ] ,where c1, co = arbitrary constants;

1

If a < 0 and ¢ < 0, the time constant is 7 = —————.
min{|al, [c|}

ot o2t o3t
52.5.9. Ex: Z(t)= | —3e”! 0 3t
1271 0 0
(_1 4 \/g)e—Bt + (1 + \/g)e3t e_3t _ e3t
5.2.5.11. e = oo
273 — 23 (1+V3)e 3+ (=1 +/3)e
—e % 4 64362t 2e72 _2e% 3% 46— 32t
52513, e =11 —3e72 +6 -3¢ 6e 2 + 22 —9e 7 + 6+ 3¢
e 2 4232t 92t 4 92e2t 372t 4 24 3%
[ bt 4 bt _ebt 4 bt
5.2.5.15. e = e~
_e—bt + ebt e—bt + Cbt
1 0 0 -1 0 0
5.2.5.17. (a) Ex: A= | —1 0 0|, (b)x(t)=cpe 1 | 4ce® | 0 |4+cg | 2 | whereeq,co,c3 =
-2 -3 2 1 1 3
arbitrary constants
—%e’% —%e’& _ 93t 4 32t o3t 4 o2t
5.2.5.19. (a) X (t) = , et = is the
672t €f3t 66731‘/ _ 6672t 367325 _ 2672t

same conclusion as in Example 5.13
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CHAPTER 5. LINEAR SYSTEMS OF ODES

t 2
5.2.5.21. X(t) =
1 2

5.2.5.23. Hint: use Theorem 1.9 in Section 1.2 of the textbook

5.2.5.25. Yes
5.2.5.29 L i :
16 1 3
01 0
52533 (a) A=10 0 1
* Kk *

12 t3
5.2.5.35. Yes. Hint: use the Maclaurin series formula e 2 I ++A + a0 A%+ A3 4+

Section 5.3.6

3!

, where c1,co =arbitrary

, where c¢q, cog =arbitrary con-

0

+cze 2t | 1 |, where ¢q, co, c3 =arbitrary

sin(v/5t) + /5 cos(v/5 1)

_ _¢;| —cos2t—2sin2t _+| 2cos2t —sin2t
5.3.6.1. x(t) = cie [ o8 21 + coe sin 2t
constants

4| —cos2t+sin2t [ —cos2t —sin2t |
5.3.6.3. x(t) = cie _ 9 cos 2 + coe 5 sin 2t
stants

[ 3cos2t — sin 2t 3sin 2t 4 cos 2t |
5.3.6.5. x(t) = cre™t 0 +coet 0
2cos2t 2sin 2t
constants
2cost —sint 2sint + cost
. _ ot
5.3.6.7. Ex: X(t)=¢e cos t sint
poae-d
5.3.6.9. Ex: X(t) =e 2
-1 —t
1 t
5.3.6.11. Ex: X(t) =e!
-1 1-t
. 4t | sinbt —cos bt
5.3.6.13. Ex: Z(t) =e cos bt sin bt
cos(v/5t) — /5 sin(v/5 1)
5.3.6.15. Ex: Z(t) = e3¢

2 cos(v/5t)

2sin(v/5t)
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V5 cos(v/Bt) +sin(v/5t) —3sin(v/51)

oA — % o3t
5
2sin(v/5t) V5 cos(v/5t) —sin(v/5 1)
et cos(\/gt) 0 — % e3tsin(v/8t) ]
5.3.6.17. t4 = 0 et 0

i V2 e3sin(v/81) 0 3t cos(v/81)

[ 11t 41 11t
5.3.6.19. etd = ¢t
—11¢ —11t+1

[ —1 4+ 2cost —sint —1+cost
5.3.6.21. etd = ¢t 2sint cost sint
2 —2cost sint 2 —cost

5.3.6.23. x(t) = et [ 2s8in2t + 7 cos2t }

2cos2t — mw sin2t

} cos 2t + % sin 2t

—% sin 2t

5.3.6.27. x(t) = (cicos2t + dy sin 2t) { -1

1
1 ] + (cgcost + dgsint) [ 5 ], where ¢y, co,dq,ds are

arbitrary constants

5.3.6.29. the system is asymptotically stable
5.3.6.31. the system is asymptotically stable
5.3.6.33. the system is asymptotically stable

5.3.6.35. (a) must be false, (b) may be true and maybe false, (c) must be true, (d) must be
true,
(e) may be true

Section 5.4.1

o2t o3t 5
5.4.1.1. x(t) = c+ , where c is a vector of arbitrary constants
—2e72 —3e7¥ -1

5.4.1.3. x(t) = e3¢

cost —sint  cost +sint c 4 o3 -1
2cost 2sint -1

] , where c is a vector of arbitrary

constants.
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CHAPTER 5. LINEAR SYSTEMS OF ODES p. 35

-4 —e?tsin(V/8t) 3 cos(v/81) 0
54.15. x(t) = | te”t | + 0 0 e~t | ¢, where c is a vector

~# ] [ Vaeeos(vB)  VEeMsin(vBY) 0

of arbitrary constants

c1e 10 450

5A.LT. A(t) = [ 1.5c1 e /10 4 cye=t/6 4 30

] , where c¢1, co are arbitrary constants

P2 -3¢t -5t
2t 2 2
54.1.9. (a) Ex: X(t) = [ or g3 ] (b) x(t) =
13t — 6> — 8

5.4.1.13. Hint: Suppose {y1(t),y2(t)} is a complete set of basic solutions of the corresponding linear
homogeneous ODE, i + p(t)y + q(t)y = 0 on some open interval containing ¢ = 0.

8cost+ 11sint + 16 cos 2t — 16sin 2¢ + 15sin 3t
5.4.1.15. x(t) = & ;
cost+ 6sint + 8cos 2t — 9cos 3t + 6sin 3t

Section 5.5.2

19e 75t 4 75¢3t e
1 1
5.5.2.1. X(t) = 33 —1336_5t+75€3t 16 —36_t

Example 5.23 in Section 5.4

], which agrees with the final conclusion of

-2 -2 [ 3e72 —2e7t 3¢ 4 3e!
5.5.2.3. x(t) = e3¢ +etdec =3 + ¢, where
-1 ~1 | 27 —2e7!t —2e7% 4 3e7!
c is a vector of arbitrary constants
3cost —sint | cos2t  sin2t
5.5.2.5. x(t) = xp(t) + xp(t) = 1—10 + et c, where c is a
—4cost — 2sint | —sin 2t cos 2t

vector of arbitrary constants

de~t — 42¢73t 1+ 102¢t
de~t + 4273 4 34¢t

—2t+1

5.5.2.9. x(t) = x,(t)+x(t)p, = e [ —9t

stants

1
]—i—cle_% [ g :|+026_t [ 1 },Where c1, co =arbitrary con-

Section 5.6.2

5.6.2.1. V(A,b) = Span { [ ? ] }, and yes, the system can be driven from [g

]toO

5.6.2.3. the system is completely controllable
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5.6.2.5. the system is not completely controllable
5.6.2.7. the system is not completely controllable

Section 5.7.7

5.7.7.1. xi = c1(—V/13)F [ 3 —2\/ﬁ } + ca(V/13)F { 3 +2\/ﬁ ] ,where c1, co = arbitrary constants

-1 2 .
5.7.7.3. x = c1(—1)* [ 1 + codk [ 3 ] ,where c1, co = arbitrary constants
— sin %k ] cos %’“
5.7.7.5. X =1 + co where c¢1, cog = arbitrary constants
cos %k i sin %’“
5.7.7.7. (a) the equivalent impedance is Z = %

(b) for k=1,...,4, Vi = 505 (2F + 2048 - 27%), and V5 = 33 Vj

5.7.7.9. (a) the equivalent impedance is Z = 89

(b) for k=1,....,4. V} = —1723/5 ((89(1 — V/5) + 110)AF — (89(1 + v/5) + 110)A5), and V5 = &

5.7.7.11. (a) the equivalent impedance is Z = 153
(b) for k =1,..,3. V, = _3023/3 ((153(1 — v/3) + 112)(2 + V/3)* — (153(1v/3) + 112)(2 — V/3)*),
and

-V
Vs = 153

5.7.7.13. x, = —3 (%)k [ 1; ] + (=B [ 1 —1\/5] + ca (VB [ 1+1‘/5 ] ,where c1, ¢y =

arbitrary constants

. | —106 —10 . 0
5.7.7.15. xj, = 5713 (%) 56 | + ¢y 9 | 4 cp17k/2 cos <k arctan 7 | + sin (k arctan i)
—34 2 2 cos | k arctan %)
0
+0317k/2 — COS (k: arctan %) + sin <k arctan i) 7

2sin (k: arctan %)
where ¢y, c9, c3 =arbitrary constants

5.7.7.17. (a) The system may be neutrally stable.  (b) The system may be unstable.
(c) It must be true that, “the system may be neutrally stable, depending upon more information
concerning A."

(d) It must be false to claim that, “(x) has solutions xj that are periodic in k& with period 6, that
is, Xp16 = xp."
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5.7.7.23. the system is unstable
5.7.7.25. the system is neutrally stable
5.7.7.27. the system is asymptotically stable

Section 5.8.6

t—cost = 7
e (1 +sint) 0O ] = .. = Z(t), and do the

5.8.6.1. (a) Hint: Calculate that A(t)Z(t) = [ ot 0
calculations to show that det (Z(t)) is never zero.

el-{—t—cost 0
e-(et—=1) 1
T = 27, the characteristic multipliers are g3 = 1 and ps = €**, D = diag(p1, u2) = (1,€*"),

0 1 . 10
Q:[l e]’ E:dzag(O,l), andC:[e O]'

) ) Lo elfcost 0 et 0
The Floquet representation is X (t) = P(t)e'™ = 0 1 . .

(b) the principal fundamental matrix at t = 0 is X(¢) = [ ], the period is

t
5.8.6.3. (a) The 1x1, principal fundamental matrix at ¢t = 0is X (t) = [y1(t)] = [exp (/ p(s)ds) ]
0

The Floquet representation, a product of 1 x 1 matrices, is

X(t) = P(t)etC = [exp /Ttp(s)ds] [exp (/OTp(s)ds)] .

-
If / p(t)dt < 0, then the homogeneous ODE is asymptotically stable.
0

(b) For the scalar, linear, nonhomogeneous ODE ¢ — p(t)y = f(t), the solutions are y(t) = cy1(t) +
exp <f0t p(s)ds) fg v(s)f(s)ds = cy1(t) + y,(t), where c is an arbitrary constant.

T
The non-homogeneous ODE has a T-periodic solution if, and only if| / p(s)ds # 0.
0

-
If / p(t)dt < 0, then the non-homogeneous ODE has a T-periodic solution.
0

5.8.6.5. the characteristic multipliers p satisfy 0 = [ X (T; A) — pf | = ... = 1—(y1(T; A)+92(T; A) ) pu+
2
e

The assumption |g2(T; A) +y1(T; A)| < 2, implies that p; 2 are not real and have moduli

2| = % \/(yl(T; N+ 92(T;N))° 4 — (1 (Ts0) + (T 0)* = %\/‘I: 1,

hence the system is neutrally stable.

5.8.6.7. (a) Hint: construct the Floquet representation X (¢) = ... = P(t)e!©
(b) Hints: the result of problem 5.2.5.27 implies that X (—¢) = X (¢), and substitute t = % -T

(c) HInts: Lemma 5.6 states that X (¢t + T) = X (t)X(T) and substitute t = — 1
(d) Hints: proceed from the right hand side of the result of part (¢) and then use the result of part
(b)
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(e) HInts: X (t) is invertible for all ¢ [Why?| and then use the result of part (d); after that, use the
result of part (a)

2 0
2 +sint
5.8.6.9. a Floquet representation is given by X (t)= P(t)e!“= (e_tl)
2+ sint
4ln (7) 1
2
5.8.6.11. Hints: First, use the product rule to help get X(t) = P(t)e!C + P(t)Ce'C; after that, get
X(t) = ... = e ApetC and A(H) X (t) = ... = et Apet®
Note: At no time should you assume that Ag2 = QA or that et® could be rewritten as et4oe—t¢
or as e tCetAo,

5.8.6.13. Hint: Study this problem in nine cases:

(1)0+e>0andd—€>0, (2)d+e>0andd—e=0, (3)d+e>0andd—e<0,

4 d+e=0andd—€>0, (5)d+e=0andd—€e=0, (6)+e =0 and
0—e<0,

(7)é+e<Oand éd—€ >0, 8)d+e<Oandd—e=0, (9)0+e <0 and
0 —e<0.

For example, in Cases (1), (2), and (3), we assume § + ¢ > 0 and denote w = /§ +e¢. Let

y1(t;0,€) solve § + (6 + €)y = 0, 0 < t < 7 with initial data y1(0;d,¢) = 1,91(0;0,¢) = 0 and let
y2(t; 0,€) solve 4+ (0 + €)y = 0, 0 < t < 7 with initial data y2(0;0,€) = 0,92(0;,€) = 1.
Case 1: Further, assume § — € > 0 and denote v = +/§ —e. The general solution of the ODE
(b) 4+ (0 — €)y = 0 on the interval 7 < t < 27 can be written as y(t;6,€) = constant - cos (v(t —
T)) 4 constant - sin (v(t — 7)).

Use continuity at ¢ = 7 of the function y; () = cos(wt) and its first derivative, 9 () = —w sin(wt).

After a lot of calculations, find that the characteristic multipliers are

)

02 — €2

)

pu=cos(wm) cos(vm) — W/
—€

sin(wr) sin(vr) £ \/(Cos((mr) cos(vm) — sin(wr) Sin(wr)) gy

2
Case 2: the characteristic multipliers are y = cos(wm) =+ 3 \/ (2 cos(wm) — Tw sin(ww)) —4

Case 3: the characteristic multipliers are

pu=cos(wm) cosh(vm) —

52 — 2

2
= sin(wm) sinh(mr)) -1

sin(wm) sinh(vr) £ \/(cos(wr) cosh(vm)—

2
QCOS(VTI')—ﬂ'VSiH(Vﬂ'):t\/<2COS(VTF)—7TVSin(I/7r)> —4
2

Case 4: the characteristic multipliers are u=
Case 5: the characteristic multipliers are =1+ 0

2
2 cosh(vm)+mv sinh(uﬂ')i\/<2 cosh(vm)+mv sinh(wr)) —4
Case 6: the characteristic multipliers are pu = 5

©Larry Turyn, March 17, 2014



CHAPTER 5. LINEAR SYSTEMS OF ODES p- 39

Case 7: the characteristic multipliers are

p=cosh(wm) cos(vm) — sinh(w) sin(wr)) -1

0 sinh(wm) sin(vr) + \/(COSh(wﬂ') cos(vm) —

52 — 2 52 — 2

2
Case 8: the characteristic multipliers are y = cos(wm) =+ 3 \/ (2 cosh(wm) + mw sinh(ww)) —4

Case 9: the characteristic multipliers are

sin(wr) sinh(mr)>2 1

— €

pu=cos(wm) cosh(vm) — ﬁ sin(wm) sinh(vr) + \/(cos(fmr) cosh(vm)— %

5.8.6.15. Hint: let z(¢t) £ yT(t)x(t) and calculate #(t) = ... = y7(t)f(¢) and then z(T) — 2(0) =
o Y7 (s)E(s)ds

5.8.6.17. the system is neutrally stable
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Chapter 6

Geometry, Calculus, and other tools

Section 6.1.4

6.1.4.1. (a) =2, (b) —i—j+2k, (c)the angle between A and Bis# = cos™! (\;—130) ~ 2.25551553.

[In Calculus, angles are measured in radians.]

6.143. x =2t,y=3—2t,2 =5 —6t, —oo < t < oo are parametric equations of the line
6.145. r=2—-t,y=4+42t,z =14 3t, —oo <t < oo are parametric equations of the line
6.1.4.7. (xt—0)—3(y—1) —4(z—1) =0 or z — 3y — 4z = —7 or other versions of the same
6.14.9. 3(x —2) —2(y —4) + (¢ — 1) =0 or 3z — 2y + z = —1 or other versions of the same

6.14.11. —(r —2)+(y—4)+ (2 —1) =0 or —x + y + z = 3 or other versions of the same

1
6.1.413. v=+——[-1 2 4] .

V21

6.1.4.15. 6 =0

6.1.4.17. Note that the instructions for this problem have been changed on the Errata page.
Hints: Express the solution of the system in the form r(¢) = ro + g(¢)v(0) + h(t)a(0), and
eventually get

(1) §OvO0)+h(B)a(0) = —g(t) (= ) v(0) xBo—h(t) (L )a(0) xBo = —g(H)a(0)=h(t) (- ) a(0)xBo.

Take the dot product of (1) with a(0) and use the result of problem 6.8.4.15. Take the dot product
of (1) with v(0) and use again the result of problem 6.8.4.15.

Section 6.2.6
117
5 )

6.2.6.3. (a) (r,0,2) = (2, %”,5), (b) (1,0, 2) = (2, %”,4).

6.2.6.1. (r,0) = (22,

41



6265, () (p,6.6) = 2, 20,5, (0) (p6,0) = (2, 7.7

6.2.6.7. & =singpe, +cosp ey, &y =cospe,—singéy

Section 6.3.4
6.34.1.C: r=ro+tv=_>1-20)i+(2-2t)j+ (@4 —t)k, 0<t <1

6.3.4.3. C1: r=4costi+ (4+4sint)j, 0 <t < 2m,
or Co: r=238sinf(cosfi+sinhj) =4sin20%+ 4(1 —cos20)3,0<0 <.

¥y

X
—10-05 00 0.5 l,ﬂ_
4.0

35

s
x

3 ) 2 4

Problem 6.3.1 Problem 6.3.3

Figure 6.1: (a) Answer for problem 6.3.4.1 and (b) Answer for problem 6.3.4.3

o0sh
/\\ ~05 05 .
l
- & -2 N 2 4 ! sl
= 1]
Problem 6.3.5 Problem 6.3.7

Figure 6.2: (a) Answer for problem 6.3.4.5 and (b) Answer for problem 6.3.4.7
6.3.4.5. ellipse with center at (0,0), major axis of length 12 on the x—axis and minor axis of length
4 on the y—axis...see sketched figure
6.3.4.7. sketched figure is C : r =sin360(cosfi +sinfhj),0 < 6§ < 27 is called a “three-leaved rose"
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Problem 6.3.9 Problem 6.3.11

Figure 6.3: (a) Answer for problem 6.3.4.9 and (b) Answer for problem 6.3.4.11

6.3.4.9. see sketched figure
6.3.4.11. C: r=3costz+ 2sint 7,0 <t < 27 gives a simple, closed curve
6.3.4.13. C: r=(6+6cost)i + 2sintj,0 <t < 27 gives a simple, closed curve.

6.3.4.15. Equation (6.26) C1, 0 < # < m, is the circle of radius 4, center at (2,0), traversed once
counter-clockwise.
Co, 0 < 0 < 27 is the circle of radius 4, center at (2,0), traversed counter-clockwise twice

6.3.4.17. x = § + %t, y=1+ %t, —00 < t < o0 are parametric equations of the desired tangent
line. Other choices are possible.

6.3.4.19. r = (—1)"3 + <n + %)wj
6.3.4.21. sphere of radius 2 and center at (0,0, 2); see the figure

6.3.4.23. circular cylindrical surface of radius § and axis of symmetry being the line satisfying both

xr = § and y = 0; see the figure

1 1 1 .
6.3.4.25. S : r(¢,9):§ sin ¢ cos0 % + 5 sin ¢ sinf 7 + 5(—1 +cosp)k, 0<op<m0<0<27

S r(p,0)=—cos ¢ (sin¢cos0i+sin¢sin0j+ cosgi)lzz) :—% sin2¢ cos 0% + sin2¢ sin 6 7 +(1+ cosZgZ))I::) ,

~

IA

OS(ng,OgG 7.

6.3.4.27. circular paraboloid with axis being the positive z— axis.
Siir(z,y)=zi+yi+ (22 +y?)k,—00 < 2 < 00, —00 < y < 0.
Sy :r(r,0)=rcosfi+rsinfdj+r’k, 0<r<oo,0<60<2r

6.3.4.29. elliptic cone with axis being the positive z— axis.
One parametrization is Sy : r(z,y)=zi+yJj+ /2> + %y“%,—oo <z <00, —00<y <00
Sy :r(r,0)=wucosvi+ \/iusinvj—i—ufc, 0<u<oo, 0<v<2r

6.3.4.31. w= L2,

©Larry Turyn, March 17, 2014



2

2

Figure 6.4: Answer for problem 6.3.4.21

N[Q

Figure 6.5: Answer for problem 6.3.4.23
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6.3.4.33. For 0 <0 <271, —co < z<o00,S: r=r(z,y) :C0895+sin9j—|—zfc

6.3.4.35. surface is the sphere with radius 1, center at (z,y,z) = (0,0,1). It lies in the half-space
z > 0, because 2z = z2 + y2 +22>0.

2=0.10

x=00
0.5

10

Figure 6.6: Answer 6.3.4.35

Section 6.4.5

82
6.4.5.1. axafy = 2y cos(xy® + 3) — 2xy>sin(zy® + 3)
r=-1+1
6.4.5.3. y=—2 , —00 <t < oo
2 =22 -2t
6.4.5.5. (Daf)(1,2)2V F(1,2)e = (<54 2j) = —= (—2e 5+ ¢'j) o (—i 4+ 2j) = ¢
N 29 IO N a 5 — 5 o ——(— = —— (— 26 e o (— —_ —
d NG J NG J J /5

1
($2+y2+22)3/2

6.4.5.7. (a) Vf(x,y,2)= — (:ci+yj+zfc), (b) (Daf)(z,y,2)=—1

6.4.5.9. (a) z =3 —5%>—12, thatis, z = 2—y?,  (b) equations of the tangent line to this hyperbola

=1
at that point are ¢ y=0.8+1 , —o0 <t < oo
z=136—-1.6¢

0
(c) Pictorially, 8—f(1, 0.8) is the slope of part (b)’s tangent line to the curve z = 2 — %2 in the plane
Y

x =1 at the point (z,y, z) = (1,0.8,1.36); see figure.

6.4.5.11. —81n3
) )
6.4.5.13. (a) 8;‘7(—2, )=c+4e+2 —4e*=3e, (b) 8—9(—2, 1) =248 +2 —4e™t =
v v
4e 4 4e*
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Figure 6.7: Answer for problem 6.4.5.9

6.4.5.15. Hint: The multivariable chain rule gives % = cosf % + sin € g—z

6.4.5.17. In ((1.02)% + (2.99)%) = f(1.02,2.99) ~ In28 — %23
6.4.5.19. potential function f(z,y, z) = ryz — 22 4+ ycos z + ¢, c =arb. const.
6.4.5.21. potential function f(x,y,z) = xcosy + yz — z + ¢, ¢ =arb. const.

d
6.4.5.23. Hint: p?> = [[r|]? =re r = L p~!(r e v); eventually, use the fact that the vector

triple product satisfies A x (B x C)=(AeC)B—-(AeB)C

Section 6.5.1
6.5.1.1. 14(z —1) —4(y—2)+ (2 —8) =0, 0r ldz — 4y + 2z =14

6.513. (. —1)4+7(y+1)—(2+3)=0,orx+ 7y —z = -3.

1 .
6515 n=— (3i+75+5k
\/@( J )

6.5.1.7. (a) n=— 52(x0,y0) % — 52(x0,0)J + &
(b) Yes, this method produces a normal vector which agrees with (6.53) except for a factor of —1.

6.5.1.9. Yes. Hints: At any point (z,y,2) on the surface 0 = ¢(x,y, z) = 22 — y% 4+ 22 — 4, a normal

P

vector is given by ny = 2x1 — 2y j + 2z k;

A

At any point (z,y, z) on the surface 0 = ¥(z,y,2) = z — a normal vector is given by ny =

zy?’
L. .

=30+ 25j+k

2y
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CHAPTER 6. GEOMETRY, CALCULUS, AND OTHER TOOLS p. 47

6.5.1.11. See figure. Also,
Examples of normal vectors to level sets:
1
(1) for k = 1, at the point (—=,0), 21/27% is a normal vector,

V2

(2) for k = 4, at the point (1, —v/2), 42 — 21/27 is a normal vector,
(3) for k = 16, at the point (—v/2,2v/3), —4v/24 + 44/3 j is a normal vector.

6.5.1.13. See figure. Also,
Examples of normal vectors to level sets:

1 ~ A .
(1) for k = %, at the point (1,1), §j is a normal vector, and n = j is a unit normal vector,

1 1
(2) for k = —1, at the point (—3,v/3), 6 <i — \/gj) is a normal vector, and n = 3 <i — \/gj) is a
unit normal vector

1 1/, AW
(3) for k = 2, at the point (5, —v/15), 10 ('Z — 15j> is a normal vector, and n = ) (’L - 15]) is
a unit normal vector.

6.5.1.15. (a)

(2+3), (b) k= 6: level curve can be rewritten as

Sl

Figure 6.9: Answer 6.5.1.13
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Figure 6.10: Answer 6.5.1.15(b)

Section 6.6.5

6.6.5.1. v/61

6.6.5.3. 24

6.6.5.5. see sketch of parallelopiped; Volume = 6
6.6.5.7. see sketch

6.6.5.9. see sketch

6.6.5.11. A — [ 2.0 }

1 1
6.6.5.13. 16
010 100
6.6.5.15. (a) Exs. A1 2 |1 0 0| implements Ri<+Ry, Ao = | =2 1 0| implements —2R; +
0 01 0 0 1

2 00

and A32 [0 1 0| implements 2Ry —R;.
0 0 1
)

(b) | det(A1) | =1, | det(A2) | = 1, and | det(As) | = 2, respectively, are the factors by which A;
,As, and A3 multiply volume.

(c) Hint: Distinguish betweeen, on one hand, the elementary row operation of adding a multiple of
a row into another row or interchanging rows, and on the other hand, the operation of multiplying
a row by k
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CHAPTER 6. GEOMETRY, CALCULUS, AND OTHER TOOLS p- 49

(0,-1) (1,-1)
B c

Figure 6.13: Problem 6.6.5.7

(&)

Figure 6.14: Problem 6.6.5.9
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Section 6.7

6.7.6.1. curl (x2yi + 22254 a3 l%) =—2% — 3225+ (222 — 22k

6.7.6.3. (a) div(F) = —y?sin(zy?) + cos(y + 2%) — -1

r—z

1 -~
(b) curl(F) =—2zcos(y + 22) & — —— j + 2zysin(zy?) k
x—z

—2
6.7.6.5. (a) divo(F) = —~ 2T 2 T v2)
(224 y? + 22)
1 ~
(b eurl(®) = 5 (22— g2+ 22 4 22)i 4 (% g = 22 4 209) ] + (— 22 + 47 + 2% + 292)k)

(224 y? + 22)

I think it’s more difficult to do the problem by first rewriting z, y, z, 2, 7, and k in terms of spherical
coordinates.

6.7.6.7. v=U ((1 - (::z) cos(f — o) &, — (1 + ji) sin(f — «) é9>

6.7.6.9. (i) (a) In rectangular coordinates: div(F) = 4(z? + y?)

(b) In cylindrical coordinates: div(F = 4r2.

(ii) (a) In rectangular coordinates: curl(F) = —4yz + 6]

(b) In cylindrical coordinates: Using Table 6.1 on p. 407, curl(F) = rsin 260 &, + r(5 + cos 260)&y.

Again, it makes sense to take the curl in rectangular coordinates and then convert it to be in
cylindrical coordinates.

6.7.6.11. (i) (a) In rectangular coordinates: div(F) = 322 + 3y? — 22 — 4y + 22

(b) In spherical coordinates: div(F) = p?(3 — 4 cos? ¢) + p (—4sin ¢ sinf + 2 cos ¢).

Note that because F is given in terms of rectangular coordinates and rectangular coordinates basis
vectors 2, 3, and IAc, it makes sense to take the divergence in rectangular coordinates and then convert
it to be in spherical coordinates.

(i) (a) In rectangular coordinates: curl(F) = —4yz2 + 4xzj — 4z k
(b) In spherical coordinates: Using Table 6.2 on p. 407,

curl(F) = 4p?sin ¢ cos ¢ &g — 4psin ¢ cos § (cospé, —singéy ).

Again, it makes sense to take the curl in rectangular coordinates and then convert it to be in
spherical coordinates.

6.7.6.13. div(F) = p~2
6.7.6.15. V3(z +V3) —(y—1)+(2—4)=0,or V3z—y+2=0

6.7.6.17. Hint: Using the product rule, the left hand side of (6.66)(6) is

o(F,G, — F,G o(F,G, — F.G, or,G, — F,G,
V.(FXG): (y 8w y)_ ( ay )+ ( yaz Y )
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CHAPTER 6. GEOMETRY, CALCULUS, AND OTHER TOOLS p. 51

6.7.6.19. (a) If V f is continuously differentiable, then

w0 = (g5 - w5+ (# 5] - Gla) (@ 5] - G la]) E-o

(b) Using the result of part (a), along with Theorem 6.6(5), we have

VX (fVg)=..=f-04+(Vf)x(Vg)=..
a3
6.7.6.21. potential function u(r, ¢,0) = Hy (p +a« (p2>) cos ¢ + ¢, ¢ =arb. const.

1
6.7.6.23. potential function f(r,6, z) = (Ar? + r)(2m6 — 6%) + 3 sin(3z) + ¢, arb. const. ¢

2
6.7.6.25. potential function f(r,0,z) = % + A%rcos® + Ar?sinf + ¢, ¢ =arb. const.

up+1
6.7.6.27. (a) F=..=—k e me, o (b) V2V(r) =..= 2V (r)
1
6.7.6.29. Hint: Use V o (h 2 éu) —0to get VeF = ... = hyhyFy-0 + huhyFy-0 + hyhyFoy-0

""(V (hvthu)> i (hvlhw éu) + (V (hwhqu)) ® (hwlhu é'u) + (V (huthw)> ° (hulhv éw) = ..

67631 V2f = = b (g | o i 56|+ & [ b 56 |+ 3 [ o 5 55 ]) = -
6.7.6.33. (a) Vf(x,y,z2) = (A + AT) x, (b) Vf(z,y,2) =2Ax

Section 6.8
6.8.4.1. ~ —0.0294726 jm /s>

6.8.4.3. acceleration of the particle relative to the inertial reference frame is

att) = —— P eR)R.

(14 (p(1))*)?
6.8.4.5. w x (w x r) ~ 1.0980 jm/s*
6.8.4.7. maximum period of rotation should be %’r ~ 10.9877s, or about 11 seconds
6.8.4.9. 31— 67— 15 k.

cost 0 —sint
6.8.4.11. ¢! = 0 1 0
sint 0 cost
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Figure 6.15: Problem 6.8.4.1

Figure 6.16: Problem 6.8.4.5
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CHAPTER 6. GEOMETRY, CALCULUS, AND OTHER TOOLS p- 93

14+2cos(v/3t) 1—cos(v3t)—+/3sin(y/3t) 1—cos(v3t)++v/3sin(\/31)
6.8.4.13. ¢! = % 1—cos(v/3t)++/3sin(V31) 14+2cos(v/3t) 1—cos(vV3t)—+/3sin(\/3t)
1—cos(vV3t)—+/3sin(y/3t) 1—cos(v3t)++/3sin(yv3t) 14+2cos(v/3t)

6.8.4.15. Hints: LHS = Ae(BxC) = (a13+azj+ask)e ((b1f2+b2j+b3fc) X (c11?+62j+6312:)) = .

and RHS =Ce(AxB)=det(]C | A B]=..

6.8.4.17. Hint: Define a scalar function of ¢ by y(t) £ e;(t) ® e;(t). We calculate that y(t) = ... ==
(w(t) X ei(t)> ee;(t)+eit)e (w(t) X ei(t)); eventually, conclude that ¢(t) = 0.

d d .
6.8.4.19. Hint: 7 [x(t) X z(t)} == [(@23 —322)T1 + (w321 — T123)F + (x122 — azgzl)kz} =..
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Chapter 7

Integral Theorems, Multiple Integrals,
and Applications

Section 7.1.2
71.2.1. —¥2

7.12.3. =51n26

N

7.1.2.5. —2 4 2cos (@) + /Tsin (@)
. . . 1
7.1.2.7. the improper integral is convergent and converges to 3

7.1.2.9. the improper integral is convergent and converges to —

V2

7.1.2.11. the improper integral is divergent
> 1

7.1.2.13. (b) for all real constants p, / — da diverges.
0 X

o)
(a) for no real constant p, does / - dx converge.
o I

1 1
7.1.2.15. Hint: Begin with / z f'(z)de = [z f’(x)][l) —/ f(z)dz = ...
0 0
Section 7.2.5

7.2.5.1. (a) ||r; — rol|

5+ e?

7.2.5.3.

7.2.5.5. (”_82)‘/5

95



7.2.5.7.

7.2.5.9.

7.2.5.11

7.2.5.13

7.2.5.15. (a) potential function f(x,y,2) = zy? + ye* + z,

7.2.5.17

7.2.5.19
7.2.5.21

@)= (

T+ a?(m—1)

L 4a
@)= r01m
4 CL4
@ -5, ) -F(0-D
*71'&2

1 1
| —= - —= MG
<\/€ m)m
.ln%

. wl(—cosa+1)

Section 7.3.7

7.3.7.1.

7.3.7.3.

7.3.7.5.

7.3.7.7.

7.3.7.9.

7.3.7.11

7.3.7.13

7.3.7.15

7.3.7.17.

7.3.7.19.

7.3.7.21.

7.3.7.23.

7.3.7.25

Using rectangles with Az = 2 and Ay = 5, Volume =~ 80.

2
T (11617 206" — 3¢+ 4)

6

In -
5

2m — 4
544

~ 15

(1—e™)

DN | =

2 -2
. 3 00

0

7'['(12

0

64

15

. Hint: Use Corollary 7.4

14+ -, 1+ =

(0.8 4 0.17,1.2) ~ a - (0.613005, 0.6602324)
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CHAPTER 7. INTEGRAL THEOREMS, MULTIPLE INTEGRALS, AND APPLICATIONS. 57

16
7.3.7.27. —
3

)
3.7.29. —
73792

7.3.7.31. Using rectangles with Az =2 and Ay =1, (a) Volume ~ 4mile3, (b) average height
1 .
~ 3 mile

27
7.3.7.33. —
8
o 1
7.3.7.35. (T,7) = 5075 (3934 ¢m, 3960 cm) ~ (1.8959 ¢m,1.90843 cm), Ip = 28It g —cem? =
175.42 g — em?
16
7.3.7.37. —
3

Section 7.4.3

2 pl1—% 33—
7.4.3.1. Example: / / 2/ : f(z,y,z) dz dx dy ; five other final conclusions can be
Daalllp’e 0 be a9y

correct.
3
7433. y= -
Y=
2 pl-35 pd—22—4y
7.4.3.5. / / flz,y,2) dz dy dx
0 JO 0 T
16v/3 16v3
7.4.3.7. (T,7,%) = f, *[, 2| & (0.5880841551, 0.5880841551, 2)
157 157
7.4.3.9. 24n
12 p4-2 4
7.4.3.11.// f(x,y,z)dV:/ / / flz,y, z)dzdydz
1% 0o Jo 3-2-_3y
74.3.13. z=5

47
4.3.15. Ip = —
7.4.3.15 0 15@0

7.4.3.17. @

7.4.3.19. Hint: Use Example 7.25’s alternate cylindrical coordinates (z,r, ) in which the x—axis is
the axis of revolution, the position vector being given by r = %2+ rcosp j+rsinp k.

7.4.3.21. Hint: Define another alternate cylindrical coordinates (r,y,) in which the y—axis is the
axis of revolution, so the position vector is given by r = rcos¥z+ yj+rsind k
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Section 7.5.3

7.5.3.1. dS = a1+ cos? 6 cos? z dfdz
7.5.3.3. & (5 —2V3)
7.5.3.5. (Z,7,%z) = (0,2,0)

7.5.3.7. z=2

a
2

75.3.9. [[g2zdS =ma®, z

7.5.3.11. (a) Area(S) =475, (b) // zdS = 20mV/5¢
S

7ra4

5313 —
7.5.3.13 5

7.5.3.15. Hints: The top, S can be parametrized using r; =7 cosf2+r sinf j + Hk;

the side can be parametrized using T = a cosfi+ a sinfj + z k

7.5.3.17. Using rectangles with Ax = 2 and Ay = 1 and sampling at midpoints gives // FedS ~ 24.
S

7.5.3.19. () Area(S //dS /|y 1/ (1) + (H®) dtdcp—Qw/ (Ol (@0) + (5(1)* dt

4 2 1
(b) Area(S) = % < S\f +42v13 — 41n (1+ \f) +41n (34_2\/73)), with some help from

Mathematica and the fact that arcsinh(z) = In(z + V1 + 22), for real z > 0.

Section 7.6.4

8ra’
764.1. —
3
7.6.4.3. —36

7.6.4.5. Hint: Use V2¢ = V o V.

7.6.4.7. Hint: Look at the hypotheses, specifically some of the “technical" hypotheses of the Diver-
gence Theorem.

7.6.49. =27

T
7.6.4.11. —

2
7.6.4.13. Use Stokes’ Theorem.
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7.6.4.15. Hints: The gravitational force F can be shown to satisfy

2 s b
1
'ZoF:—mGQ/ //psin¢0050 p*sin ¢ dp deo df
’ o Jo Ja (p% + p& — 2pop cos $)3/?

and

R 2w pm b 1
keF =—mGp / / / pPCOSp — p p? sin ¢ dp d¢ do.
°Jo Jo Ja ( o) (0% + p§ — 2p0p cos ¢)3/?

Section 7.7.2

/35
72104 —=
7.7 15

7.7.2.5. k(z) =

Ao (i) =2 s o (Caen)
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Chapter 8

Numerical Methods 1

Section 8.1.8

8.1.8.1. (a) Newton’s Method gave approximate solution xg = 2.370476901, with f(zs) = —3.677613769F —
16.

(b) The Bisection Method gave approximate solution xog = 2.370476902, with f(xo4) = —1.7873903989F —
09.

8.1.8.3. (a) Newton’s Method gave approximate solution x5 = —2.226394727, with f(x5) = 0.000000000F +
00.

(b) The Bisection Method gave approximate solution zo5 = —2.226394721, with f(x95) = 1.841991815F —08.

8.1.8.5. (1) For initial guess xg = 0.5, in 7 steps Newton’s method gives approximate solution 1.894215957.
It appears to have quadratic convergence.

(2) For initial guess ¢y = —2, in 5 steps Newton’s method gives approximate solution —1.541814739. It
appears to have quadratic convergence.

8.1.8.7. In 9 steps the Secant method gives approximate solution 0.2591432818.

8.1.8.9. With initial guesses 4, 7, 10, 13, get approximate solutions 3.92660231, 7.06858275, 10.2101761,
13.3517688, respectively.

8.1.8.11. (a) After 30 steps, the method of successive approximations gives approximate solution of about
0.259143282 and appears to converge.

(b) After 8 steps, Aitken’s method gives approximate solution of about 0.259143282 but after that bounces
around that value.

8.1.8.13. Newton’s method for the equation gives approximate solutions 0.988590027, 2.01623831, 2.96951504,
4.02486196, 4.96041337, 6.02137429, 6.96387382, 8.00617912, 8.97750897, 9.98413271, 10.9947678, 11.9624699,...

This gives approximate solutions for A\ = 2% of 9.77310241, 4.06521693, 8.81801955, 16.1995138, 24.6057008,
36.2569483, 48.4955386, 64.0989040, 80.5956673, 99.6829060, 120.884919, 143.100686,...

Section 8.2.5

Tht1 Tk 1 3 1 =2z Tpyp — Yk + 1

8.2.5.1. (a) Newton’s method is =

T _a9,2,2

Ykt 1 Yk 1= 3rky;
I o 0.5

o | 2] =] 10 |

—1 — 2z,yk y/2C xiy + 2 —0.5

61



8.2.5.3. approximate solutions: (z,y) = (5.0000000, 2.0000000) and (x,y) ~ (—3.0000000, 6.0000000).

8.2.5.5. approximate solutions: (z,y) = (0.0000000, —2.8284271), (z,y) ~ (1.0000000, 0), and
(z,y) ~ (0.0000000, 2.8284271) .

8.2.5.7. approximate solutions: (x,y)as(—4.7123890, —3.6651914), (z,y)~(—42.411501, —28.797933), and
(z,9)~(29.845130, 19.373155) .

8.2.5.9. approximate solutions: (x,y)~(—4.7123890, —3.6651914), (z,y)~(—42.411501, —28.797933), and
(z,y)~(29.845130, 19.373155) .

8.2.5.11. approximate solutions: (z,y)=2(4.0000000,1.0000000), (z,y)~(5.8987177,0.050641131), and
(2, y)~(—4.0000000, 5.0000000).

Section 8.3.4
8.3.4.1. L ~ Sg ~ 12.35174232614476

8.3.4.3. for example, Boole’s rule
U12 = % (7f0 + 32f1+12f2 + 32f3+14f4 + 32f5+12f6 + 32f7+14f8 + 32f9 +12f10 + 32f11 + 7f12)

/3
8.3.4.5. (a) I = / tan @ df ~ Ty ~ 0.3786153194106639
—m/4

fl/jz; tan 6 df — T, | < 380212 ~ (4487730897

(
(c) I =1 In2~ 0.3465735903
(

d) Yes, the absolute error | I — T | ~ |0.3465735903 — 0.3786153194106639| ~ 0.032041729130691254 is well
less than the error bound of 0.4487730897

b) error bound

8.3.4.7. The change of the position is (a) x(4) — z(0) ~ Sg = 63.833..., (b) x(4) — z(0) = Us = 63.844...

Section 8.4.3

8.4.3.1. 75.8 is an upper bound on the condition number.

8.4.3.3. (a) [ z } = [ (1)888 ], without partial pivoting, (b) [ :; } = [ 01"9090909 }, with partial pivoting

True solution: [ Za; ] ~ { 1.0000500025 }

0.9999499975

1.000

1.000

8.4.3.5. (a) [ ‘; ] = [ (1):888 },with partial pivoting,  (b) [ ‘; } = [

] , with implicit partial pivoting
. x
True solution: [y} ~ [

1.0000500025
0.9999499975

8.4.3.7. SOR method using initial guess © = 3, y = 2: (i) With relaxation parameter w = 1, that is,
using the Gauss-Seidel iteration, after 10 steps the method converged to x = 1.000010000100001, y =
0.9999899998999990. (ii) Instead, with relaxation parameter w = 0.9, after 38 steps the method again
converged to z = 1.000010000100001, y = 0.9999899998999990.
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8.4.3.9. Hint: Use the result of problem 2.4.4.12.

Section 8.5.7

8.5.7.1. ... Ay 2 Q2A1Q9 =

1.000000000

—1.414213562

Q

0.000000000

0.000000000

—_

8.5.7.3. . Ap 2 QuA1Qs =

1.000000000

—1.414213562

Q

0.000000000

0.000000000

1

8.5.7.5. ...
990v/11

Ay = R1Q1 =

2.272727273

~ | —0.862439362

8.5.7.7. With initial guess xg = [

1.0000000000
0.9985358712

1
0

_ V2
V2 V11
1 13
2 2V11

_ Vit _5

2 22
0 _12v2
V11

—1.414213562

0.500000000

—1.658312395

0.000000000

V2

-2 -2
_1 5

2 23
_3v3 5
2 6
V2

0 3

—1.414213562

—0.500000000

—2.598076211

0 —0.036851387

0.824108724

1.471717172

0.426401433

—1.959823740

—0.227272727

1.542778432

=

=

w
S»—A
()

ot

E
—0.816496581

1.443375673

0.833333333

, we calculate M5 = 715 =

0.904534034 |
—0.639602149

0.578541912

1.727272727 |

0.577350269 |
—0.408248290

—0.235702260

0.000000000 0.471404521 1.666666667 |
2250/11 258110  —264/10
—270v/110  —1457\/11 —1111
0 —121 25311

—0.254256690

—0.338362731

0.255555556

3.9941520468 and x5 = M; '%; =
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Section 8.6.1

8.6.1.1. (0Ad)fi = fitra —3fix1 +3fi — fi—1

8.6.1.3. error is of order one, that is, |f"(x;) — ﬁ (fix1 = 3fic1 +2fi—2) | = O(h)

8.6.1.5. a = —2 gives error of order one, that is, |f'(z;) — %Qh (fix1 = 3fi +2fi—1)| = O(h)

8.6.1.7. o = 3 gives error of order one, that is, |f"(2;) — gz (2fi+1 — 3fi + fi—2) | = O(h)

8.6.1.9. Hint: Use, for example, fi 1 = f; + hf'(x;) + h? % + fB—,(f) h3

Section 8.7.7

y(0) = yo = y(to) = 3,
y(0) = yo = y(to) = 3,
8.7.7.1. (a) , (b)) ¢ y(—0.5) =~ y; = 0.625, (c) see figure on next
y(0.5) ~ y1 = 0.4296875.
y(—1.0) = yo = 0.6953125.
page

-
-
-
~——
-

0 05 05 o’

Figure 8.1: Answer for problem 8.7.7.1(c)

8.7.7.3. (a) y(1.6) ~ y3 ~ 4.376, (b) y(1.6) ~y; ~4.4214, (c) y(t) =t+ 1+ e 1*!
(d) The exact value of interest is y(1.6) = 1.6 + 1 + e~ 1716 ~ 4.4221188 ...

B.7.7.5. (a) y(1.6) ~ ys ~ 0.759950018,  (b) y(1.6) ~ yy =~= 1.591082477, (c) y(t) = e~'+ (3e—1)e! 2.

(d) The exact value of interest is y(1.6) = e~*¢ + (3e — 1)e! =32 ~ 0.994675995 ...

2

h
8.7.7.7. Taylor’s Method of order two for this ODE is y; 11 = y; +h- (y7 —t;) + 5 (=1 —2t;y; +2y7)

8.7.7.9. Taylor’s Method of order two for this ODE is

, h? ‘
Vi1 = Yi + - yes Ty 4 5 yecostimvi) . ((1 + yisin(t; — y;)) e ) —sin(t; — yz))

h2
8.7.7.11. (a) Taylor’s Method of order two for this ODE is y;11 = y; + h - (—2y; + cos 3t;) + -5 (4% —

2 cos 3t; — 3sin 3ti), (b) ¥(2.0) ~ 0.11927931, (c) y = 15 e~ *' + & (2cos 3t + 3sin 3t),
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(d) The exact solution’s value y(2.0) ~ 0.0987358543 is pretty well approximated in (b), where h = 0.25 and
(2.0) ~ ys ~ 0.11927931.

8.7.7.13. Hint: The characteristic equation of the difference equation has roots r = —h + vh? + 1.

8.7.7.15. Hint: The system of difference equations that are Euler’s Method for the system has general

solution
- 2\k/2 sin (k arctan(h)) — cos (karctan(h)) B
xp = (1+17) <Cl [ cos (k arctan(h)) te sin (k arctan(h)) » k=0,1,2,..,

where c¢1, co=arbitrary constants.

8.7.7.17. In a sense, the Modified Euler’s Method is a generalization of the Trapezoidal Rule for approxi-
mating a definite integral of f(¢).

8.7.7.19. Hint: Calculate, for example, that

h2 af h2  af h3 92 f B3 O2f he
ER el s o v T i, v g i

92 f

ko=hf; + (ti,ys) + (ti,yi) + aTJQ(ti,yi) + 0O (h4) )

‘3

Section 8.8.4
8.8.4.1. (a) yi1 + (f2 +h2.2y/2 cos (y))yz i =0, fori=1,2,3

Y1 —.3111164480
(b) The approximate solution is | y2 | ~ | —.5746031117 |. The piecewise linear approximate solution
Y3 —.7873015559

is the red, dashed graph in the figure.

(¢) There is no exact solution of this non-constant coefficients linear second order ODE. But we did use the
Mathematica command N DSolve for the ODE-BVP to find a more accurate approximate solution and it
agrees well with the coarse approximation we found.

y(1)

L L L L L
~ 02 04 06 0% 10

041 ~

—06f L

08} K

N
10k N

Figure 8.2: Answer for problem 8.8.4.1

8.8.4.3. (a) yi_1 + (=2 + h)y; +yir1 = ih3, for i =1,2,3

1”1 239 1.00420168
1
(b) The approximate solution is | y2 | = 238 686 | ~ | 2.88235294 |. The piecewise linear approxi-
Y3 1021 4.28991597

mate solution is the red, dashed graph in the figure.
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(¢) The exact solution of (x) is y(t) = & — cosx + 31282 . sinx, whose graph is given in the figure. The
results from part (a) look very good, for example, y; = 1.00420168 vs. the exact value y(.5) ~ 0.984749672,
Yo = 2.88235294 vs. the exact value y(1) ~ 2.85081572, and y3 = 4.28991597 vs. the exact value y(1.5) =~

4.26373753.

y(x y(x

St e St

4 P - 4

3 3 /.’”’ 3 F

2 2

1 el 1t

7 05 1.0 15 20% / 05 1.0 15 20%
-le (b) -1 (C)

Figure 8.3: Answer for problem 8.8.4.3(b) and (c)

8.8.4.5. (a) yi_1 + (=2+2h?)y; +yir1 =0, for i =0,1,2,3

Y_1 17.3529170
Yo 19.3097781
(b) y1 | = | 18.8529170 |. The fictitious value y_; does not appear in the final conclusion: The
Y2 16.0394412
Y3 11.2210353

piecewise linear approximate solution is the red, dashed graph in the figure.

. i 3 . cos(v2x) 3 ) .
¢) the exact solution of is y(z) = (5 — —= sin \/§> YT 4 = sin(V2 1), whose graph is given
© o) = (5~ 5 PV sin(VEa), whose graph s g

in the figure. The results from part (a) look good, for example, yo = 19.3097781 vs. the exact value
y(0) ~ 18.6261587, y; = 18.8529170 vs. the exact value y(.25) &~ 18.2085721, y = 16.0394413 vs. the exact
value y(.5) = 15.5385246, and y3 = 11.2210353 vs. the exact value y(.75) ~ 10.94630976.

¥(x) ¥(x)

1) - 18|
16 T, 16
14 \\ 14
12 ‘\‘ 12
10 10

8 AN 8

\\\
02 04 06 08 1w" 02
(b)

Figure 8.4: Answer for problem 8.8.4.5(b) and (c)
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8.8.4.7. (a) For i = 0,1,2,3, yi—1 — 2y; + yir1 = —h?z; = —ih®, as well as the BC y_1 + (h — 1)y = h.

[ Y1 68359375 ]
Yo .57812500
(b) The approximate solution is y1 | ~ | .47265625 |. The piecewise linear approximate solution is
Yo .35156250
| vs | | 19921875 |
the red, dashed graph in the figure.
(c) The exact solution of is y(z) = —3 x4+ ;5 — £ 2%. The solid curve in the figure is the exact solution.
The thick dashed curve is the solution using finite differences and agrees well with the exact solution.
y(x)

Figure 8.5: Answer for problem 8.8.4.7

8.8.4.9. Using the central difference approximation for the first derivative term, we found approximate
eigenvalues

A1 =~ 37.607284106899115, A2 =~ 138.80108530222495, A3 ~ 363.84163059087587

Section 8.9.6
8.9.6.1. (a) the boundary conditions require two equations
1
(1) 0=y(0) = y2(z0) = 5 (z-1 + 420 + 21)

and
() ~1=y(1) = ya(e2) = 5 (o1 + 422 + 25).

The replacement equations (3) — (5) for the ODE are, respectively, for j =0, 1,2,

2mj - L 1
(3) — (5) 4(Zj,1 — QZj + Zj+1) + 2\/§COS ( J 2) T ( j—1 + 4Zj + Zj+1) =0.

3 6
[z ] [ 0.564829708 |
20 0
(b) The approximate solution of the system is z1 | &~ | —0.564829708
29 —0.941074435
z3 | —1.670872552
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The solid curve in Figure is an approximate solution produced by Mathematica. The thick dashed curve
is the solution using cubic B-splines. The fact that the latter solution is twice continuously differentiable is
apparent and agrees pretty well with Mathematica’s approximate solution.

(¢) There is no exact solution of this non-constant coefficients linear second order ODE. But we did use the
Mathematica command N DSolve for the ODE-BVP to find a more accurate approximate solution shown
as a solid blue curve in the figure. Mathematica’s more accurate approximate solution agrees well with the
coarse approximation we found using splines.

(1)

02 04 06 08 o’
—02}
&N
—04} &
&N
&N
—06} N
N
—08}
—10f

Figure 8.6: Answer for problem 8.9.6.1

8.9.6.3. (a) the boundary conditions require two equations

(1) —1=y(0) = yalwo) = 5 (s + 420 + 21

and
(2) 3=y(1) =ua(oa) = 5 (z5 + 4 + 23).

The replacement equations (3) — (7) for the ODE are, respectively, for j = 0,1, ..., 4,

1
()= (7) 4(zj-1— 2z + zj41) + = (zj-1 + 42 + zj41) = 75

6

[ 21 ]| [ —1.719908174 ]
20 —1.041666667
21 0.113425159

(b) The approximate solution of the system is Zo | = 0.962038387 | The approximate solution of

23 2.046612720
24 3

| %5 | | 3.953387280 |

the ODE-BVP is.
(c) The exact solution of the ODE-BVP is y(t) = x — cosz + 2£252 . sinx. The solid, blue curve in the

sin
figure is the exact solution, as plotted by Mathematica. The thick dashed curve is the solution using cubic
B-splines. The fact that the latter solution is twice continuously differentiable is apparent and agrees with

well with the exact solution.
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3]

/ 10 15 207
-1

Figure 8.7: Answer for problem 8.9.6.3

8.9.6.5. (a) the boundary conditions require two equations

(1) 1=9(0) ~9/(0) = 5 (et + 4z +21) — (W) (=21 +22)

and
(2) 0=y(1) =ya(ws) = é (23 +4z4+ 25) .

The replacement equations (3) — (7) for the ODE are, respectively, for j = 0,1, ..., 4,

(3) = (7) 16(zj-1— 22 + 2zj41) = —x;.

[ 2 ] [ 0.6875 |
20 0.583333333
z1 0.479166667
(b) The approximate solution is zo | & 0.359375
23 0.208333333
Z4 0.0104166667
25 —0.25
(c) The exact solution of the OD]:]—BVP- is y(-x) =—-ST+ 112- — ¢ . The solid, blue curve in the figure is

the exact solution, as plotted by Mathematica. The thick dashed curve is the solution using cubic B-splines.
The fact that the latter solution is twice continuously differentiable is apparent and agrees pretty well with
the exact solution.

8.9.6.9. Hint: Begin by choosing any z in the interval [z, z]. Then there is an integer j with z; 1 <z < z;
and 1 < j < N. Note that for this value of j, (8.84) gives

Y~y

Ly(z) =yj—1 +
N(T) =y T, — 1

Sz —xja).

8.9.6.11. In the figure, (a) shows the curve and the control points; (b) shows that and the control polygon,
too.
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y(x)

10"

02 0.4 06 08

Figure 8.8: Answer for problem 8.9.6.5

(b)

Figure 8.9: Answer for problem 8.9.6.11
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Chapter 9

Fourier Series

Section 9.1

9.1.8.1. f(x Z 5111( )sin(%)

= 1)”+1L . (N7
0183 o= fu(n) =3 2Ly
T=Js P m( L )

9.1.8.5. see figure

£y K9

AN
| \MA\

Figure 9.1: Problem 9.1.8.5

9.1.8.7. see figure

f (x)

-F (x)

~id ¢

(a) ®

Figure 9.2: Problem 9.1.8.7

. L 4L & 1 2k — 1)z
9189, |a] = fulw) = 5 = 337 gy s ((L)>
k=1

71



3 1 3
9.1.8.11. f(x) = fe(x) =1+ gsinx - ?cosx—l— gsin?)m - £cos3av
. 1 S "
9.1.8.13. xz cosx = fs(x) = —5 sinz + Z o 1(—1) sin nx
=2
o [(=nntt 2
9.1.8.15. (a) f(z) = fs(z) = ; <( r)z + ﬁsin (?)) sinnz, (b) see figure,

1 1 2
(c) g(z) = ~1 sindx + (5 + 2571_) sin bz

(d) see figure: g(x) is the oscillating function; f(z) is the original, sigmoidal function

fs(x)

™ 4

E Z
- t —e o
w -7 ™ L 2T in

1
N
2

Figure 9.3: Problem 9.1.8.15(b)

y=f(x)

1.5

Figure 9.4: Problem 9.1.8.15(d)

0.1.8.17. (a) f(z) = fo(x) = L (; i n)ﬂ) (cos (") + = sin (T))) (b) see figure
n=1 (*F

fa(a)
2 l \? : >

L 2L 3L

Figure 9.5: Problem 9.1.8.17(b)

3

1

3 o'}
27 Z cosnx +

7T
n=1

Mg

oom

1
m sin ((2k — 1Dz ) (b) see the figure.
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.73

fs(x)
]
2
-
®
— T

(b) see the figure.

fs(x)

Figure 9.7: Problem 9.1.8.21(b)

1 0 L
9.1.8.23. Hlnts: First, rewrite b, = 7 (/ f(x)sin (?) dz +/ f(z)sin (?) da:); next, In the first
-L 0

integral make the substitution x = —y.
Section 9.2
2 — 4 + (2k — 1)? _

2.4.1. sin(x) = —— 2k —1)z),
) @)/ ﬁz (2k — 4+(2k-1))sm(( )2)
(b) feos(x) = 5 — cos2x is its own Fourier cosine series, (c) see the figures
9243 (a) f(z) = f 2i1< 3 mr),mm:

ki Mn - - - S —(— | S1Il —(——,

a w2 cos = ) sin —

(b) f(z) = fs(z) = g i %sin (%) cos (%), (¢) See figures

L 1 nmw .onmw\ . nwx
9.2.4.5. fen(x) = — Z — (—mr cos o5 + 6sin 7) sin —,

and see the figure.
n L

[\~]
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| fsin(Z)

ISIER

Figure 9.8: Problem 9.2.4.1

f cos (:E)/\

3
2
1

_3]
2
Figure 9.9: Problem 9.2.4.1
fc‘ns('l:)
Oo—ep—0 OO
1..
[ ] (] [ ]
T T T
-3 -2 -1 1 2 3 4 5 6 8 9
e—— 0 -1 o & o) o—e
Figure 9.10: Problem 9.2.4.3(c)
fsin(-’fl)
2 o—0
OO 1 o0
. -1 .. : © SE o
3 2 . T2 3 1 4 6 59
-14 o—20 o0
o—0-2 o—o0

Figure 9.11: Problem 9.2.4.3(c)
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fsin()

I

[ ] [ ]
L |
2
-L _% % L % 2L % 3L
Jq_L
2
[ ] L ]
-TA

Figure 9.12: Problem 9.2.4.5

fCOS ('T>
1

| T
2T - T 21

Figure 9.13: Problem 9.2.4.7

cos 2kx, and see the figure.

TS
M8
=~

9.2.4.7. f(x) = feos(z) = % -

k2 -1
k=1
: 14 1
9.2.4.9. f() = feos(x) = 3t Z 1) cos (2(2k — 1)mz), and see the figure.
k=1
f(z)
1
| xr
-1 1 1 3
2 2 2

Figure 9.14: Problem 9.2.4.9

9.2.4.11. ODE solution:
4 & 1
) =—
v =2 ; 2k — 1)(9 + (2k — 1)2) (
The figures show graphs of the approximation of the solution y(t) by a finite sum

s 4 N 1 ((2k—1)e™3 —(2k—1) cos ((2k—1)t) +3sin ((2k—1)t)) for N = 2 and

yn(t) = 2 2k~ D +(2k - 1?)

(2k—1)e ' —(2k—1) cos ((2k—1)t) + 3sin ((2k—1)t))
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N = 8. In each picture the approximation is drawn as a dashed curve and the exact solution is drawn as a
solid curve.

ZJJ.* - / fg..{'
02 t 0,
0.1 .1
t 10
-0.1F =1
o N U L
-03}F —03k
(a)e====- approximate solution Uo(t) (b) ====-- approximate solution yg(t)
exact solution ———exact solution

Figure 9.15: Problem 9.2.4.11

9.2.4.13. ODE solution

1 . .
y(t) = 7 sin(v/2t) + Z \f (= k=121 2) (—(Qk — 1) sin(v/2t) + V2 sin ((2k — l)t))
The figure show graphs of the approximation of the solution y(t) by a finite sum
L4 1 4 ,
yn(t) 2 = Z @ Da@ ) ((2k—1)e3 —(2k—1) cos ((2k—1)t) +3sin ((2k—1)t)) for N = 2 and

=8 In each picture the approximation is drawn as a dashed curve and the exact solution is drawn as a

sohd curve.
y l’ \ L\ y
A\l
10F
05k
{
1 l
L 1 : g i
5 10 15
—~05F 05k
10} \] -10F
\
d \3
7

(a)e====- approximate solution Uo(1) (b) =====- approximate solution yg(t)

5k

exact solution ——exact solution

Figure 9.16: Problem 9.2.4.13
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Section 9.3

2
9.3.3.1. the only eigenvalues are \,, = (n—ﬁ) , n = 1,2, ..., and corresponding eigenfunctions X, (z) =

L
cos (”ET) ,m=1,2,...

1
n—3)m
9.3.3.3. the only eigenvalues are eigenvalues A\, = ((2)) , n=1,2,..., and corresponding eigenfunc-

tions X, (x) = cos (@) ,n=12,..
9.3.3.5. Hint: Plug solutions X = ¢; coswz + ¢z sinwz into the BCs (9.21)....

2
9.3.3.7. The eigenvalues are (1) A, = (n%) ,n=1,2 ..., with corresponding eigenfunctions

Xp(x)=e"" ( T cos (272) + sin (272) ), and (2) A\g = —1, with corresponding eigenfunction Xo(z) =1

1
9.3.3.9. f(x Z4n2 4n cos(( 75):1:)

1
9.3.3.11. eigenvalues u,, = I (% + nﬂ'), n=20,1,2,...

Section 9.4

1 12 k
- —13z —13x § i2kx
9431 f(ﬂf) = 1(6 +e ) + T e 4k2 — 9 e

1, 3 3 1 .
9.4.3.3. the complex Fourier series is the function itself, f(z) = 16_1536 + 3 e 41— Dty i

2 4
i —i3w —iw
9.4.35. F[f(t)] = o (e 3w _ o )
wo
94.3.7. Fl f(t)]| =
7)) V2r (2 + wd — w? + i2aw)
1
9.4.3.9. Fle % Step(t)] = —
[e ep(t)] \ﬁ P
1 _ e—i5mw p sin2z, 0<z <57
9.4.3.11. ]-"1{42} =5
e 0, all other z
_1rsinbw P 1, —b<t<bd
9.4.3.13. F [ ]: 5
@ 0, [t|>b
2 sinw 1

9.4.3.15. Flg(t)] =/~ —= 7 =7
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(Flw—k)+ F(w+k)), (b) F[f(x) sink:c](w)z% (Flw—Fk)— F(w+k))

-1, -b<w<0
1, O<w<b
0, |w|>b

Section 9.5
ivVN

. N O
9.53.1. F = DFT[f] = (_d<2> +d<N—2>) _ Z\Zﬁ

9.5.3.3. F = DFT[f] = VNdWN ) =N (N = ko) place

o= O OO

1.2 +:0
—0.65 +i0
—0.85 +i0 |’
—0.65 —i0

2.1 440
—0.51 +:0.20
—0.60 +140.49
(b) DFT[f] ~ :gié 1;8'20 , after rounding off to two significant digits.
—0.41 —:0.20
—0.60 —:0.49
| —0.51 —i0.20

9.5.3.5. (a) DFT[f] =

1440
1—42
1440 |’
1+42
1.8 +i0
0.96 —i3.2
0.71 —i0.35
(b) DFT[f] = —8;? ;;8'34 , after rounding off to two significant digits.
0.46 +1:0.34
0.71 +20.35
0.96 +13.2

9.5.3.7. (a) DFT[f] =

©Larry Turyn, March 17, 2014



CHAPTER 9. FOURIER SERIES

0.528
0.5.3.9. DFT[f] = | 0410

p-
—i0.0960
+i0.288 . - .
0.192 4i1.056 |’ after rounding off to two significant digits.
0.864 —i1.248

9.5.3.11. Hints: use the change of index of summation m = N — /¢, that is, £ = N —m, and the “wrap around"
convention that F_, £ Fy_,if (=0,...,N

Section 9.6

9.6.4.1. Hints: First multiply the ODE by the eigenfunction X (z) and then integrate over the interval
a < x < b and use integration by parts.

2
9.6.4.3. (a) the only eigenvalues are A, = (m(@j@) ;
b
(b) the orthogonality relation is that, for n # m, / Ry, (r) R (r)

1
—dr=20
r

TVAN LR cos [ TV
2 2
37 /4
(b) the orthogonality relation is that 0 = /

Xn(2) X (x) dx for n #m
/4

9.6.4.5. (a) the characteristic equation is 0 = (1 — 3\) sin (

_ .4
Ap = —Wy,

9.6.4.7. (a) characteristic equation 0 = 1 — cosh(v/A L) cos(v/XL); there are infinitely many eigenvalues
n — 00.

where w,, = %" — 00, as n — 00. Because cosh(d) — oo, as § — oo, the roots 6,, ~ (

1
n— 3)m as
10

-0.5

=1.0

Figure 9.17: Problem 9.6.4.7
(b) the orthogonality relation is 0 = fOL Xn(2) X (z)dx, for n#m

9.6.4.9. The graph of g(w) A \/g_’_ tan(\/ﬁw)

—— 7" where w £ v/), shown below, appears to give infinitely many
tan(v/3w)
eigenvalues \,, = w?, where w,, ~ n as n — oc.

9.6.4.11. If the first column of the adjugate matrix is nonzero it gives eigenfunctions

X, (z) = (0 sin(wyb) + 71 wp cos(wyb)) cos(wyz) +(— Y0 cos(wyb) + 11 wy sin(wy,b)) sin(wy,z).
If the second column of the adjugate is nonzero it gives eigenfunctions
Xn(z) =

(— €0 sin(wna) + €1 wy, cos(wya)) cos(wyz) +(eo cos(wna) + € wy, sin(wypa)) sin(w,).
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—st

Figure 9.18: Problem 9.6.4.9

Note that at least one of the columns of the adjugate matrix must be a nonzero vector in R?, because...

Section 9.7

9.7.1.1. Hint: Begin by calculating the left hand side, that is, by substituting SX (z) into the Rayleigh
quotient, as given in (9.83) in Section 9.7:

—[p(@)BX (2)8X"(x) ] + / (p(z) (X' () — () (BX (x))*)dx
Rsp[BX(z)] 2 :

b
/ s(x) (ﬁX(x))zda:

h(1+2uL + p?L?) + 2L
L(1+ pL + Lp2L?)

9.7.1.3. An estimate for the minimum eigenvalue A\; would be the minimum of F(u) £

over —oo < p < 0o, for a given h and L.

272
9.7.1.5. Ex: \1 = 75

L
/ AC(X'(z))*dx
9.7.1.7. (a) Rsr(X) = 22 L
/ (X (z))*dx

0
(b) Hint: Use the fact that X (z) satisfies the ODE to calculate X" (07) = lim, _,o+ X" (z) = ... = 0.

(c) Hints: Use the fact that X (x) satisfies the ODE to calculate X" (L~) = lim, ;- X”(z) = ..., and explain
why there exists a finite number « such that a = X (L7) £ lim,_,;,- X (z).

(d) Hint: Take the derivative with respect to = of both sides of the ODE.

4 5 858 VAC
(e) Ex: q(z)=2-5 (%) +3 (%) gives estimate for minimum eigenvalue P = \; ~ = Iz
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CHAPTER 9. FOURIER SERIES p- 81

Section 9.8

9.8.4.1. Hint: Use work similar to that which established Theorem 9.17, using orthogonality of sin (T)
and sin (272) for positive integers m # n to calculate fo |f(2)2dx = (f(z), f(x))=...

1 1 1
9.8.4.3. Power =L (2 + o2 + = e4>
. . -1, —7<z<0 8 (1 1 1
9.8.4.5. Ex.1: Using a square wave function f(z) = { 1 O<az<n }, get 1 = = (12 + 32 + =] + >,
2 > 1 1 1 1 1
h — = 4=
ence == 2 mE—1r 1ot ta

2 o0
9.8.4.7. Hint: Use convergence of % + WZ (Jan|® + |bs|?) to help explain why (f,

n=1

%sin(nx)} — 0=

(f,0) as n— 0

©Larry Turyn, March 17, 2014



©Larry Turyn, March 17, 2014



Chapter 10

Partial Differential Equations Models

Section 10.1.3

0 0 0q,
10.1.3.1. a—j(m,y,t) = — 6%; (z,y,t) — ai;(a:,y,t) + Q(z,y,t) is the two space dimensional version of the

heat balance equation. Hints: Rewrite — # q(r,t) endS as a sum of four double integrals in rectangular
s

coordinates. Integrals ff ..dz = (8 — ) - (...) by using the lack of dependence on z. Use results similar to
line 4 of page 838.

z 2 . :
10.1.3.3. %(x, t)=— % (x,t) + Ek(a:) (u(,t) —uo(z,t)) + Q(x, t) is the one space dimensional version of
x

a heat balance equation modified to include heat loss through the lateral side of the rod by Newton’s Law of

Cooling. Hints: Rewrite — # q(r,t) endS as a sum of three double integrals in an alternative cylindrical
s

coordinates. Integrals fOR ...dr = R - (...) by using the lack of dependence on r. Use results similar to line 4
of page 838.

Section 10.2.4

2

1 b
10.2.4.1. u(r) = ~1 (r* —a®) + 5 In (f) +Tp, a<r<b
a

Ty =T — (To — T) cosh(\/n L)
sinh(y/n L)

10.2.4.3. u(z) =T + (To — T) cosh(y/nx) + sinh(y/na), for 0 <z <L

10.2.4.5. (a) There is exactly one equilibrium solution when L # % . (n - %) m for all integers n.
(b) There are infinitely many equilibrium solutions when L = % . (n - %) m for any integer n.

(¢) There is no no value of L for which there is no equilibrium solution.

L? T
10.24.7. u(z) = T) + —— (1 (7))
u(x) L+ - -+ cos T
10.2.4.9. The material is homogeneous and has thermal conductivity, specific heat, and mass density all
equal to one, in appropriate units. V = is the lower half of the ball of radius a whose center is at the origin.
The problem is circularly symmetric around the z—axis. The material is absorbing heat at a rate (Qg. The
material is insulated on the spherical surface p = a for z < 0. On the z = 0 disk surface the solid is losing
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heat at a rate equal to the difference between its temperature and the medium’s constant temperature of
20°, all in appropriate units.The initial temperature of the material is uniformly 40°.

10.2.4.11. Hints: Explain why the heat flux out of the left end at z = 0 is i ® q(0,¢) = £(0)9%(0,¢) and the
heat flux out of the right end at z = L is i e q(L,t) = —r(L) 2% (L, t).

10.2.4.13. T = u(b) = % In (%)

ou ov ow
- — + — + (0 — ~ (0t (0t
10.2.4.15. w(07,t) = v(0T,¢) = w(0",¢) and & 630(0 1) = Ko ay(o t) + K3 o (07,¢)

10.2.4.17. /Oa:il : %(r& +)dr: /Oa’jf . %(TE —)dr

10.2.4.19. Qo = 4~

10.2.4.21. (b) We will not be able to do this part until Section 11.1.

I} 1 1
10.2.4.23. T=u(b)=20— — (= — =
0 ? u(b) 0 4k \a b

Section 10.3.4

10.3.4.1. Hint: Integrate Laplace’s equation over the interval [0, L]...

H2
10.3.4.5. k= —
0 2L

™ L
10.3.4.7. 0=a f(6)do — / g(z) dx
-7 —-L

10.3.4.9. (a) Ouly for a = g is there an equilibrium temperature distribution.

(b) If a = g, the equilibrium temperature distribution is u(r) = r2 + ¢;, where ¢; is an arbitrary constant.
10.3.4.11. (a) The solvability condition is v/'(L) =

0
(b) rate of heat flow out of the right end is q(L) e i = (—kVu) o (+1) = —k2%(L) = 0, that is, is zero when
the temperature is at equilibrium.

10.3.4.13. 0 = # g(r)ds
S

1
10.3.4.15. Hints: Begin by using the Calculus I chain rule for the substitution » = - to get
p

w00 =506 =569) 556 Hh=5 &G
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CHAPTER 10. PARTIAL DIFFERENTIAL EQUATIONS MODELS

. 85

Using the product rule,

2
S0 %)= a5 003 50 -5 A5G-

Section 10.4.6

10.4.6.1. g(x)% _ (% {T(I) 31/(1‘,2%)}

10.4.6.3. 0~ 9.87 x 10~* kg/m, to three significant digits

1 00
10465. O=E=|0 0 1

010
10.4.6.7. Hints: Use (10.75) in Section 10.4, and then Hooke’s law, and then (10.74).

10.4.6.9. Hints: Begin with

E 1 1 e (BA+2u) 1 we (BA+2u)

W+ 200+ P2 At 2t ah)

and then vE = E 2v = 2v
A+r)1-20) 20+v) Q-2 " -2

10.4.6.11. Note that the errata page has corrected the formula in line 3 on page 802.

Section 10.5.5
0, T < —2+4 20t 0, T < —2—20t

1 1
10551 (a) u(e,t) = 5 § #=200+2, ~24206 <2 <200 o4z 3 o +200+2, 2200 < < 20t

0, 20t <=z 0, 20t <«x

u(z, 0.025)

1.5

Figure 10.1: Problem 10.5.1: wu(z,0.025)
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17 -1 -0.7 -0.3 0.3 07 1 1.7 Ti7 -1 0.7 -03 0.3 07 1 1.7

Figure 10.3: Problem 10.5.3: u(x,0.07)

10.5.5.3.
0, x < —0.5
0.5z +0.25, —0.5<z <05
10.5.5.5. (a) u(x,0.025) = { 0.5, 05<x<15
1.25 - 05z, 15<2<25
0, x> 2.5
0, < —20t
1(z + 20t), —20t < z < 20t
(b) If 0 < t < 35 then u(z,t) = { 20t 20t < x < 2 — 20t

12—z +420t), 2-20t<z<2+20t

0, x> 2420t
0, x < =20t
5 (z +201), —20t <@ < 2—20t
Iftzylo,u(x,t)Z 1, 2 —20t < x <20t
1(2—z+20t), 20t <z < 2+ 20t
0, x> 2420t
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. 87

0, r<1.b

0.5 —0.75, 1.5 <x <25
10.5.5.7. (a) u(z,0.025) =

1.75 - 0.5z, 2.5 <z<3.5

0, x> 2.5
(b) If 0 < t < 75 then

0, r<2-—20t
Tz +20t—2), 2-20t<x<2+20t
(*) u(w,t) =< 20t 2420t <z <3-—20t

13—z +20t), 3-20t<z<3+20t

0, x> 3+ 20t

1
Tt > L

=

r < 2—20t
L@z +20t—2), 2-20t<z<3-20t

u(z,t) =

—_

3—-20t <z <2+20t

13—z +20t), 2+20t<z<3+20t

=

x> 3+ 20t

Section 10.6.1

10.6.1.1. Hints: Explain why

1 2L/e e (e (TyL SN /2 nmct nwet\ 2
PE = PE = — —
2L/c/ (t)dt QL/O 1 Z(L) (ancos( 17 )—i—b sm( T )) dt

n=1

Tom’L Z“
n=1
and . ) )
N 1 Ju _ ool = /nmey 2 ™ nmwct
KE(t) —/0 500 (82& dx = 1 31( T ) —ay, sin + by, cos

10.6.1.3. Hints: Do calculations that explain why it will be enough to explain why the sum

2 2
t t " .
S = 0o¢? <—an sin (m;c ) + b, cos (mzc )) + T, (an cos (m;c ) 1 b, sin (mg ))

is constant in time.
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Chapter 11

Separation of Variables for PDEs

Section 11.1.4

11.1.4.1. T(z,t) = e **sinz — 3¢~ sin 3z

11.1.4.3. (2,t) =2 +

LD (2ki1)2 cos ((2k — 1)a) e~ah=1%
k=1

o

11145, T(et) = & - 2 5 1 cos <(2k 51)7rx> 6—1_15><10*4((2kg1)7r)2t

2 = (2k—1)2

1147 T(x,t) = 52 (2? —da) + 85 Y — = sin(("‘

il _1yn 320(V/2(—1)"+cos &E —sin LT C ((=b)rz) —af P32
11.1.4.9. T(z,t) = 10z +nz::1 (iggn?;)ﬁ + ( ﬂ(4n271027215)s p ))Sln<( LZ) )e (25)
i 2
11.1.4.11. T(x,t) = cos(x) — 5 + > ﬁ cos((2k — 1)z)e~ (2=
k=1
%) I R
11.1.4.13. T(x,t) = 2 z)sinnxdr ) (t+1)"*"™ sinnz
L Jo
n=1
4 1 - Z(EEZLTYN L (2k—1)na
11.1.4.15. T(z,t) = 2 k; B (B ) (e t_ o= () )bm (T)
11.14.17. T(x,t) = 2 S 1 sin((%_;)”) S e (BT =) g5)ds
k=1
11.1.4.19. (a) The eigenvalues/eigenfunctions are (i) A = 2% X (z) = sin (%72) and

(15) A= 7(%2_;)”, Xok—1(z) = cos (7(2/65;)7”‘) )
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(b) T(x, )= 22 io: Ger coS(Qkil)m) emo(F=)e | 400 E @ sm((zhLl)M)e*a(@)zt

11.1.4.21. T(z,t) = v(z) + w(z,t) = v(z) + Z by, sin (T)e(ﬂfa(%) )t, where the b,,’s are arbitrary

constants that depend on the initial condition.

In order for all solutions to go to zero as t — 00, it is necessary and sufficient that f < « (%)2
1

The time constant is 7 = ——z—.
o) -8

Section 11.2.1

(oo}

11.2.1.1. u(z,t) = % > - sin (%F) cos (25<) sin (23%)
n=1

11.2.1.3. u(x,t) = cos (3% ) sin (Z£) — 1 cos (252) sin (5£2)

11.2.1.5. u(z,t) = %cos (%Ct) sin (%) _ % %O: k cos (2k7rct> sin (2kL7r:c)

+é g’: 1 cos ((26 —Ll)wct) sin ((26 —Ll)mg)

11.2.1.7. u(z,t) = A& X G sin((%—Ll)wct)Sin((2k—Ll)mc)

11.2.1.9. u(z, t) = 8(t) + (— 3(t) + () £+

n§1 <(/OL f(z)sinnx d:c) cos (@) + (/OL g(x)sinnz dx) sin (?) + (bn(t)) sin (?)

h\w

1 £ ([ (BT 9) (=56 + Coresas sn (1)

n=1

o0
11.2.1.11. u(x,t) = et 21 (an cos (25) + by sin (25<L)) sin (2F2), where ay,, b, are arbitrary constants
=

11.2.1.13. a,, = 0 for all n of the form n = 3k — 1 or n = 3k — 2 for some integer k > 1

11.2.1.15. (a) A = 0 is not an eigenvalue
(b) A > 0 cannot be an eigenvalue because, if it were, 0 = fOL X(z) X" (z) dgc—i—fOL )\(X(x))2dx fOL (X”(DC))2 dx+
JENX (2))de ...

T

(c) There is an eigenfunction X, (z) = sin (T) only corresponding to eigenvalues \,, = — ("%)4.
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CHAPTER 11. SEPARATION OF VARIABLES FOR PDES p- 91

11.2.1.17. y(=,t) has steady state oscillations in time, ¢

Section 11.3.3

%’3 cosh ((2k — 1)z)

11.33.1. T
3.3.1. T(x,y) = =4 (2k — 1)2sinh(2(2k — 1))

sin ((2k — 1)y)

1835 ()= 3 (o comh((#512) — e snh((252 ) ) sin (2521,

1355, To.y) — i i ?3%1) Sl ((Qn g 1)y> sin ((Qn; 1)33)

= sinh

+%TO ni; @n—1) silnh (z=1) ot <(2n - 12)(1 - y)> sin <(2n 3 1)x>

3] sinh( EE=Dm(a—w) D
11.3.3.7. One method gives solution T'(z,y) = 20+ u(x,y) = 20 — %O > ok hl() . }(Z()Zkfl)w?l) sin ((% bl) y)
k::l mn %

Another method gives solution T'(z,y) = T1(x,y) + To(z,y)

80 X sinh ((Z=1e) L (2k—D)my,  sinh (BI04 ginp (G (o 1)y
— 2 ( 2kra sin ( b ) [ (k)b sin ( )>
T k=1 ‘(2k—1)sinh (7) (2k—1) sinh (*=-272) a
ay 20 1 . (2(2@— D > <2(2£— 1)m>
11.3.3.9. T'(z — sinh cos | ———
( y) 4b 7'1'2 e (2£ _ 1)2 sinh (2(2§?/1§)Wb) a\/g Y a

cosh(2v2y) cosh(5v/2y)
113311 T(I,y) =1- 3005h(2f) COSQ.I =+ WCOS 5I

11.3.3.13. (a) The solution of the problem can be written in the form

51nh(

(b) T = [y G(z,y,2) f(2)dz, where G(z,y,z) £ ioj sinh(

n=1

— g sin (”Z*) sin (””Z). The latter is

called a “Green’s function" or “propagator."

Section 11.4.6

11.4.6.1. eigenvalues are A, , = (—) + (7)2, m=20,1,...;n=1,2,... with corresponding eigenfunctions
Gmn(T,y) = cos (mmg) sin (mbw>

oo —a T 2 (2k—1)7 2 D
1463, T(,p.0) = —25in (3) 3 geremge () (7)) (2
k=1
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16 «— 2k—1) (2¢-1)
11.4.6.5. T(x,y) = — L >~ sin (( - ”) sin ( ﬂy)
kT2 ’zfll (%_1)(%_1)<(<2k;1>w) +(<zz;1)ﬂ> ) b

— e mi::l ™ mm (/ / fly, z sm )dz dy) sinh (?) sin (@)

+e m2::1 > m (fo Jo fy,z)sin () cos (222 dzdy) sinh (y/Am,n ) sin (ZF24) cos (222,

2 2
where A\, p, = (%) + (%) .

11.4.6.7. T(z,y, z)

17 1 3
11.4.6.9. u(z,y) = v(y) + w(z,y) = 3 + %y ~5 y? — 3 cos 4y

> (—1)k—1 (2k —D)my  2(=1)*"1(4+33(2k — 1) — 7(2k — 1)*
e 8(2k — 1)2sinh (2(2k — 1)72) (” o8 ( 2 ) 2k — 1)(—4 + (2k — 1)) ) '

'<sinh (2(2k — V)m(r — x)) + sinh(2(2k — 1)7rz)) sin(2(2k — 1)y)

Section 11.5.3

2k—1

11531 u(r,0) =5 — 2 300, mrrpyz (5) cos ((2k —1)0)

11.5.3.3. V(r,0) = ln(b/a) (Valnb—VyIna + (V, — V,) Inr), which can be rewritten as

1 1 b
0) = ——— (Vo(Inb—1 Inr—1 = — 1 1
Vi 6) = /gy (Vallnb —Inr) + Villnr = Ina)) = 1ra70s <V 0 () n(a))
11.5.3.5. (a) eigenvalues are )\, = w? = n?, with corresponding eigenfunctions Oq;(f) = sin2kf and

O2r—1(0) = cos ((2k — 1)6); product solutions are u,(r,0) = R,(r)0, (), where r(rR.) —n*R =0. ...

0 ur0) = X (s (0 = ) - () eos (@0 - 19)

oo

11.53.7. T(r,z) =)

(] s () s (352 9) (o0 (222 i (52).

WhereMnff Jo Pynlr>)2rdr.

1 o ('Yn,l 7") )
M,, sinh (121~ L) a

a
19 [,0T] 19T
11.5.3.9. (a) 0 = o [r 31"} g
1
(b) T(r,0) = o £(6) do+

— T

1 o0 T s . - - —%-‘r n2+i
Jr; Z (( f(0) cosnb dH) cosnbf + ( f(0)sinnb d9) sin n@) (a)

n=1 -T -T
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CHAPTER 11. SEPARATION OF VARIABLES FOR PDES

%) Yn,0
200.J h 4-
11.5.3.11. T(r, 2) = Z 1(%,0) _JO<%,20 r) sin ( (no Z))
Tn,0 sinh (72’ )

n=1

coln(r/a) + % i f(0)do
2

11.5.3.13. u(r,0) =

nil ﬂ(bbian) ((%)" _ (g)") <(/: £(0) cosnada) cosnf + ( 7; £(0) smneda) Sinn9> :

where ¢y is an arbitrary constant
Section 11.6.3
11.6.3.1. T'(r,0,2) =

% 25inh(y/ A (H — 2)) A ; f(r, 0) sin(nb)Jy, (\/ Am,n 7)1 drd

In(v/ Am,n ) sin(nh)

= Z =
m=1 n=1  wsinh(y/Am n H) / (Tn(x/ T )2 dr
0
11.6.3.3. T(r,60,t) = > Roo(r)e=Amot 4 SN Ryn(7) (@ n cOS 1O + by, sin ) e~ Amnt
m=1 m=1n=1
where . o
Um0 = TNog /_w/o f(r,0) Ry o(r) rdr db
1 T a
Gmn = / / f(r,0) Ry (1) cos(nd)r dr d
TN J_x Jo
and

1 s a
binn = N /_w/o f(r,0) Ry () sin(nb)r dr de,

where, for n >0, m > 1,

Ny = /0 (Rm,n(r))Qrdr 2 /0 (= Yals R Ty A 1)+ Tu( A )Y A r))zrdr

18 { 8T} 1 9*°T 0T

ror | or r2 902 ' 922’

T(a,0,2)=0,0<0<7, 0<z< H

4+ —,0<0<7m, 0<r<a, 0<z<H

A/ )\m,O T‘)+

1635 ()] o7
89(7'02) 89(r,7r,z):0,0§r<a,0<z<H
oTr
5(7’,0,0):07 T(r,0,H) = f(r,0), 0<f <7, 0<r<a
/ / f(r,0)Jo(\/ Ao r)rdrdo
ad ’ sh(y/Am
) 7002 = 3o | ==l A0
o [ Aerrar | Aot
%O: io: [ﬂ/ f(r,0) cosnbJp(\/ Am.n1)r drdo coshi(x/ R )

7 [ Gl R ) sy 1)
0

In(\/Am,n 1) cOSNO
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mg;:l W (/Oa (1 - 2) JQ(MT)rdr) JQ(MT) cos(26) Sin(\/mCt)

11.6.3.9. (a) Hint: Use the sine addition formula, sin(a + 3) = sina cos 8 + cosa sin 3 to get sin (3 + ¢) =

T _

sin(2 <p) .

11.6.3.7. u(r,6,t) =

T

(b) First, explain why a function h(¢) being odd about ¢ = 7, implies / h(¢)dep = 0. After that, use

0
the cosine addition formula, cos(a & 3) = cos v cos 8 F sina sin 3, to get cos (g + <p) = —cos (g — cp). So,
cos(¢) is odd about ¢ = 7. Also, get that for all odd n, a, = 0.

1
11.6.3.11. V(p, ¢) = 30 - 237 p?(3cos® ¢ — 1)
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Chapter 12

Numerical Methods 11

Section 12.1.5

12.1.5.1. (a) Mathematica says that the eigenvalues of A are A ~ 0.877830, —0.701611, 0.0881093, all of which
have magnitude less than one.

(b) This discretization of the PDE does not give a decay rate that agrees with the decay rate of solutions of
the PDE.

12.1.5.3. (a) Mathematica says that the eigenvalues of A are A ~ 1.,—0.823781,0.544055, —0.367836. Three
of the eigenvalues have magnitude less than one, which corresponds to those solutions of the PDE with
corresponding homogeneous BCs that are transient in time. The eigenvalue A = 1 corresponds to a particular
solution T, (x,t) of the form T, (z,t) = xf(t) + (7 — z)g(t) + w(x,t) that satisfies the BCs %(O,t) =

o(t), %(F,t) =(t), t > 0 and has w(x,t) — 0 as t — co.

(b) This discretization of the PDE does not give a decay rate that agrees with the decay rate of solutions of
the PDE.

12.1.5.5. Yes, there are some non-zero initial temperature distributions, T, for which || T™|| — 0, as m —
0.

0 1
TY 0
Ex: For Example 12.2, which has Az = £, let T = | 7Y | = | —1
0 0
T 1

Section 12.2.2

12.2.2.1. (a) Hints: Use the assumption e > 0, along with —1 < cos o <lforn=1,.,N -1, to conclude
that (1) 14+2¢>1—¢e(—1+cos%F) and (2) 1—e€(—1+ cos§F) > 1. Similarly analyze the numerator of
Q. Eventually, conclude that @, < 1.

: : . 1te(—14cos 22

To explain why @Q,, > —1, suppose instead @, < —1, that is, % < —1, and eventually get a
—e(- =

contradiction.

(b) Because the amplification factor @,, has magnitude less than one, the Crank-Nicholson method is stable
for all € > 0.

176(71+cos %) 1
1+B(—1+Cos %) Ry -

(1>

12.2.2.3. Hints: If € < 0, define 8 = —e > 0. Then Q, = ... =
that - 1< R, <1, forn=1,... N — 1.

Eventually, conclude
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Section 12.3.2

Throughout Section 12.3.2, define u;; = u(w;,y;), where z; £ i Az, y; = j Ay.

0 0
o < 2 1
~ ion i £ i w(l 1) =l 2) L g2 1 2 208
12.3.2.1. Approximate solution is ,that is, u(3,3) = u(3,5) = 5, u(5,3) =u(5,5) ~ §
1 3
o L 3
0 0
0 0 0 0 0
11 14 11
0 256 256 256 0
12.3.2.3. Approximate solution is 0 %‘6 % % 0 , that is,
11 14 11
0 256 256 256 0
0 0 0 0

12.3.2.5. Method I: Using the forward difference approximation of the BC at y = w, get an approximate
5.752814251 5.752814251

4 4.705616700 4.705616700 4
solution , that is,

4 3.267413137 3.267413137 4

0

o

u(%, %) =u(3, )~ 3.267413147, u(%, 2F) = w(3F, &) ~ 4.705616700, u(3,7) = u(3F, 7) ~ 5.752814251

Answer Method II: Using central difference approximation of the derivative at y = 7, approximate solution
4 5.461173567 5.461173567 4

4 4.596251443 4.596251443 4
is , that is,
4 3.230958051 3.230958051 4

0 0
u(3,%) =u(3, %)~ 3.230958051, u(g, %) = u(3, &) ~ 4.596251443, u(5,7) = u(3, 7) ~ 5.461173567

3
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12.3.2.7. Using a entral difference of BC at y = 0 and a central difference approximation of BC at y = 7
0 1.614258153 1.614258153 0

0 1.209543477 1.209543477 0
gives approximate solution , that is,

0 2.014372277 2.014372277 0

0 4.833573356 4.833573356 0

u(%,0) = u(3F,0) ~ 4.833573356, u(%, ) = u(3F, T) ~ 2.014372277,
w(%, %) = u(Z, ZF) ~ 1.209543477, u(%,7) = u(Z, 7) ~ 1.614258153.

Section 12.4.3

12.4.3.3. Hint: First, get Q =1 — e+ ee ™ =1 — €+ ecosa — iesin o

12.4.3.5. (a) there is numerical stability for ¢ < 0, (b) ¢ > 0 and |e| < 1 implies numerical instability
Strangely, if ¢ > 0 and € > 1 then there is numerical stability.

Section 12.5

12.5.4.1. Using the same three functions ¢;(z) as in Example 12.7, we get approximate solution

y(x) &~ 0.187969 sin(rz) — 0.00711276 sin(27x) + 0.00704504 sin(37x).

3 5
12.5.4.3. Using ¢;(x) =cos (%), ¢2(x) =cos (T), ¢3(x) =cos (T), get approximate solution

3rx

5
y(x) ~ 0.625314 cos (7%;) — 0.0357342 cos <2> +0.00777959 cos (72“) .

12.5.4.5. Using

o) = cos () eos (). ontor) =os (22 con (), o) = #2201 =)

the approximate solution is

u(z,y) = 0.35531161853 cos (Z£) cos (52) — 0.013588155903 cos (22%) cos (%)

+1.91555280752%y%(1 — z)(1 — ).
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Chapter 13

Optimization

Section 13.1.3
13.1.3.1. the best piece of paper has length 4(1 ++/5) in and width 2(1 4+ /5) in

13.1.3.3. the strongest beam has height %m and width %

13.1.3.5. the hospital should expect the greatest influx of patients after 3 days and about 11 hours
13.1.3.7. the sides of the best triangle have lengths 20v/5, 20v/5, and 201/10, in m

13.1.3.9. Hints: (a) To explain why f” > 0 on [a,b] implies f(z) is convex on [a,b], pick any x < y in [a,b]
and any A with 0 < A\ < 1 and define z 2 Az + (1 — \)y. Use the Mean Value Theorem of Calculus I on each
of the intervals [z, 2] and [z,y]... .

13.1.3.11. Hint: Begin by considering the case when there exist distinct z,y in S. For any A with 0 < A < 1,
f(z) being convex helps explain why f(Az + (1 — N)y) < M...

13.1.3.13. Partial hint: Explain why

ey — i f@+h+h)—fle+h)—fle+h)+ f(x) . flx+2h)—2f(x+h)+ f(x)
(@) = Jim, h-h = a5 e

and then use it

Section 13.2.3

13.2.3.1. (a) all of the critical points are (0,0), (-3, 4+v/6),
(b) local minimum at (0, 0), saddle points at (—3, +v/6)

13.2.3.3. (a) (z,y) = (0,0),(0,2),(-1,1),(1,1),
(b) saddle points at (—1,1), (1,1); local maximum at (0, 0); local minimum at (0, 2)

13.2.3.5. the absolute max. value 2 + /2 is achieved at (z,y) = (v/2,0)

13.2.3.7. absolute maximum of f is 8, achieved at (z,y) = (£2,0); absolute minimum of f is 0, achieved at
(z,y) = (0,0)
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13.2.3.9. Further hints: Use the quadratic formula to explain why the eigenvalues are real. After that, either
use the fact that |A]| is the product of the two eigenvalues or use the quadratic formula further.

13.2.3.11. Hint: Begin by calculating that f(x) = (Ax—b)TW7T(Ax—b) = ... = xTATWT Ax—2bTWT Ax+
b”WThb and use the results of problem 6.7.6.33 and problem 13.2.3.17.

13.2.3.13. Begin by noting that Example 13.5 in Section 13.2 concluded that (z,y) = (3,—3) is the

416
point on the curve y = x2 — z closest to the curve ¥ = %X — 6. Example 13.5 in Section 13.2 gave

2(Y —y) =2u=2(—2(X —x)), hence ...

13.2.3.15. Hints: First use Vf = 0 and then use logical analysis in solving that system of three equations
for h,w,¢.

13.2.3.17. Hint: ¢Tx = 121 + ... + cpn

Section 13.3.3
13.3.3.1. there is exactly one basic feasible solution: x = [z | ... | a4]F =[0 ! 70| 39]F

13.3.3.3. there is no basic feasible solution

13.3.3.5. (a) F1 t¥z Ao - 2 is the LP in standard form.
—2x1 —T2 +z4 = -3
. 2 3/2 1
! 0 0 1
(b) ./L'Q = 0 9 1/2 ’ 0
3 1 0 0
13.3.3.7. (a)
Minimize —15.55x1 — 14.66x2 — 7.23x3
Subject to —216x1 — 404x2 — 363x3 + x4 = —-300
—42.8¢x1 — 6.5 — 4.6x3 + x5 =-10
—2.21221—3.32922—0.996x3 +x6 =—25
x1+ T2+ w3 =1
T1y...y L6 2 0

(b) Ex. [z1 ... z6]"=[0.5 0.5 0 10 14.65 0.2705]7 is a basic feasible solution of the LP problem in
standard form

Section 13.4
13.4.2.1. (z1,z2) = (0,1.5) gives the minimum value of 1.5

13.4.2.3. (z1,22,®3,24,25) = (0,0, 25,15,15) gives the minimum value of 50; (z1, 22, 3, 4, 25) = (3,0,0, 2, 2)
also gives the minimum value of 50

13.4.2.5. (x1,z2,23) = (20,10, 10) gives the minimum value of 80

13.4.2.7. (z1,22,23) = (2], 2,10) gives the minimum value of 40
MPZ

13.4.2.9. maximum compressive force X - P = 3~

, achieved when (M7, M2, M3) = M,, - (0.25,1,1)
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xr3
1.0

0.3 k=2Mppry + AMppas

00

-0.5

-10 T
-10 -05 0.0 0.5 1.0

Figure 13.1: Answer key for problem 13.4.2.11

13.4.2.11. maximum compressive force A\ = 1.2#, achieved when (M, Mz, Ms) = M,, - (1,1,-0.2)
13.4.2.13. In terms of the original nutrition problem, we have that the maximum, 15.15 g protein content of
100 g of mixture, is when we use 55.32 g of wheat bran, 44.68 g of oat flour, and 0 g of rice flour.

Section 13.5

13.5.3.1. The closest approach of the two regions is where (z,y) = (2,-2), (X,Y) = (£,-22), and the
minimum distance is -25.

4v2
4
0
.
4 .
f
8
4 2 0 2 4 6
Figure 13.2: Answer key for problem 13.5.3.1
.. .. . . . . 4 12 55
13.5.3.3. minimum value of the objective function with these constraints is f (5, E) =1In YOTH

13.5.3.5. Hint: Aix1 + ... + Apxp = pp—1 (1,11 (AxX1 4 oo + Ap1Xp-1)) + ApXp = fip-12 + ApX,, Where we define
fp—1 =M+ 1 and (x) z £ p ) (Mxa+..+Ap-1xp-1). Because C'is convex and 1 = Aj+...4+Xp = pip1+Ap,
we see that A\1x1+...+X,x, will be in C as long as we can explain why z, which is a certain linear combination of
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Y

! X

2

Figure 13.3: Answer Key for problem 13.5.3.3

X1, ..., Xp—1, 18 in C. Continue in this way, by showing that z is in C as long as some certain linear combination
of x1,...,xp—2 is in C, etc. Eventually this will reduce to showing why a certain linear combination of x; and
Xp—2) is in C.

13.5.3.7. Hint: Begin by supposing that S contains points x and y.
13.5.3.9. Hint: Choose any x,x in R™ and any A with 0 < A < 1. Then
(8(x+ (1 —=N)y)) = fF(AQx+ (1 = N)y) +b)

=f(AAx+ (1= NAy + b+ (1 - A)b) = ... .

13.5.3.11. Hint: Pick any z,y that are both in both of C; and Cs.

Section 13.6

13.6.3.1. Hint: Generalize the work for the maximization problem in system (13.52).

13.6.3.3. middle eigenvalue \; ~ —1
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Chapter 14

Calculus of variations

Section 14.1.2

14.1.2.1. y(z) ~ 0.01305452° (1 — =) + 0.219384 cos%

14.1.2.3. Ex. 1: u(r) ~ 0.08333333442105048(1 — r) + 0.19444444183629322r(1 — )
Ex. 2: u(r) ~ 0.2777777777871004(1 — r) — 0.19444444445493192(1 — r)?

Ex. 3: u(r) ~ —0.16338185122419183(1 — r) + 0.24393320411062294 cos (%T)

Section 14.2.5

14.2.5.1. (p(z)y'(z)) = f(z), 0<z <L

9? 9? .
S — f(x,y), (x,y) in D

14253, 55+ 5

14.2.5.5. y(z) ~ 0.2662994102 Jo(z) — 2.469811754 Yo ()

Y(OF  d [OF bOF  d [OF
14.2.5.7. 5J—/a (a—yf%[ay/])@der/a <%f%[avl})évdm

14.2.5.11. Necessarily, at (z,y(z),y'(z)) = (#,yo(z),y0(z)), we have the Euler-Lagrange equations, for k =
1,...,n,

or _ dror

= b.
Oy  dzx 8y,’€] 0, a<z<

Section 14.3.2

14.3.2.1 { u” 4+ (g(x) + Nu=0, 0<z <L }

u(0) =u/(L) =0

Pu 0%

w+a—y2+(f(x,y)+)\)u:0,(x,y)inD

14.3.2.3.
u=g(z,y) ondD
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Section 14.4.4
R ou\2 ou\ 2
Minimize //D ((%) + (@) )dA
14.4.4.1. Subject to // lu(z,y)|* dz dy = 1 and
D

ou _
%:OonaD

Minimize //D ( (%)2 + (%)2 — f(zy)u® )dA

14.4.4.3. Subject to // oz, y)|u(z,y)|’ dedy =1
D

and u =0 on 0D

X"(z)+ (A +q(@)X(z) =0, 0<z <L,
14.4.4.5.

Section 14.5.4
14.5.4.1. y(z) =~ 0.127332639564 T1 (x) + 0.178564177107 T>(x) + 0.141182350726 T5(x)

14.5.4.3. y(z) ~ —0.707679286807C_; (z) + 0.0445065089233C0 (z) + 0.529653251113C} ()

+0.697245134775C5 (x) + 0.529653251113C'3 ()

14.5.4.5. (a) Hint: F(z,y,¢y) 2 L ()2 + 202 — Ly — 2y,
(b) y(z) ~ 0.035220059648 T, (x) + 0.056871998478 Ty (z) + 0.050527720768 T ()
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Chapter 15

Functions of a Complex Variable

Section 15.1.4

15.1.4.1. Hint: Begin with LHS = wz = (z + iy)(u + iv) = (zu — yv) + i(zv + yu) =
15.1.4.3. Hint: Let w = z1z2 and calculate w = 2122 = ...

15.1.4.5. Hints: First, note that 2 = 0 cannot be a solution. Next, if z # 0 solves the equation, then multiply
both sides by z...

15.1.4.7. (a) 4¢3 = 2 442¢/3, (b) e7i2arctan(d/3) — _ T 4 ;28 (c) /2ei117/12 = Z1-V/3 4 —14V/3

15.1.4.9. (a) Hint: Begin with sin30 = Zm (e*’) = Zm ((cos 6 + isin0)®) =
(b) Hint: Begin with cos40 = Re (¢'*?) = Re ((cos 0 + isin0)*) =

15.1.4.11. Hint: Explain why the angle between the vector Oz and Oz is 27/3, etc.; The length of each of
the sides is V3 p'/%.

15.1.4.13. (a) 2¢"™/* = /2 +iv2 and 26‘5”/4 —V2—-iv2, (b)2e7"/% =1—iv3 and 223 = —1 +4/3.
(c) e =340, 3¢27/% = —3 1 33 and 3¢M7/% = —3 33,
(d) V2e i/t =1 = i, \fe””/m ﬂcos ( ) + 44/2sin (?g) and 2e 117/12 = /2 cos (11") — i4v/2sin (—;)
(e) 2¢™/ = 2cos (%) 4 i2sin (27), 2¢57/% = 2 cos (%) + 2sin (%), and 2e""/9 = 2 cos (=) —2sin (4F).
(f)

iw/4 3 .3 i3w/4 3 .3 —i37w/4 __ 3 .3 —im/4 _ 3
=—+i——, 3e =——F+1i—7, 3¢ = , — .
V2 V2 V2 V2 V2 V2 V2 V2

15.1.4.15. 21/3 ¢=i27/9 9l/3 gidm/9 and 91/3 ¢=87/9,

15.1.4.17. (a) 2= —1++v2, (b) FL +il

15.1.4.19. (a) image of A under the inversion mapping is f(A) = {w s w| = é

(b) the image of A 2 {z: |z—1| = 1, z # 0} under the inversion mappingis f(A) = L = {w =1 +iv: 00 <v < 0},
a vertical line in the w—plane

—

(c) the image of A £ {z: |242| = 2, z # 0} under the inversion mappingis f(4) = L = {w = —1 +iv: —00 <v < o0},
a vertical line in the w—plane

(d) the image of A £ {z: |2z+i| = 1, z # 0} under the inversion mappingis f(A) = L = {w = u+i: —oo < u < oo},

a vertical line in the w—plane. Also, see the picture.
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II =4
/ --'"_"'--..& l
1 lvl=z

Figure 15.1: Transformation in 15.1.4.19(a)

Figure 15.2: Transformation in 15.1.4.19(b)

|=+2|=2 U : |

\_/

Figure 15.3: Transformation in 15.1.4.19(c)
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xT u

z| 1
24 ===
+2 2

Figure 15.4: Transformation in 15.1.4.19(d)

15.1.4.21. (a) the image of A under the mapping f(z) is f(A4) = {w : |w + 3| = 1}, the circle of radius 1 and
center at —3 in the w—plane

(b) the image of A under the mapping f(z) is the horizontal line f(A4) = {w: Im(w) =2} = {u+1i2: —00 <
u < oo}

(c) the image of A under the mapping f(z) is the horizontal line f(A) = {w: Re(w) = -2} = {-2+iv: —c0 <
v < oo}

(d) the image of A under the mapping f(z) is the line f(4) = {w=u+iv: v=u+3} = {u+i(u+3): —c0 <
u < oo}

15.1.4.23. (a) Hint: Calculate LHS = |a + Re*’| = |a + Rcosf + iRsinf| = \/(a + Rcos0)? + (Rsin0)? and
RHS =|a+ Re | = |a+ Rcosf — iRsinf| = ...
(b) Hint: Calculate RHS = |ae’ + R| = |’ (a + Re™ )| = ...

Section 15.2.5

15.2.5.1. (a) —6, (b) 6, (c) —1

3 -1 2(2° +1)
- ) # -1 ’ z # -1
15.2.5.3. (a) f(z) 2 *7T1 . ) aeed #tl!
- 67 z=-1 6, z=-—1

15.2.5.5. (a) f'(2) = i2z + 2 exists everywhere, (b) ¢’'(z) = 4n(22z — i) exists everywhere

(c) W' (2) = 5z* + 922 + 82 + 2 exists everywhere, (d) k() = 7 exists everywhere except at z = i
(e) U'(2) = % exists everywhere except at z =i + /3
(f) m'(2) = % exists everywhere except at z = 0 and except at z = 1.

15.2.5.7. (a) everywhere, (b) nowhere, (c) f'(z) =i —1i2z

15.2.5.9. (a) the imaginary axis, (b) everywhere except the imaginary axis, (c¢) f'(z) = i(1+ 2z — ) for z
on the imaginary axis

15.2.5.11. (a) at the origin, (b) everywhere except the origin, (c) f'(0) =0

ov ou _ Ov

8 —_ —_
Jy

U~ X gy 2 only at the points on the circle 22432 = 1.
Jdy or or

15.2.5.13. Hint: Begin by explaining why
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15.2.5.15. Hint: Begin by explaining why {ql, ’i‘} is an o.n. basis for R?

Section 15.3.3

15.3.3.1. f(z) satisfies the Cauchy-Riemann equations at all z, so f(z) is an entire function. In fact, f'(z) =
144.

15.3.3.3. f(2) is analytic and has f'(z) = everywhere except at z = i.

_ﬁ’
15.3.3.5. v(z,y) =y — y* + 2> + ¢, where ¢ =arb. const.
15.3.3.7. f(z) =z +1i2%, f'(2)=1+2iz

15.3.3.9. f(z) =22 +2°, f'(z) = —22+32°

15.3.3.11. v(z,y) = ;5 + ¢, for any real constant ¢, on the domain D = {z =z + iy : 22 4+ 9% > 0}

15.3.3.13. V(r,0) = v (r - %) sin @ + ¢, for any real constant c

15.3.3.15. v(z,y) = % + ¢, for any real constant c¢

15.3.3.17. V(r,0) = —r™ cos(nd)
15.3.3.19. (a) (a) f(z) = e** % cos(bx + ay) + ie** ¥ sin(bx + ay), (b) everywhere
15.3.3.21. Hint: define w(z,y) = —u(z,y)

15.3.3.23. The solution curves, that is, the streamlines, are 3? — z? = ¢ =constant.

Section 15.4.6

(e
15.4.6.1. » = (S1H20£VD

15.4.6.3. (a) arg(—1+14) = {3F + 2wk : k is any integer} and Arg(—1+1i) =2
(b) arg(—v3 —i) = {—3F + 2k : k is any integer} and Arg(—v3—i) = -2

c) arg(2e’ Y= {5 fonk ks any integer} and Arg 2 F) =T
3 3

—VBoiy — {on ki ~ —V3—iy _ 57
(d) arg(=525") = {35 + 27k : k is any integer} and Arg( i ) =53
15.4.6.5. (a) False; counterexample given by z = 2¢%7/4
(b) True; Hint: for all 2 # 0, Log(y/z) = ... = Log(\z|1/QeiArg(z)/2>

15.4.6.7. (a) z for which —7 < Zm(z) <7, (b)allz#0
15.4.6.9. z=—1 In2+i (37 + 2nn), for all integers n.
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15.4.6.11. Ex. 2z =¢""/ for n =2

15.4.6.13. {67%727716 -e'™?: kis any integer}

15.4.6.15. /2e7/18

15.4.6.17.differentiable everywhere except the ray Arg(z) = m, also known as the non-positive real axis
15.4.6.19. Hint: Explain why [e¥|=... ="

15.4.6.21. Hint: Explain why 2> £ *°9() = | = {e“(ln 2+iAT9(Z))}

15.4.6.25. Hints: Do calculations such as

cos™! (7”””1 ) -0
9 (,0) = lim YEFRO Z0(@.0) _ Vet or -
ox 7’ h—0 h h—0 h

and

Section 15.5.1

15.5.1.1. %(cosh(l) + i sinh(1))

15.5.1.3. {2k +iln(2 + /5) : any integer k}

15.5.1.5. {Qkﬂ” 414 ln (3 + \/ﬁ) : any integer k} U {(ZZ — D7 +iln ( -3+ \/E) : any integeré}
15.5.1.7. {n7+i(=1)""'%Z : anyintegern}

15.5.1.9. {(n — %)7{'4’2.3(*1)” : anyintegern}

15.5.1.11. {7% +mnm+14i0: anyintegern}

I R L Pl peTiBl gir2_—iza
2 2 2 2

15.5.1.13. Hint: sin 21 cos z2 + cos z1 sin zo =
(1) b= cosx coshy
15.5.1.15. Hint: Analyze the solutions of the system of equations
(2) 0= —sinzsinhy

(1) b= coshz cosy
15.5.1.17. Hint: Analyze the solutions of the system of equations
(2) 0= sinhzsiny
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Section 15.6.4

15.6.4.1. (a) f(z) =3z""+ > —(@") -2 for 0<[z[ <2, (b) fz)=5z""+> 2771 277 for 2< e

§j=0 j=2

15.6.4.3. (a) f(z) = Z 2k 4 Z (Q_J}r)l 2, forl < |z] < 2

) 161 = -3 (14§ ) o foro < i <1

7=0

15.6.4.5. Ex. 1: f(2) = — % + Z 2’ converges for 0 < |z| < 1

Jj=0

Ex. 2: f(z) = Z 2" converges for 1 < |z| < oo
=2

Clgn g 2V 3o 1Y)’ )
15.6.4.7. f(2) = 3 Z (—5) 5 Z <_Z> converges for 5 < |z] < 2

=0 =0

1
(J+

15.6.4.9. f(z) = i

o 277 4 (1 + 2z) converges for 0 < |z| < oo
j=0 ’

. J il .
15.6.4.11. Hint: Use the Binomial Theorem, stating that ... (z1 4+ 22) = E ﬁ z1z37*, and use the con-
(g —0)!
=0

volution formula for the product of two series of complex numbers, which implies that, <Z a4> <Z bn> =
n=0

j=0 \¢=0

Section 15.7.2

1

15.7.2.1. Ex: f(:) = vy e

15.7.2.3. two

15.7.2.5. z = i(2k + 1) is a simple pole for all integers k

. . 2241
15.7.2.7. Ex: f(z) = EEE
15.7.2.9. Hint: Begin with f(z) = L)m for some function i that is analytic at zo and satisfies h(zo) # 0.

(2 — 20)
15.7.2.11. Hint: Begin with h(z) = (2 — 20)™k(z), where k(z0) # 0 and k(z) is analytic at zo.

15.7.2.13. Hints: Begin with g(z) = k(2)(z — 20)™ and h(z) = £(2)(z — 20)", where k(z) and ¢(z) that are
analytic and non-zero at z.

15.7.2.15. Hints: Begin with h(z) = £(z)(z — 20)", where £(z) is analytic and non-zero at zo, and g(z) =
(z — 20) " "k(2), where k(z) that is analytic and non-zero at zo.
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Section 15.8.3

15.8.3.1. 18~
15.8.3.3. —2mi
15.8.3.5. —im

Figure 15.5: Answer key for problem 15.8.3.5

Section 15.9.4

15.9.4.1. The singularities of f are at z = 0, —1, 2 and the corresponding residues are Res[ f; 0] = —1, Res[ f; —1] =

3, Res[f; 2] = ¢.

0,Res[f; m]=—

15.9.4.3. In D2(%), the only singularities of f are at z = 0,7 and the corresponding residues are Res[ f; 0] =
1

15.9.4.5. 27i( cos(1) — sin(1))
15.9.4.7. 0

15.9.4.9. &

15.9.4.11. —2n%

15.9.4.13. 27 cosh(wé)

Section 15.10.5

15.10.5.1. ©/2

™

15.10.5.3.
V2

15.10.5.5.

N

15.10.5.7.

Wl N
3

15.10.5.9. e=/VZ cos (

e
N—

8
S
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Figure 15.6: Complex integration to evaluate a real integral
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Chapter 16

Conformal Mapping

Section 16.1.5

16.1.5.1. Hint: Note that M(z) = 2

is not constant if, and only if, a # 0.

16.1.5.3. {z: Im(z) #0} U{z: zisteal and —3 < z < 3}

16.1.5.5. all 2z except 2z = 0 + ikw, where k is any integer

Section 16.2.5

16.2.5.1. M, (2) = 4;2 — 111) or M-(z) = 4462 - 411)

16.2.5.3. M, () = % or M_(z) = %ﬁgé
16.2.5.5. M (z) = % or M—(z) = %
16.2.5.7. M (z) = % or M_(z) = %

16.2.5.9. M(z) =2z +1i

2z —i2

16.2.5.11. M(z) = Clrdz+1

12z
16.2.5.13. M(2) = ——
16.2.5.15. M(z) = >—2
16.2.5.17. M(z) = ——
/RN . z) = 2 _9
o i0 _ _ .. 2
16.2.5.19. Hint: Start with |M(e| = | =% = (cosf — a) +isind
e — 1 (cosf — =) +isind
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16.2.5.21. (a) Hint: Begin by writing M(5 + iy) — M(5 — i) = gilz - ;‘ _ g - ?77 - ;‘ :
iy — — iy —

1 B Zo
z0 + Re®®  |z0]? — R?

16.2.5.23. Hint: Begin by observing that w is in f(C) if, and only if, |w — wo| =

sin ¢

: . A
16.2.5.25. Hints: Define g() £ 1 £

and use L’Hopital’s Rule.

Section 16.3.5

16.3.5.1. Hint: Use the Students’ Solutions Manual for problem 16.2.5.1.

I 16(4a? + 4y? — 17z + 4)? + (60y)?
21In2 ((4z —1)% + 16y2)2

Final conclusion: ¢ = ¢(z,y) =2

16.3.5.3. Hint: Use the Students’ Solutions Manual for problem 16.2.5.3.

-1 2 2 2 2
Final conclusion: ¢ = ¢(z,y) = (ln (3 _2\/5)> . <ln(9 —4V5) —In (16((3(&’2;_3/9 ; ZT/JEF)S)—F IyZ)QSy ))

16.3.5.5. ¢(z,y) =1

16.3.5.7. ¢(z,y) =1+ 2 o5 ( R? — (2® + ZQ) 2)
" VR + &5 (0 + R +32))° + (B2 — (a2 +12))

_2 et ( R? — (a® +9%) ) .
i VR — L (@ + B2 +92))° + (B2 — (22 + 7))

a2
<
), for all ¢ # 0.

16.3.5.9. Hints for part (d): Solve z = J(¢) £ % (C+ ) to get ¢ = C+ = 2+ /22 — a2, and note that J(¢)

a

has an interesting property: J(¢) = J ( c

16.3.5.11. Hint: For small ¢, Taylor’s series gives the approximation /1 + 2ca +¢e28 ~ 1+ a.

16.3.5.13. H ~ 0.07, T ~ 0.0909327, lift is F, ~ 2.14mpov% sin(c + 0.14)
)7

/ 0.10 \ .

1o U5 0.5 1.0

Figure 16.1: Answer key for problem 16.3.5.13
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Chapter 17

Integral Transform Methods

Section 17.1.2

2 1 .
17.1.2.1. \/; T 2grees with table entry F.6

17.1.2.3. \/g (—i sgn(w)e"‘“'). By the way, Mathematica writes the final conclusion as

F [ﬁ] (w) =i \/g (e“Step(—w) — e~ “Step(w)) .

2 1
17.1.2.5. \/; 5

1 2
17.1.2.7. —— .= /(4D
V2P

17.1.2.9. 72_\/?/'00 f(z) sin(wz) dx
T Jo

17.1.2.11. Hint: Use e ** = (cos(wz) — isin(wz)) and Theorem 9.2 in Section 9.1.

Section 17.2.2

17.2.2.1. w(z,t) = 5 \/jat (2erf(25a) - erf(%) - erf(i\;ai;))

17.2.2.3. u(z,y,t) = L . / / 6*((x7£)2+(y7n)2)/(4at) u(€,n,0)d¢ dn

4rat

17.2.25. For x> 0and 0 <y < H, u(z,y) = %22 - sin (% (H - y))-

/ (h (TZ=9) } cos (% (H —p)) | cosh ("%F9) + cos (% (H - y))> F(&)de.

17.2.2.7. Use evenness to turn this problem into a Fourier inversion problem, and then use an entry from
Table 17.1 and Theorem 17.3(a) in Section 17.1.
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1

17.2.2.11. Hint: Use the result of Example 17.3 in Section 17.1 with 8 = ypo

Section 17.3.2

17.3.2.1. Hints: Ex. Bromwich contour C : s = 0+ iy, —oo < y < oo; each of poles s = —1 + 42 gives a residue

sin (72@;2)) _ 1

17.3.2.3. u(z,t) =

17.3.2.11. The Errata webpage adds that we should assume ICs u(z,0) = v(x,0) = 0 for 0 < z < oo. Hints:
the PDE system becomes

o°U
sU(z,s) =« 92
O’V 7
sV(z,s) =a 57 + BsU(x,s)
and then get
_ (Ve BN\ —@ivavs B —wivaE
Viw,s) = <5\/§ Jr23 ¢ +2\/£:C6 '

With k = (z//«), use entries L2.6, L2.7, and L2.8 of Table 17.2 at the end of Section 17.3. In summary, the
solution of the original system of PDEs is

u(z,t) = erfe (2%/&)

_(8_ z at | Br ) /ey
v(m,t)f(Q x)erfc<2m>+<2 ﬂ_+2@)e

Section 17.4.1

17411 \/7g'(r), \Fa(r), if'(r), and \7f(r) are bounded as r — oo, where g(r) = Af(r) = + o [+ % ()],

“rdrldr
and also that lim, ¢+ |g'(r)| < oo, lim, o+ |g(r)| < oo, lim, o+ | f'(7)] < oo, and lim,_,o+ |f(r)| < co.

coz [* 1 / 24+
17.4.1.3. ¢(r,2) = fm/.o 16 Q—% (T) d

B 1 [} T§ . T2+§2 7,2_'_52
17.4.1.5. w(r,t)—E-/O Jo (2—&>~<sm< 15t )f(&) + cos( 150 )M&))&dé,

where f(r) = w(r,0) and h(r) £ Hg* [# Ho {%L;(T, 0)} ]
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Chapter 18

Nonlinear Ordinary Differential
Equations

Section 18.1.5

18.1.5.1. origin is a saddle point; curved solutions approach the line through [1 +/3]7 ast — oo and approach
the line through [—v3 1]¥ as t — —oc0

18.1.5.3. origin is a stable spiral point because eigenvalues are —1 =+ i2

18.1.5.5. I’'m sorry, this is the same problem as 18.1.5.3.

w

V3
1

18.1.5.7. general solution is x(t) = cie?

+ coe™ 2 [ } , where c;, co =arb. consts. A phase plane

1
V3

picture is in the figure.

Figure 18.1: Answer key for problem 18.1.5.7

18.1.5.9. (a) Hint: Use uniqueness of solutions of an ODE system [unfortunately, not seen until Theorem
18.21 in Section 18.7 but analogous to Theorem 3.6 in Section 3.2]

(b) z(t—2) 21— (hiz)z
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Section 18.2.3
18.2.3.1. (a) (z,y) = (0,0), (b) (x,y) = (0,0) is asymptotically stable

18.2.3.3. (a) (w1,22) = (0,0) and all points on the circle 23 4+ 23 = 1

(b) (#1,22) = (0,0) is asymptotically stable; all equilibria on the circle 27 + 23 = 1 are unstable.

18.2.3.5. (a) (z,y) = (0,0) and (2,4)

(b) (z,y) = (0,0) is an unstable equilibrium point; (z,y) = (2,4) is an unstable equilibrium point.

18.2.3.7. (a) (z,y) = (nm,0), where n is any integer

(b) (z,y) = (2km,0) are unstable equilibria; (z,y) = ((2¢ — 1)7,0) are asymptotically stable equilibria

18.2.3.9. (a) (2,9) = (0,0), (0,4), and ( % 5)

(b) (z,y) = (0,0) is unstable; (z,y) = (0,4) is asymptotically stable; (z,y) = ( - é, 5) is unstable

18.2.3.11. (a)xz[ 0 1

B ] x; (b) the only equilibrium point is at (x,y) = (0,0); (6,6) = (0,0) is

asymptotically stable if & > 0. If b = 0, we cannot use linearization to decide if the equilibrium point
(0,0) = (0,0) is stable or unstable.

18.2.3.13. (0,0,0) is asymptotically stable if 3 < 0; (0,0,0) is stable but not asymptotically stable if 8 = 0;
(0,0,0) is unstable if 8 >0

Section 18.3.3

x(t) cret
18.3.3.1. = , where ¢; and co are arbitrary constants. The phase plane
y(t) —2cie’ + cpe!

picture is shown in the figure.

18.3.3.3. Theorem 18.6 in Section 18.3 guarantees that the original, nonlinear system (x) has a 2r—periodic
solution x(t) that satisfies

z1(t) e 4 3e?t e 4 (3¢ + *)x3(s) + (e72 — *)sins

1 1 [
= Z X0 + Z/ ds
z2(t) —3e7% 43¢ 37 4 e O 1 (3e72% —3e?%)z3(s) + (e72° + 3e**)sins

Section 18.4.5

18.4.5.1. (a) V(z,y) = 2® + 3y is positive definite with respect to (0,0), (b) V(x,y) = sin® z + 3y? is positive
definite with respect to (m,0), (c) V(x,y) =2® + (y — 1)° is indefinite with respect to (0,1)

18.4.5.3. (z,y) = (0,0) is stable; but, we cannot decide whether or not (z,y) = (0,0) is asymptotically stable
without further information or theory
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CHAPTER 18. NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS p. 119

]

-

Figure 18.2: Answer key for problem18.3.3.1

18.4.5.5. x = 0 is asymptotically stable
18.4.5.7. for example, A = 2, B = 3 gives asymptotic stability of the origin
18.4.5.9. for example, A =5 and B =1 gives asymptotic stability of the origin

18.4.5.11. Using the given (Liapunov) function we see that the origin is unstable. The linearization does not
give a conclusion about the stability of the original, nonlinear system of ODEs.

18.4.5.13. (z,y) = (0,0) is unstable.

[ 3 1
2 2

18.4.5.15. V(x) 2 x” x

1
2

=

Gl
-
=]

18.4.5.17. V(x) 2 x7 b

-
o’:"“
-
15y

18.4.5.19. Note the change on the Errata webpage. For o > 0, the origin is unstable; for a < 0, the origin is
asymptotically stable; for a = 0, the origin is stable but not asymptotically stable.

OH
q= op
18.4.5.21. IT[(C[7 p) = % (k)1+k2)q1—k}2(J1qg+% (k2+/€3)q2 27111 p1 {‘727,112 D2 giVBS Hamiltonian system
S 6H
p — 79

where q =[q1 @)%, p=[p1 p2)?, and (z1,21,41,42) = (0,0,0,0) is stable in R*

Section 18.5.2

18.5.2.1. 0 is asymptotically stable
18.5.2.3. 0 is asymptotically stable
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18.5.2.5. S 2 {(y,v) : T = M}, the set consisting of all of the equilibria, is asymptotically stable for the
system of Example 5.8 in Section 5.2.

Section 18.6.5

18.6.5.1. 22 4+ 4* =1 gives a stable limit cycle and z? + 3* = 4 gives an unstable limit cycle

Figure 18.3: Answer key for problem18.6.5.1

Figure 18.4: Answer key for problem18.6.5.1: Phase plane picture

18.6.5.3. r =1In2 is a stable limit cycle and there is no other limit cycle

Figure 18.5: Answer key for problem18.6.5.3

18.6.5.7. (b) Hint: Use the Levinson-Smith Theorem, that is, Theorem 18.16 in Section 18.6.
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CHAPTER 18. NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS p. 121

Figure 18.6: Answer key for problem18.6.5.3: Phase plane picture

18.6.5.9. Note that 0.01z has been changed to = on the Errata webpage. Use the Levinson-Smith Theorem,
that is, Theorem 18.16 in Section 18.6.

18.6.5.13. In fact, there is no limit cycle for any value of 3. But, there is a change in the nature of solutions,
that is, a bifurcation, at 8 = 0.

T T 7
@ ]
8<0 B =0 8 >0

Figure 18.7: Answer key for problem18.6.5.13: Phase line pictures for 7+ = 573 as \ varies

Section 18.7.2

18.7.2.1 yi(t) =1, 42(t) = 1+ (t=2), y3(t) = 1+ (t = 2) + 5(t = 2)%, ya(t) = 1+ (¢ = 2) + 5, (t = 2)* + 5 (t - 2)°.
Guess yp(t) = 1+ (t = 2) + 5 (t =2)* + 5 (¢t = 2)° + ... + g2qy; (¢ —2)* 71, and then guess yoo(t) = 1+ (¢ — 2) +
2 (=27 +..+ 5 (t—2)"+..=e"?=y(t), the exact solution of the IVP.
1 1 1—5t° 1— 4
18723 x(t) = | ] xa (1) [ i } . xs(t) [ 2 ] C o= L |
1-124 Lyt L= g2+ it o+ ()2 i
x5(t) = . Guess that for k = odd, xi(t) = ,
—t+ 5t —t4 g 4 ()Y
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T— 3824 it 4+ ()PP 2
and for k = even, x(t) = . This suggests
St A ()M g £

L= 82+ it 4+ (=) g £+
Xoo(t) = , which equals x(t) = [

—t+ 5t 4.+ (—1)‘@ 2

cost

. } , the exact solution of the
—sint

IVP system.

18.7.2.5. (a) Hint: Use the Fundamental Theorem of Calculus, that is, Theorem 7.4(b) in Section 7.1

(b) Hint: Take the Take the derivative with respect to t of both sides and use the Fundamental Theorem of
Calculus, that is, Theorem 7.4(a) in Section 7.1.

18.7.2.7. x(tit1,x1) = 4%, V() 2 (%x(t;tl,xl) =elimh)A
1

18.7.2.9. Note the changes on the Errata webpage.

acos(VAt) + bAT 2 sin(vAt)
(a) x(t; ) = , where a,b = constants
—aXY%sin(v/At) + beos(vVAt)

—aX'/? sin(v/At) + beos(VAt) bsin(v/At)
(b) z(t;\) = $t-A7"- A
—aXcos(VAt) — bAYZsin(vV/\t) arsin(v/At)

—aAYZsin(vVAt) + DA 2 sin(vV/ 1 t)
(c) z(t;\) = Az(t; \) + A7
a2 sin(vV/At) — 2aX cos(VAt) — bAY 2 sin(v/ X t)

™

18.7.2.11. (a) 6 =%, (b) Picard’s Theorem 3.6 in Section 3.2 guarantees the existence and uniqueness of a
solution on some open time interval, (c) @ is any positive number strictly less than %, which is much less
than ¢

Section 18.9

18.9.3.1. A=a+be M2 4 ce ™

18.9.3.3. det(\[ — A —e" " B) =0
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