Special Functions

oo
1. Gamma Function. I'(z) = / et t*~1dt, R{z} > 0. Therecursion formulais:
0
T(z+1) = 2T(z).
Some specia values are:
1.(n+1)=n! ifn=0,1,2,...,where0! =1,
2IT(1) =1, T(2)=1, I'R)=2, I'(})=vm T(2)=vn/2

1-3-5---(2n—1
3.l (n+13) = zn(” )\/7?:\2/—5(27%1)!!, n=12,...,
_1TL27L 277,
4T (=D VR () VT

T 1.35--(n—1) (2n— I

5 U(p+n+3) (47 —12) (4p* = 3%) ... [4p> — (2n — 1)?]
T-n+y) 2 |

2. Incomplete Gamma Functions. Some definitions are;

1 xT
1. P(a,x) = T(a) /0 e 't tdt, R{a} >0,

2.v(a,z) = P(a,z)T'(a) = / et tat, R{a} >0,
0

3.T(a,z2) =T(a) — y(a,z) = /00 et tdt, R{a} > 0.
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Special cases:

RO

1.7(1+n,x):n![1—e Zﬁ}’ n=20,1,...,
k=0

n xk
2.T(1+n,x)=nle™® o 0,1,...,

k=0

n—1
D" [ . v K

3.0(=n,z) = ~—7— |Bi(-z) — ¢ Z(_UW, n=1,2....

Relationship with other functions:
1.T(0,z) = —Ei(—x),

3. Logarithmic Derivative of the Gamma Function. The Euler psi functionis
defined as

d S 1 1
— InT(2) = — E — —-1,-2,...

where . isthe Euler constant (defined below in §4). Theintegral representations are:

dInT © femt et
1.¢(z):1272(2):/0 (BT_le—et) dt, R{z} > 0.

2.45(2) = /OOO {e_t - #} @ w0,

(1+t)=) ¢’

1 e tdt
3.w(z):1nz—z—2/0 RSk R{z} > 0.

L7 t>—1

oo
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0 1 1
8. =1 Ttz
»(2) nz—i—/o e [t =

Series representations are;

dt, R{z} >0.

= 1 1 1 =1
1.¢(x)_—%—l§)(x+k k+1>_% PPy
2w(x):1nx—2{n—ln(l+ﬁ)]

k=0

3-¢<x>:—%+%<m—1>—<f—”,;<ki1—xik)

Some parti cular values are

Lap(1
1
(§> —Ye — 2 In 2 ~ —1.963510026.
L =~ 1
3.9 5 ) —’Ye+2[22]€_1_1n2]'
k=1
1 m
4.9 1 = —, —5—31112
3 s
)= _ — —31n 2.
1 ’Ye+2 3 In

o
<

o
<
AN TN TN N /N
~— ~— ~— ~—
||

1 3
/= —2mas.
\/; 3
1 3
- S _2mas.
\/; o n3

- % ~ 1.644934066848.

1 2
9.4/ (5) =T~ 4.9348022005.
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1 w2 a 1
By (z-n)=" 44y ——
v (2 ”) 2 T g;(Qk—-UQ

4. Euler’s constant . (usually denoted by  ):
1.79. = —1(1) = 0.57721566490.

Some integral representations are:

1.7, = —/ e~ 1n tdt.
0

! 1
2.% = —/ In (ln —) dt.
0 t

1 oo —t
dt
9.%:/ (1_e—t)__/ .
0 t 11

It has the asymptotic expansion

n—1

1 1

1

1

1
Ve = ——lnn+ —+
k=1

on T 1202 1200t T 25200
Baopqo

©240n8

0

2(r + 1) n2r+2’

By, 1
2r n2r

0<f<1.
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5. The Function ((z) isdefined by

6@0:;[w<$§1>—w(§ﬂ.

Integral representations are:

1,2—1
1.5(95):/0 Ltdt, R{z} > 0.

[ee] efzvt

3. 5<$+1> _/Oo e dt, Rz} > 1.
0

cosht

Series representations are:

o 1)k
1ﬁ(m)zz( D —z ¢ N.

P oerk

2.6(0) = Y : rgN

PBlx) = , — .

prd (x4 2k)(x+2k+1)
1 k! 1

3. == —, —z¢&N.

Bl 2’;):17(z+1) e °f

4.8(z +1) 1n2+z R —277) ¢k + D2k, |zl < 1.
5.8(z+1) = 1n2—1+i—L+L—i [1—(1-272)¢(2k +1)] 2

2r 2sinmx 1 — 22 =
O<|z|<2;z#4p+1l.
( ) _
dxnﬁn nlzx+k’”+17 LL’%N
Representation in the form of afinite sum are:
[(n—1)/2]
2k +1 2k +1
15( ) QL_ cosu lnsinu7
Sin =0 n
n=23...m=12 ... ,n—1.
k+n+1

2.6(n) = (-1 "+11n2+z
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6. Beta Function B(z,y) isdefined by the following integral representation:

1
B(z,y) = / t" N1 —t)vtat
0

= 2/1 21—y tdt, R{x}} >0, R{y}} > 0.
0

Other definitions are:

/2
1.B(z, y) = 2/ sin?*~t 9 cos?¥ ™ 0do, R{z} >0, R{y} > 0.
0

00 tx—l 0 t2;c—1
2.B = ———dt =2 _— .
@)= [ grmmit=2] e Re) >0 R >0

1 1 + t)2171(1 _ t)nyl
3.B _ gz [
(-77, Z/) [1 (1 +t2)m+y

1,2—-1 —1 0o yr—1 —1
t tY t v
4.B(a;,y):/ édt:/ g, R} > 0, R{y} > 0.
0 1

dt, R{z} >0, R{y} > 0.

(14 ¢)*ty (14 t)=+v
5.Be) = ey ) 1040700 k0 a0

R{z} >0, R{y} > 0.

1t171 1—1¢ y—1
6.B (x, y)zzy(1+z)””/ ¥dt,

o (t+z)rtv
R{z} >0, R{y} >0, 0} >z} > -1, R{(z+y) < 1L

/2 cos20=1 9 sin2¥~ 1 g
7.B =2V (14 2)°
(@, y)=2"(1+2) /0 (2 + cos? 0)7+v

R{xz} >0, R{y} >0, 0} >z} > -1, R{(z+y) <1,
1 ! . 1 Y-t
8.B (SU, l‘) = W/O\ (1 — Tf2) ! dt = 22m71/0 ( \/% dt.

°° cosh 2yt
9.B(z+vy,xz— :41*3”/
@ty v) o cosh® ¢

dae,

dt, R{z} > |®R{y|, R{z} > 0.

1
108 (1) = z/ (1= )1V dt, R{z} >0, ®Ry/2} > 0, R{z} > 0.
0

The series representations are:

I e 1. (y—n)
1.B(z, y) = ZO( "y @+ n) , y>0.

(2k—-11 1
28 (5 3) =2 o syt
k=1
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Functional relations involving the beta function are;

1.B (z, y):%:B(y, x).

2.B(z,y)B(x+y, 2) =B(y, 2) B(y+ z, ).

1 n+m-—1 n+m-—1
6.———=m =n , m,n € N.
B (n, m) n—1 m—1
7. Incomplete Beta Function B, (p, q) isdefined by

z 4
B.(p, q) :/ N1 =) dt = %zFl(p, 1—qp+1; ).
0

8. Bernoulli Numbers. The Bernoulli numbers B,, represent the coefficients of
t" /n! in the expansion of the function

t o, 1"
ef——l:nz::OBnﬁ’ 0<|t‘<271’,

and the function — 1 isagenerating function for the Bernoulli numbers. These numbers
et —

have the following integral representations:

oo 2n—1
1. By, = (—1)"_14n/ ’
0

mdfﬁ, 7121,27....

_(_1\n—1_—2n > xZn _
2. By, = (—=1)"" ' ———dz, n=12,....
o sinh® z
2n(1 — 2n)
T

The Bernoulli numbers have the following properties:

3. By = (-1)*7" / 2 2In(l — e ™) dz, n=12,....
0

n—1
By,
Bp=-nly — 5 >0
nkzzok!(nJrlfk)! "=

All the Bernoulli numbers are rational numbers; those with odd index are equal to zero
except that By = —3. Thus, Bz, 11 = 0forn € N, and

n—1

1 1 n2n—1)...2n —k+2
3 ( ) ( )

2 (2k)!

By = ————
2 i+l 2

B%*  p>1.

k=1
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9. Bernoulli Polynomials B, (z) are defined by

B,(z) = z": (Z) Bk,

k=0
The generating function is

ext

> tnfl
=S o< <o

These polynomials have the following series representations:

nl o= cos (27Tkx — l?T’I’L)
1. B, = -2 2 <z<1ly;n=12,...
(I) (27’[‘)”2 kn ’ 0 B (]
k=1
(—1)"2(2n — 1)! g~ sin 2k
2 B2n71(x) =2 (Qﬁ)2n71 L2n—1 ° 0<z<1;n=12
k=1
(=1)""12(2n)! = cos 2k
3. Boy () = o 5 0<z<Lin=12...
(2m) Pt k
These polynomials have the following properties:
n—1
1. Bp4i(n) =B+ (m+1)> k™, mneN.
k=1

2. Bu(z+1)— B,(z) =na" L.
3. Bl (x)=nB,_1(z), n=12,....
4. B,(1—=x)
5 (=1)"B,(~x) = Bp(z) +na™"', n=0,1,....
For odd n, the differences B,,(z) — B, valnish ontheinterval [0, 1] only at the points 0, 3 ,

and 1. They change sign at the point z = 3. For evenn, these differences vanish at the end

pointsof theinterval [0, 1], and insidethisinterval they do not change sign and their greatest
absolutevalueoccursat thepoint % . Thepolynomials By, (x)— Bz, and Ba,12(2)—Bapt2
have opposite signsin the interval (0, 1) Some special values are asfollows:

1.Bi(x) =2~ 3

4.By(z) = 2" — 22 + 2% — &,
5.B5(x)=x5—gx4—|—%x3—

Some particular values are:

1
63).
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B,(0) = B,, Bi(l)=-B; =3, adB,(1) =B, forn#1.

10. Fresnel Integrals C(z) and S(z) are defined by

C(w):/oxcos(2 )dt S(x)z/omsin(gﬂ)dt.

Their series representations are

_ = ( )7L<7r/2)2n An+1
Clw) = Z(Qn) ldn+1) " "

_ ™ 2) = (=1 dn41 (ﬁ 2) o (=rantt 4n+3
_C°S<2x Zl-3---(4n—|—1)x g ;1-3---(4n+3)x ’

2 2n+1
Z "(m/2) pAn+3
—~ 2n—|—1 ) (4n + 3)
(_1)n7.r2n+1

i (T 2 - (=) an+1 T 2 — 4n+3
_Sm(zx );1-3~-~(4n+1)x Cos(zm );1-3~-~(4n+3)x '
Other relations are:
C(—z)=—-C(z), S(—z)=-S(x), Clz)=iC(x), S(z)=—-iS(x),

11. Young’s Function C,(z) is defined by

v s n u+2n

Fi(1; 154 Fi(1; 1; —i
[1 1(7V+7Za)+1 1(7I/+7 ’l’a‘ Z +2n+1)

a

Cy(a) = PNOES)]

12. Sine and Cosine Integrals Si(z) and Ci(z) are defined, respectively, by

t t
Si(:c):f/ %dt T4 Si(e), wheresSi(x /Sm
cost Tecost —1

Ci(x):—/ —dt= 'ye—i—lnx—i—/ dt.
T t 0 t

Other results are:

oo t
1. Si(zy) = —/ SH; Y at.

2. Ci(xy) = —/ Coity dt.

/2
3. Si(z) = f/ e T <t cos(x sint) dt.
0
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. B o0 (—1)k+1g2k=1
4 Si(r) = =5+ kz::l(% k-1

I2k

5. Ci(z) =7 +Inz + Z(—l)km.
k=1 ’

6. Ci(x) £ Si(z) = Ei(Liz).

7. Ci(z) — Ci(ze*™) = Fmi.

8. Si(z) + Si(—=z) = —m.

—z tan ) Incos 6

9. [Ci(x)]? + [Si (2)]? = —2 /O * exp( a9, R{z} > 0.

sin @ cos @

13. Hyperbolic Sine and Hyperbolic Cosine Integrals shi(x) and chi(z) are
defined, respectively by

shiz — /O Smtht dt = —i [ 2 +5i(ix),

. *cosht —1
Chlx:’ye—i—lnx—i—/ %dt.
0

14. Parabolic Cylinder Functions D, (z) are defined by

_ 9p/2,—%%/4 VT oL 127\ Vome ® l-p 3 2
1_ ) ) P ) b .
r(5e \ 22 2) 1) 2 "2 2

Their integral representations are:

1 . 2 o 0
1. Dp(Z) = 72P+1/2671p7r/2 e? /4 :L.Pe*Qw +2ixz d(E,

VT oo
R{p} > —1; arga® =i pr for z < 0.
6—22/4

['(—p)

(o)
2. D,(2) = /0 e " e 2= gy R{p} <O.

3. Dy(z) = e+l 6722/4/ e 2yl g arg (—t)| < .

2 00

P (=1+4)
4. Dy(z) = 2@_1)/2M/ e 1L+ 1)1 - )P 2

(s 0o

|arg 2| < %; |arg(1+1¢)| < .
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1 2/ +ioo t p 3 . .
5.Dp(2) = —e "/ / rf--=< |arg z| < 1T p isnot apositive integer.
1

2

—1 00

6. Dy(z) = i.e—zz/‘*/(o_)—F (3 —§) D) (V)i 2t dt,

271 0o F(—p)
for all values of arg z, where the contours encircle the poles of the function I'(—t¢) but not
those of the function F(% - ]2—)) If |z] > 1, |z| > |p|, then the asymptotic expansions
are given by
—2? pp—1)  plp—1)(p—2)(p -3
1.D,(z) ~e /4zp(1 (222 )+ ( );424)( )>,
|arg 2| < %77,
—2° pp—1) plp—1)p—2)p—3
2'DP(Z)N€ /4P (1_ (22’2 )+ ( )5,424)( )—>
_ V2T i 2t (4 (p+1)(p+2) n (p+D+2)p+3)(p+4)
I'(—p) 222 2424
T<a < >
1 Ig 2 471'.
—2? pp—1)  plp—1)p—2)p—-3
3.Dp(z) ~e /421’(1— (2Z2 ) 2 );424)( )—...>

222 2424
T

4

T(-p)
> arg z > %Tl’.

Connections with other functions are given by

1. D, (z) = —27 /2 e=% /4 H, (i>
(2) 7

2.D_1(2) = & /4 \/Z {1 ) (\;’5)]

3. D g(z) = /4 5{ g_{l_q)(ﬁ)]}

15. Euler Numbers FE,, arethe coefficients of ¢ /n! in the expansion of the function

= t" us
sech t = ZE"E’ [t] < 5
n=0
Thefunction sech ¢ isagenerating function for the Euler numbers. A recursion formulais:

(E+)M 4 (E-1DM =0 n>1, FE =1

V2T ipr 24— <1+ p+DP+2)  p+DE+2)E+3)(p+4)

).

).
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Properties of the Euler numbers are: (i) They are integers; (ii) The Euler numbers of
odd index are equa to zero, and the signs of two adjacent numbers of even indices are
opposite, that is, Eop,+1 = 0, Ey4p > 0, Ey4nq2 < 0;and (iii) If «, 87, ... arethedivisors
of the number n — m, the difference E,,, — Es,, is divisible by those of the numbers
2a0+1,284+1,2y+1,... , that are primes.

Euler numbers are connected to the Bernoulli numbers by the following relations:

(4B — 1)"l(4B — 3)I7

L E, 1 +4(-1)"(3" '-1)B, = +4(-1)"H (3" 1) By.

2n
1)
9. B, = MEXD" 7oy
2n(2n — 1)
3. (B+ 1) = 4=l (9n 4 1)Ey,, n>0,

Some Euler numbers are;

Ey=1, BEy=-1, Ey =5, FEg¢=-61, Egs=1385 FEj9=—50521, Ej,=
2702765,

Eyy = —199360981, FE ¢ = 19391512145, Ej;3 = —2404879675441, Ey =
370371188237525.

Bernoulli and Euler numbers of odd index (with the exception of B; ) are equal to zero.
16. Elliptic Integrals

The following three integrals

/\/(1 - x;)k(vl / 11_—k§3§2 ’ /(1 - nxQ)\/(ld—sz)(l — k222

are, respectively, called the ellzptzc integrals of the first, second, and third kind inthe
Legendrenormal form. Using thesubstitution x = sin (, theseellipticintegralsarereduced
to the trigonometric form:

' d
/—90, /\/17]'{72&;111 pdp, / dp ,
1 —k2sin? ¢ 1 —n sin® @)y/1 — k2sin? ¢

respectively. Elliptic integrals from 0 to 1 in the former definition, or from 0 to /2 in the
latter definition, are called complete elliptic integrals.

Thefollowing notationisused: Ap = /1 — k2sin? ; k' =+/1—k2; k> <1.

ELLIPTIC INTEGRAL OF THE FIRST KIND F(yp, k) isdefined by
B /@ o _ /Sm"” dx
0 Vi—k2sin2a Jo 1 —a?)(1-k%?)

ELLIPTIC INTEGRAL OF THE SECOND KIND E(p, k) isdefined by
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® sing 1 2,2
k):/ V1 - k2sin? ada = Vo gy
0

0 V1 — 2
ELLipTIC INTEGRAL OF THE THIRD KIND II(y, n, k) is defined by

do f;inip dz

e b :/0 (1= nsin a)V/1—k2sin?a  (1—na?)y/(1—22)(1 — K2a2)

17. Complete Elliptic Integrals are defined by
_ E oyl
1. K(k) _F<2, k) = K'(K).

2. B(k) :E(g

/ _ T _ /
3.K(l~c)_F(2,k) K(K).
/ _ T _ ’
4.E(k)_E<2,k:) E(K).
Often the modulus & is omitted and we write

K(=K(k)), K (=K'(k)), E(=E(k)), E (=E[(k)). The seriesrepresen-
tations are as follows:

2 2 2
G 1\? , [(1-3\° , (2n—111% . IS T B
1.K_2{1+(2>k+<2.4) K+ +[ o | K =5F (5 5 L#).
T IN?/1-KY (13 /1-kY (2n— D2 [1— K"

2K=— "1+ (5) (+— 5 ) v )

1+k’{ +(2> <1+k’) +<2-4> <1+k’)+ J{ 2l ] <1+k’> "

™ 1 12.3 (2n— 1N k2 ™ 11
3 E=2J1- k- - — e =SF (=5 i R

2{ 22 22 42 [ 2nn) } 2n — 1 2 22"

(1+K)m 1 (1-K\> 12 [1-K\* (2n =372 (1 —K\*"
4 E=~—~""/" 14—
4 +22 1+ K +22-42 1+ K tot 2nn! 14+ K +

Other relations are:
L, E(k)K'(k) + E'(k)K(k) — K(k)K'(k) =

1K 1+ K
2. K = K(k).
<1+k’> 2 (k)

k) = E'(K).

T
2

1—F
3. E

(
(2

> T k:’ [E(k) + K'K(k)].

) = (1+ k)K(k).
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5 E <M> = H%[QE(k) — K?K(k)).

y
6. K (z g) — KK(K), S{k)} <0,
7.K' (z ﬁ) — KIK(K) —iK(K)], S{k} <o0.

k
8. K <—> — k[K(k) +iK'(k)], S{k}<o0.

Some specia values are:

(o) x () (0) 5[ e e )
2. K'(V2—1) = V2K(V2 - 1).
3.K’(sm—)=\/§ (sm—)

K
1 (1 T) =10 (202 ()

18. Ei(—x) = —x/ e Intdt, x>0.
1

Note the following two approximate values:
1. Ei(—1) =~ —0.219383934395520273665.
2. Ei(1) ~ 1.895117816355936755478.

18. Anger Function J,(z) and Weber Functions E,(z) are defined by

1 us
J.(2) = —/0 cos(v — zsin 6)db.

s

1 s

E,(z) = —/ sin(vf — zsin 6)d6.
™Jo

Their series representations are:

VT (=) (/2"
ZF(

1.3, () = cos =
(=) Y T+ 14T (n+1-1v)

T (—1)" (z/2)*" !
P L E ) (-1

- un 0o (_1)n( /2)2n
2B = ) F (7 T )
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v
_COSTT;JF(n+é+%y)F(n+ SoLy
Their functiona relations are given by

1.2 (2) =J,_1(2) = Jui1(2).

2.2E,(2) =E,_1(2) —E,;1(2).

3.J,1(2) + J41(2) = 202713, (2) — 2(72) "L sin(vn).

4.E, 1(2) +E,1(2) = 2027 'E, (2) — 2(72) (1 — cosvm),

and their asymptotic expansions by

. p—1 14v —v
sin v F(”JF )F(”JF*) -2
L3,(:) = 2u(2) 4 S0 [ e L 2 2
= X rE) ()
p—1 1 1
B F(n—l—l—i——u)F(n—l—l——V) o o
2p\ _ _1\no2n 2 2 2n—1 2p—1
+0 (|2|7%7) y;( 1)"2 P )T (1 L z +10 (|2| )}

2. EV(Z) = _Yu(z)

1+ cos(vm) rz_i(—l)ngznr (nt+ =)L (n+ 1;/)[2” +0 (|27%)
1+v 1—v
2

LR L (59)r(45%)
p—1 1 _1
_V(l—COSVﬂ') Z(_l)n22nr(n+1+ ?V)F(n+} 2’/) Z_Qn_l—i-O(lZ‘_Zp_l)
2T = F(1+§V)F(1— SV

19. Exponential Elliptic Function Ei(z) is defined by
ooe—t x Gt
l.Ei(x):—/ —dt:/ Tdtzli(ez), z <0.

t

—T — 00

—€ e—t oS} e—t z et
€= x € —o0

3. Ei(z) — %{Ei(m +i0) £ Ei(z —i0)}, @>0.

—t 1
€ dt,
¢
x

e tIntdt, z>0.

x>0

4. Ei(—z) = 7. +lnx+/
0

:'ye—l—e_’”lnx—i—/
0

oo —t
5. Ei(z) =¢€” F +/ (eidt} , with adivergent integral.
0

x x —t)?



16

by

SPECIAL FUNCTIONS

6. Ei(—x)=e7" {_EJF/OOO(e—i], x> 0.

x x +1)2

1
dt
. Ei(£x) = +e** :
7. Ei(£x) e /Oszlnt’ x>0
DOe—aft
8. Ei(+x :ieiw/ ——dt, R{y} >0, z>0.
(£zy) ey {y}
oo —it
9. Ei(:l:x):—eiw/ c dt, = >0.
o txiz
1 ty—l
7. Ei ="
(zy) = ¢ /0x+1nt
1 4y—1
n
10. Ei(— =—e dt
o= [ o

1 z—1
t
=g lemy _dt—q ! >0 > 0.
voe Uo<y—1nt>2 O A

. < 1 dt
11. El(m):ez/ ——, z>0.
1 x—Intt?

i <1 dt
12. EI(—x)z—e‘x/ ——, z>0.
1 x+Int 2
. <t t int
13. EI(—x)z—e_w/ wdt, x> 0.
0 t“+x

. <t t—xsint
14. Ei(—x) = —e_x/ —COS2 x;ln dt, x <O0.
0 t°+x

. 2 [ t t

15. EI(—:U):—/ ﬂaurctan—dt, R{z} > 0.
T Jo t T

. 2e% [ t—tsint

16. Ei(—z) = -* / T T ntat, a0
T Jo 12 + a2

. 2e* [ t+1tsint

17.Ei(2) =2 — — [ ZCSTEISE 0w s
T Jo 2 + 22

20. Error Function erf(z), the Fresnel Integrals S(z) and C(x) aredefined

2 x
1. erf(z) = 7/ et dt.
m™Jo
2 x

3.C(x) = \/%/0 cos t? dt.
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The function erf(x) is aso known as the probability integral. The complementary error
function is defined by erfc( ) =1 — erf(z). Their integral representations are;

1. erf(x \/>/ \[
1 2 int

2.9(z) = — — dt.
(33) \/27‘(‘ 0 \/E
1 ?* cost
3.C(x) = — —
=7l Vi

2 z 2,2
4. erf(zy) = \/—y_/ e Y dt.
5.5(zy) = \/_/ sin(t?y?) dt.
6.C(zy) = \ﬁ/ cos(t*y?) dt.

7 f( ) 1 2 —a%y? Ooe_tzyztydt §R{ 2} -0
.erf(zy) =1 — —e —_——,
Y VT R e Y
2 2 2 Ooeftngtydt
=1——e "7 ) s 2 > 0.
N -
Their series representations are given by
s 2k—1 2 5 s 2kx2k+l
cerf(z) =S (—Dl T 2 52T
Lef(@) =) ()" =y = 5 ¢ 2k + 1)1l
k=1 k=0
2
:ﬁexxlFl( %,’Eg)
> k 4k+3
kz 2k+ 1 )N (4k + 3)
9 k22k 4k+1 k22k+1 4k+3
sinx Z 4]€+ — COS X Z 4]€+3 ”

( )k 4k+1

3-Cla) = fz(gk) @k + 1)

22k+1 4k+3

) s 22k 4k+1
smxz 4k+3" + cosx Z 4k—|—1” .

Asymptotic expansions for theﬁe functions are:
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erf(z) =1— % [Z(_l)k% + O(|Z|—2n—2)] ’
k=0

z — 00, |arg—z)| < m—6; 6 > 0small,

T (n+3) i0 2 2
where ‘R7L|<WCOS§,1‘=‘.I|6 ,andg* < 7=,
1 1 1
S(x)==— cosx2+0<>, T — 00.
@) 2 27z x?
1 1 1
Cx)==+ sinx2+0<—>, T — Q.
(@) 2 \2nx x?

The following relations hold:

1.C(2) +i5(z) = \/;I) (%) = \/%_ﬁ/o eit” dt.

2.C(z) —iS(z) = %@(z i) = \/%/Oze_”z dt.

1 2 [

3. [cos u?C (u) + sinu?S(u)] = 5[005 u? + sinu?] + \/j/ e 2" sint? dt,
TJo
R{u} > 0.

2 2 1 2 o2 2 [ ou 2

4. [cosu”S(u) —sinu“C(u)] = i[cosu —sinu] — 4/ — e cost® dt,
TJo
R{u} > 0.

7/2 2 in ©+/cos @
2 a2 2 exp(—2z*tan @) sin 5v/cos
5. [0@) 47 + [S() - 3)° = 2 /0 ok 0.

21. Meijer’s G-Function isdefined by

[IT(b; — ) TIT(1 —a; +s)
j=1 j=1 s
z°ds,

o A1y .. ,0p 1
G =
P.a (” bl,...7bq) 2m‘/ g 7
[T TA=0b;+s) I T(a;—s)
j=m+1 j=n+1
0<m<gq, 0<n<p,
such that the poles of I'(b; — s) do not coincide with those of I'(1 — ay, + s) for any j and
k(j=1,...,m;k=1,...,n). Thefollowing notations are also used:

G (a: > G(z),  Gla).

Thefunction G}." (x Z) isanalytic with respect to x ; it is symmetric with respect to the
parametersay, . .. , a, and alsowithrespectto an41,...,ap 5 b1,... , by bg1, ..., by

Qr

bs
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If notwo b; (for j = 1,2,...,n) differ by an integer, then either p < g or p = ¢ and
|x] < 1,and

m

I1'r@ b)) [T T+ bk —ay)

mn QA _ . Jj=1 b
G (z bs> B Z q P "
k=1 'T(1+b; —b;) [['T(a;—br)
j=m+1 j=n+1
XpFyo1[1+ bk —ar,... ., 1+by —ap; 14+by—by,...... ko 1+ by —

bg; (—1)P7mm :c] ,

where ] denotes the omission of the product when j = k; and the asterisk in the argument
of the function ,F;,_; denotes the omission of the k-th parameter. If no two a; (for
k=1,2,... ,n)differ by aninteger, theng < por ¢ = pand |z| > 1, and

m

I Tlar—ap) ] T®; — ar + 1)

(078 _ = j=1 j=1 ap—1
bs> - Z D q z
F=UTT Ty —aw+1) J] Tlax —b;)

j=n+1 j=m+1

X qFp—1 [H—bl—ak, ooy Ibg—ak; 14+ar—ag, ... %, ... 1+ap—ag; (1) .1‘71].

Goy" (x

22. Catalan’s Constant G = ;; ﬁ ~ 0.915965594.

23. Struve functions H,(z) and L,(z) are defined by

(2/2)2m+11+1

(m—l—%)f‘(u—i—m-&-%)'

H,(:) = ()"

m=0
F(m—i—%)l"(u—i—m-&-%)'

L.(2) = _jemivm/2 H, (Zeiw/Q) _ i

m=0

Their integral representations are:

_ 262" [T ez
HV(Z)_\/EF(Z/-F%)/O (1-1t%) sin zt dt
2 v /2
= %/@ sin(z cos 6) (sin6)*df, R{v} > —1i.
P v /2
L.(z) = %/0 sinh(z cos0)(sin0)**df, R{v} > —1.

Some special cases of these functions are:
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[(n—1)/2] n—2m—1
1L H(2) = L(m+3)(/2) _En(2), n=12,....
r (n + % — m)

2|

1 [(n—1)/2] r (n —m— %) (2/2)7n+2m+1

_ n+1 _
2.H p(2) = (-1)""'— mz::() O E_,.(2),
n=12,....
LT (m+3) (2/2)_27""”1_1/2
S'Hn-‘rl/Q( )_Yn+1/2(z)+;z F(n+1—m) ) n_0717""

>

N
z 2 2 . CoS 2
7. Hg/s(2) = 1/% <1+ ,22> “\ (sszr ; )

Their functional relations are:

1L.H,(2¢"™) = UMY (2), m=1,2,3,....

2 L (o)) = 2B ),
3l @) =2 R+ )] e (o)

4.H, 1(2) + Hypa(2) = 202 ' Hy (2) + 712 (%)V [T (v+ %)]_1'

5.H, 1(2) — Hypa(2) = 2H, () — 2 (2) [P (v + )]

24. Bateman’s Function £, (z) isdefined by

2 7\'/2
ky(x)=— cos(z tan @ — v) df.
TJo

25. Lobachevskiy’s Function L(z) isdefined by

L(z) = —/ In cost dt.
0

A seriesrepresentation of thisfunctionis

k1 Sin 2kx
L(z)=21n2— 52(71) —7

k=1
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Some functional relationships are:

1. L(~z) = —L(z), —g <z<

0ol

2. L(m —x)=mIn2 — L(z).
3. L(r+x)=mIn2+ L(x).

|
4.L(x)—L(%—m):(x—%) 1n2——L(f—2x), O§x<%.

2 \2

26. Logarithm Integral li(z) isdefined by

T dt
li = — =Ei(l 1.
i(x) Tt i(lnz), z<

Other definitions are:

1—e T
dt dt
1 li(z) = lim_, a2 P Ei(lnz), z>1.
@) 0 {/0 Int Jr/Hslnt} (nz), =

2. li{exp(—ze*™)} = Ei(—ze®™) = Ei(2Fi0) = Ei(x)+ir = li(e®)+ir, = > 0.

This function has the following integral representations:

Inxz ¢ fe’%e)
. 1
1. II(J:):/ _et dt:xlnln——/ e tlntdt, [z <1].

— 00 T —Inz

2|i(x)_m/1L_i+m/lL_x/m;@ T <
’ ~ "Jo mz+Int  Inz o Inz+Int)2 "), Inz—Intt2’

. 1 roal

27. Whittaker Functions M, ,(z) and W) ,(z) are defined by
1
M ,(2) = 2tz /29 <,u - A+ 3 2u+1; z)
1 1
My _,.(z) = PRLAETRIRT ) (—,u — A+ 3 2u+1; z)

We also have the Whittaker function W), ,,(z) which holdsfor 2, = £1,42,...:

I'(—2p) L'(2p)
Wiau(2) = =My u(2) + =———=M) _,.(?).
)\,/() F(%—/J—)\) )x,;() F(%"’M_)\) A, u()
These functions have the integral representations:
M,y . (2) = b /1 (14)H7ATY2(Q ) HHAL/2 02/2 gy
P 22B (e A+ g p - A+ g) S ’

if theintegral converges. Other results are:
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1/2,-2/2  poo
LWy ,u(z) = M/ eTFH AT p)rA 2 gy
B 3)J0
R{p— A} > -4, |arg 2| < 5.
A, —2/2 oo ptA—1/2
oWy ()= T / g (14t “
) = T D : ’
R{p— A} > -1, |arg 2| < .
—2/2 oo (y — M (—u — (= 1
3 Wap(z) = & / (oM (zu—pt ) D(zutnts) oy,
: 2T ) ;o D(-A+pu+H)T(-A—p+3)

oo (o)
4. W1 /24u(2) = z“+1e_z/2/ (1+t)ye=tdt =24 62/2/ t2#Het dt,
0 z
R{z} > 0.

e t
5. Wi u(2)W_y u(z) = —x/ tanh 2’\5 {J2u(x sinh t) sin(p — \)7w
0

+Ya,(z sinh t) cos(p — N)mhdt,  [R{u}| — R{A} < §; > 0.

(2129)*1/2 exp [—%(zl + 22)]

6. WN’N(Zl)W)\,M(zﬂ = F(l — k- )\)

X/ efttfnf)\(zl + t)*l/TQJrH*H(ZQ +t)71/2+)\7#
0
1 1
X F §*I$+,LL, §—>\+u; 1—xk—An) dt,
_ t(zl +22+t) )
(Zl + t)(ZQ + t) ’
The series representations are:

2170, 20#£0, |arg 21| <, |arg zo| < m, R{c+A} < 1.

Z2k

Mo, (z) = pHH1/2 {1+kz_124kk1 (1 + 1)(M+2)...(u+k)}’

and the asymptotic representations are given by

For large values of |z| :

larg z| <7m—a <m;

For large values of |\[:

1
M) u(2) ~ ﬁf‘@u + AT o (2\/)\ — pr— iw).
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Also,
4z 1/4 -
LWy~ — <)\> e AMAIMA Gy (2\/)\ — AT — Z)
1/4
2. W*%M ~ (ﬁ) e)\—)\ In )\—2\/Az_

Theabovethreeformulasarevalidfor [A| > 1, || > |z], |\ > |u|, 2 #0, |arg /2| <
3r/4,and | arg A\| < 7/2; z, v redl.

28. Neumann’s Polynomials O,,(z) are defined by

L0,z = LS T m ot ayret
m=0

2.0_n(2) = (=1)"On(2), n>1.

3.00(2) = %

4.01(z) = 2—12

5.04(%) = % + %

In genera, O,,(z) is apolynomia in z~! of degree n + 1. The functional relations are
given by

1.0y(z) = —01(2).
2.20,,(2) = Op-1(2) — Opy1(2), n>1.

3.(n = 1)O0ps1(2) + (n+1)0,_1(2) — 227 (n?* = 1)0,(2) = 2nz~" (sinng)2 )

n > 1.

™

4.120,_1(2) — (n* = 1)0,(2) = (n — 1)20.(2) +n (Sinni)z.

5.120p41(2) — (n* = 1)0,(2) = —(n 4+ 1)20,(2) + n (sinng)Z.

The generating function is

1
z—=¢
and the integral representation is

= (€ + 23 a(E)0u(), el < 4,
n=1

du.

o= [T = VT

2zn+1
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29. Associated Legendre Functions of the first kind, Plga)(z), and of the second

kind, Q,(,O‘) (z), are single valued for R{z} > 1, and uniquely determined for z = . They
are defined, respectively, by

a/2
1 z+1 1—=z
P(O‘) = Fl = 1- 1—a

z+1

where arg T = 0 if z isreal and greater than 1; and
~—
oDy +a+1)T (1) )2 v+a+2 v+a+l
() — € 2 2 -1 / —u—a—lF .
Q" (2) QU+ (V+ %) (Z ) z D) ’ 9

v )
+2 22

where arg(22—1) = 0 when z isrea and greater than 1, and arg z = 0 when z isreal and positive.

For z = x red intheinterval [—1,1], set z = = = cos 6. Then

171, ,
Pl (z) = 3 [el /2 () (cos 0 4 i 0) + e 2™/ P{¥) (cos O — 20)}

a/2
1 14z 1—x
F(la)(lz) < pythiloay >

1 . ) .
Q,(ja)(x) _ 56_zaﬂ— [e—zaﬂ'/2 Qf,a)(fb +ZO) + ezaﬂ'/2 Ql(/a)(x _ 20)]

™
= ple) S QT —
2sin am { v (w) cos am

Fv+a+1)
VTR T ) pl-e) )
F'v—a+1) " (x)}

When o = +m isan integer, the following formulas are obtained by passing to the limit:

1QU () = (1)1 — 222 1 0 ().

dx™
2.Q (@) = ()" e Qo)

Thefunctions Q" (z) arenot defined when v + o isanegative integer. Hence, we exclude
v+a=-1,-2,-3,... for these formulas. For « = 0, we will denote P,EO)(x) and

,SO)(x) smply by P,(z) and Q,(x), respectively. Some special cases and particular
values are:

I'(v+m+1)(1—a?)m/?
2T (v —m + 1)m!
D(v+m+1)(22 —1)m/?
2mmIT (v —m + 1)

T (ot )

1—2x

1-P£m)($):(—1)m F(m—u,m+u+1;m+1;

1—2

2. P{™(z) = F(m—wm—%—u—&-l;m—kl;T).

3. QiLa_)l/Q(z) =

1
2n+%(n+1)| (22_1)#/27722: ® 3/2F( 2 ) 2
m/2 am

dl‘ m

4. Pi™(z) = (-1)™ (1 — 2?) P,(x).

u—l—n—&-% u—l—n—f—%.

)

n+ 2;

1
2

)
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mI(v—m+1)
7Pm
Fv4+m+1) " ()

=0 [
6. P{™(z) = (22 - 1) ’”/2/ / P,(2)(dz)™

QM) = (2 - 1) 0,0,

5. PC™ (@) = (~1)™

8.QU™(z) = (—)m (2-1)"" [ [ Q)

1
9. Péa)(cos 0) = Ti—a cot®

10. PV (cos ) = —

11. P{™(z) =0, P{™(z) =0 for m > n.

2
12. P12 (cosh hva,
v 1/2(COS @) = msinho oY

13. Pyl/lz/)2 cosf) \/7 cos 1.
14. p~ (/2 (cos6) / smy&
B ( 7r51n9
(1/2) /
15. @ 1/2 (cosha) 281nha

0
16. P{™")(cos ) = <s1n >
T(1+v)
1 sinh o
(=v) —
17. P.7")(cosh o) ) < 5 ) i
2&
18. P{*)(0) = VT

[ (5% +1)T (=22

AP (0)  2°*'sind (v + a)al (452 + 1)

19. =
dx \/_I‘(” g-i—l)
r u+oz+1)
20. Q(O‘)(O) -2~ 1\/%5111 (V+a)7rr V7a2+1)
2
sz(/a) (0) N T (V+a + 1)
21. = 2%/meos = (v +a)m - (u2—¢21+1) _
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30. Lommel functions s, ,(z) and S, ,(z) are defined by
o0 (_1)mzu+1+2m
[+ D7 — 7]+ 82 — 0] [ + 2m + 12 — 7]

Spuw(2)

b

u = v isnot anegative odd integer.
2. 8u(2) = 80(2) + [T (qu = 3v+3) T (Gu+ 3v + 3)]
o8 (31— v)7] J_u(2) — cos [3(n+ v)7] Ju(2)
sin v
ptv isapositive odd integer, v isan odd integer

= suu(2) + 270 (qu— v +3) T (Gu+3v +3)
x {sin [1(n —v)r] J, (2) — cos [$(pn — v)7] V. (2)},
u £ v isapositive odd integer, v isan integer

)

Integral representations are;

Spu(z) = g {Yy(z) /0 gy (2) dz — () /0 Zzﬂyu(z)dz}
s =2 (5) 0 (4 b )

w/2
X / T4 p—vy/2(28i00) (sin )11/ 2 (cos )" Tdf,  R{v +p+1} > 0.
0

Some special cases are:

1. Sl’gn(z) = ZOQn(Z)

2.50,2n+1(2) = 1 on+1(2)
1
3. S—l,?n(z) = %SQTL(Z)

4.502n+1(2) = 3 Sany1(2).
5. Su,v(z) =T (V + ;) 2”71\/%HD(Z).

6.5%1,(2) = [HV(Z) _ YV(Z)] 21/71\/77_11 (V n %)
Functional relations are as follows:

Lsyton(z) = 2" = [(p+1)% — V2] s,,.(2).
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2.5,,(2) + (g) Supv(2) = (p+v—1)s,_1,-1(2).
8.80,0(2) = (2) s (2) = (=¥ = D311 (2).

1 (22) su(2) = (04 v = Dsumrp1(2) = (0= v = Vo1 ()

5.28,,(2) = (4 v = )su101(2) + (1= v = Vs 1011 (2)-
Intheserelations s, ., (z) can bereplaced by S, ., (2).

31. Lommel Functions of Two Variables U,(w,z) and V, (w,z). These
functions are defined by
o0 w)u+2m

Un(w,2) = Y (-1 (%

2 Ju+2m,(z)-

m=0
1 22
Vo (w, z) = cos 5w + - +ur )| +U_pp2(w,2).
Some of their particular values are;
1.Uo(z,2) = Vio(2,2) = & {Jo(z) + cos z}.

2.Ui(z,2) = —Vi(z,2) = § sinz.

(_1>n - m
3. Usn(z,2) = Vap(z,2) = 5 cosz — Z(—l) Eomdam(2) ¢,

m=0
2, m>0,

n>1 and e, =
- " {1, m = 0.

n—1
—1)" ]
4. Uspi1(2,2) = —Vans1(2,2) = ( 2) {smz — Z(_l)m52m+1jzm+1(z)} ,

m=0
2, m>0,
1, m=0.

5. V(w, 2) = (=1)"U, (%2,2)

w/2)Y? w
6. Ul,(w,()) = % Sy_3/271/2 (5)
w/2)Y? w
7.V_yio(w,0) = % Su_3/2,1/2 (5)
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32. Schlafli’s Polynomials S, (z) are defined by

2
So(z) =0, Sp(z)= % {2,20”(2) -2 (cosn%) ] , n>1
[n/2]
B (n—m—1)! sz\2m—n
—7m£“‘7ﬁr“‘(§) , n2l

suchthat S_,,(z) = (—1)"*1S,,(z). Their functional relations are given by
Spn—1(2) + Spy1(2) =40,(2).

33. Lerch Function ®(z, s,v) isdefined by
D(z, s,v) = Z(’U +n)7%2", |z <1, v#£0,—1,....
n=0
It has the following functional relations and series representations:
m—1
1. ®(z, 5, v) =2"®(z, 5, m+v) + Z (v+n)=%2",
n=0

m=1,23,...,v£0—1,-2,....

2. (I)(Z7 S, U)
= izi’u(2ﬂ-)871r(17$) e~ imS/2%p 6*271'11), 1-—s, E _ im(s/2=20) g eva’ 1—s1— H .
2mi 2
3. (I)(Z, S, 1)) = 27”]_—‘(]_ — 8) Z (71n z 4 27‘(’17,2')87162‘””“,

0<v<1, R{s} <0, |arg(—In z + 27mni)| < .
oo
R , (In 2)*  (In z)m! 1
4. ®(z, m,v) =z {,;) ¢(m —mn, v) . + (m —1)! Y(m) —(v) —In (In Z ,
m=2,34,..., |lnz| <27, v#0,-1,-2,...,
where " ’ means that the term corresponding to n = m — 1 is omitted.

m! (ln 1>_m_1_ 1 iBm-&-H-l(U)(ln z)"

5. ®(z, — = — -
(2, =m, v) 2Y 2Y rim+r+1)

r=0

z

, |In 2] < 27

Other relations are:

1 00 ys—1o—vt 1 Oots—le—(v—l)t dt
].. @ - dt =
(2, 5, 0) F(s)/o 1—zet F(s)/o et — 2 ’

R{v}>0,0r|z| <1, z# 1, R{s} >0, orz=1, R{s} > 1.
2. lirr%(l — ) T ®(2, 5, 0) =T(1—5), R{s} <1
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P(z, 1
3. fim 25 LY)
z—1—1In(1-2)
4.9z, 1,v) =v (1, v; 1 +0; 2), |2 <1.

34. Lobachevskiy’s Angle of Parallelism II(x) isdefined by
1. TI(z) = 2 arctan e” = 2 arctan e™*, x> 0.
2. (z) =7 —I(—x), x<0.

The functional relations are:

1
1. sin I(x) = .
sin Il(z) cosh x
2. cos II(x) = tanh z.
1
3. tan II(z) = .
an Tl(z) sinh x

4. cot II(xz) = sinh z.

‘ sin TI(z) sin II(y)
. sin II =
5. sin (JJ + Z/) 1 + cos H(gc) cos H(y)

cos II(z) + cos II(y)
. inl =
6. cos (1‘ + y) 1+ cos H(ZL‘) Ccos H(y)

35. Weierstrass Sigma Function o(u) isdefined by

o(u) = uH/ 1-— . — ex “ + v
2mwi + 2nws P 2mwy + 2nwe  2(2mw; + 2nws)?
Its series and infinite-product representation is given by

gou® gsu’ gau? 3g2gsut!

o(u) =u—
Functional relations and properties are:

1. o(u+2wy) = —o(u) exp{2(u + w1)(w1)}.

2. o(u+2ws) = —o(u) exp{2(u + ws){(w2)}-

3. o(u; wi, wa) = to(tu; tw, twa).

36. Weierstrass Zeta Function ((u) isdefined by

C(u) = % _/Ou (p(z) - zi2> dz.

Its series and infinite-product representations are

24.3.5 23.3.5.7 29.32.5.7 27.32.52.7.11

b

1 / 1 1 u
1. = — .
¢(u) U + Z (u — 2mwi — 2nws + 2mw1 + 2nws + (2mw; — 2nw2)2)

29
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1 1 U
2. = — .
C(u) U + Z (u — 2mwi — 2nwsy + 2mwy + 2nws + (2mw; — 2nw2)2)

gou® gzu® gsu’  3gagsu’

22.3.5 22.5.7 24.3.52.7 24.5.7.9.11

3.¢(u) =u—
37. Riemann’s Zeta Functions ((z,q), and {(z) are defined by

o] tz—le—qt
= —dt
((z,9) /0 T

1 1=z e ¢ dt
= §q—2 + Zq_ 1 + 2/0 (q2 +t2)—2/2 |:Sin (Z arctan ;):| m,

0<qg<l1, £{z>}1.

Some integral representations are:
F(l - Z) (0+) (_9)2—1€—q9
1. =—
¢z q) omi / e
whichisvalid for all z except z = 1,2,3,....

oo

1 oo 4z—1
2.4(,2):(1_21%)“2)/0 g, Rz} > o0

et +1
9z 00 tzflet
3.¢(2) = @ 1)F(z)/0 T dt, R{z}>1.

772/2 1 o e .2
4. — +/ t(l—z)/Z +tz/2 t—l —ik T dt|.
(=) =5 (%) [z(z EEI ( ) kzzle

271 0 . tan #
.00 = Ty —y [Tyt
0

z—1 e +1
2271 2 2 /1 —2/2 sin(z arctan 2t)
6. = 42 —————— 2 dt.
<) 22—12—1+2z—1/0 (4+ ) et — 1
Representation in terms of infinite series are given by
|
1.{(z, q) = ——— R{z}1, ¢#0, —1,-2,....
( ;(q+n)z {z}

2. A 2]
C(Z’ q) (271-)172 — nl—-= ¢ 2 — nl—=

2I'(1 — 2) l , zwicos?qu + 008 2T > sin27rqn1 ’
R{z} <0,0<¢g<L

N
¢z 9) Zq+n 1—z)(N+q ZF

n= O

where
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1 1 1 1
(o)== ((n+1+q)zl - (n+q)“) (140
:/ U=mdt gy,

(t+q)=+
=1
4.¢(z) = ;77 R{z} > 1.
5.((2) = Li(—l}”ﬂi R{z} >0
' 1—21-% £~ n®’ '
The functional relations are given by
_ B;L+2(‘I) _ —By1(q) L
1.¢(-n, q) = — mrDntd - n+l n anonnegative integer.
—1 [oe]
k k =1 exp( Ve 2
¢k @) =In r(z+q kz q+k
Other useful relations are:
. Cz9)
I P—%F(l —-z)
. 1
2. lim {C(z, Q) ~ = 1} = —(q).
d 1
3. [Eg(z, q)} D =InT(q) — 3 In 27r.

5. ¢(2) = %—ilg (z %) L Rz L.
6.2°T(1 — 2) (1 — ) sin %”wl—zg(z).

7.21721(2) ¢(2) cos % =721 - 2).

T (g) 7T_Z/2C(Z) =T (1 ; Z) az=1)/2 C(1—2).

oo

38. The Function £(s) isdefined by

€)= 2s(s - 1))

where (1 — s) = £(s).
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39. The Functions v(x), and v(z, ) are defined by

< ztdt

o] xa+t dt
2. V(l‘, Oé) = A m

* z'tP dt
3wz, B) = /0 TG+ DI(t+1)

00 2ot tB gt
4. p(z, B, a) = /0 B+ (a+t+1)

5. Mz, y) = /wa

m'll.

40. Confluent Hypergeometric Series in Two Variables. These functions,
denoted by @1 2 3(a, 8,7, x,y), are defined in terms of infinite series as

1.(:[)1(0[, 57 Y Ty y): Z Wmmy", ‘fﬂ| < 1.

m,n=0

2. @2(57 5/7 v, T, y) _ Z (5)m (5 )m 2" y"

o m! 0! (V) man
i 6 m m,n
3. ®3(83, v, x, y) = ZWJJ v

m,n=0

41. Kummer’s Confluent Hypergeometric Functions M (a,b, z)andU (a, b, 2)
are defined by

2 n

_ % (a)2 z (a)n z
Mlab,z) =143+ g or + Gyl
where (a),, denotes the Pochhammer’s symbol, (a)o = 1, and

B az (a)2? (a)n 2™
M(a,b,z) =1+ W + (), 2! +- (Bt
7 { M(a,b,z) 1bM(1+a—b72—b,z)}

T1+a—bIb) T(a)D(2 - b)

For m, n positive integers, we have:

_|_...7

_l’_...7

U(a,b,z) =

sin b
1. M(a,b, z) isaconvergent seriesfor al valuesof z anda # —m and b # —n;

2. M(a,b,z) € Py inzfora# —mandb # —n;

3. M(a,b,z) hasasimplepoleat b = —nfora # —-mandb = —n ora = —m and
b#—n,m>n;
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4. M(a,b, z) isundefined fora = —m and b = —n, m < n; and
5.U(a,b, z) is defined even when b — =+n; it is a many-valued function and its principal
branchisgivenby —7 < arg{z} < 7.

Asymptotic Expansions as |z| — oo:

L0 = ot [1 40 (121 for R{z} >0,
M(a,b,2) = F(?)b
®) (0@ forr{) <o.



