T1.29. Integrand involving trigonometric functions and exponentials.

L /e“’” sinba dp — & (a sinbz — b cosbx).

a? + b2
. 2% gin bx(a sin bx — 2b cos bx) 202 e
o0 [ e sin? by dy — Eo S0
/e SH A 4b2? + a? + (4% 4+ a?)a
eaCE eaCE a .
= 2—a — m (5 COS2b{E+b sm2bx).
3 /e‘” cosbrdp — & (a cosbx + b sinbzx)
a? + b?

2% cosbx(a cosbx + 2b sin bx) 20% e

4 e cos? bedy — E €O
/e cosoraT 4b? + a? + (4b% + a?)a
eaCE eaCE a .
= 2—a —+ m (5 COS2bZI? -+ b sm2bx).
1

5. /e‘” sin” ba de = ————— | (a sinbz—nb cos bz )e” sin™ ! bx+n(n—1)b2/e‘” sin" "2 bx dx|.

a2 + n2b?

1

6. /e“’” cos” bx dr = ———— | (a cosbz+nb sinbx)e®® cos™ ! bx—f—n(n—l)bQ/e“” cos" 2 brdx|.

a2 + n2b2
7. /e“’” sin®™ bz dx

mz:l (2m)!b%k e gin?m—2k=1 py
k:O m — 2k)![a® + (2m)2b3][a? + (2m — 2)2b?] ... [a? + (2m — 2k)?b?]

(2m)1p2m o
[0+ (2m)2b2][a? + (2m — 2)2b2] .. [a2 + 4b%a

2m\ e 1 )
( > 22ma 22m il Z < > m(a cos 2bkx + 2bk sin 2bkx).

X [a sinbx — (2m — 2k)b cos bx] +
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8. /e“’” sin?™ 1 b dx

- (2m + 1)16%4e2* sin®™ 2% brla sinbx — (2m — 2k + 1)b cos ba]

- Z (2m — 2k + 1)la? + (2m + 1)262][a® + (2m — 1)262] ... [a2 + (2m — 2k + 1)2b]

axm

2m+1 .
= 5om ZGQ 2k + EE ( ) [a sin(2k + 1)bx — (2k + 1)b cos(2k + 1)bz].

m—k

i 2m) 0%k e cos?™ =2k~ brla cosbx + (2m — 2k)b sin b]

ax m _ (
9 / e cos™™ brde =3 (2m — 2k)1[a2 + (2m)202][a2 + (2m — 2)202] ... [a + (2m — 2Kk)2b2]

10. /e‘” cos

- ; 2m — 2k + 1)/[a2 + (2m — 1)262] . .. [a2 + (2m — 2k + 1)2b2]

k=0
(2m)!p2mes®
[a® + (2m)2b2][a2 + (2m — 2)2b?] ... [a® + 4b%]a

2 1
( m) 22ma 22m . Z( ) peTEIE [a cos 2kbx + 2kb sin 2kbx].

+

2t L b da

“ (2m + 1)1b?Fea® cos?m 2k by

2 1 1
( m+ ) ————————a cos(2k + 1)bx + (2k + 1)b sin(2k + 1) bx].

22m 24 (2k + 1)202
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1
Cl2 + (p+ q)2

—pa/e“” sin? 'z cos? ! wdr 4+ (g —1)(p + q)/e‘“” sin? x cos?™2 a:da:}
or

1
Cl2 + (p+q)2

—l—qa/e“’” sin? ™z cos?t wdr + (p—1)(p + q)/e‘“” sin?~? z cos? a:da:},
or

1
Cl2 + (p+q)2

kE +q(q— 1)/6“’” sin? z cos?™% xdx + p(p — 1)/6“” sin? 2 x cos? xdx},
or

1
Cl2 + (p+q)2

+q(q — 1)/6“” sin?~2 x cos? % xdx

{e‘” sin? z cos? ! z[a cosx + (p + q) sinx]
{e‘” sin? ™! 2 cos? zfa sinz — (p + q) cos ]

{e‘” sin? ™! 2cos?™! zfa sin x cosx + ¢ sin? z — p cos? ]

11. /e‘“” sin? z cos? xdx =

{e‘” sin? ™! 2 cos? ! x(a sinz cosx + ¢ sin? x — p cos? )

—(g=p)p+q- 1)/6‘” sin?~2 z cos? a:da:},
or

1
Cl2 + (p+q)2

+p(p — 1)/6“” sin?~? 2 cos?? zdx

{e” sin? ™! 2 cos? ! x(a sinz cosx + ¢ sin? x — p cos? )

+(q—p)(p+q— 1)/6‘“” sin? z cos?2 xdx}.

12. /e‘” sinbx coscrdr = % {a sinfb+ @)o 7 (b c) cos(b + o)z

a? + (b+c)?
48 sin(b — ¢)x — (b — ¢) cos(b— c)x
a?+ (b—c)? '
13 /e‘” sin? ba cos ca do — e 58 coscT +csiner acos(2b+ c)x + (2b+ ¢) sin(2b 4 o)z
4 a? + c? a?+ (2b+ ¢)?

a cos(2b — c¢)x + (2b — ¢) sin(2b — )z
a a?+ (2b — ¢)? } '
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14 /e“’” sinba cos? cx de — e 5% sinbx — b cosbx 4@ sin(b 4 2¢)x — (b+ 2¢) cos(b + 2¢)x
4 a? + b? a? + (b + 2¢)?
48 sin(b — 2¢)x — (b — 2¢) cos(b — 2¢)x
a? + (b — 2¢)? '
15 e*dr _ e*asinbz + (p —2)b cosbz] a® + (p — 2)%b? / e dx
©J sin? bz (p—1)(p — 2)b2 sin” ! bz (p—1)(p—2)b%) sin?2 bz’
16 e*dr _ e*[a cosbr — (p — 2)b sinbz] a? + (p —2)%b? / e dx
“JcosP bz (p—1)(p—2)b2 cosP~1 ba (p—1)(p—2)b2 ) cosP=2 bz’
ax t 1 ax d
17. [e™ tanzde = ——20% —/6 s %
a a/ cos? x
18. [ e tan? xdx = 6—(a tanx — 1) — a/e‘” tanz dx.
a
ar t 1 ar d
19. [ e cotwde = — 0T + _/e' 2 =,
a a/ sin® x

eaz
e cot? xdr = ——(a cotz + 1) —|—a/e‘“” cot z dx.
a

axr

: . =8
— S S S S S

21. [ e** tan®? xdx = tanP~! ¢ — L/e‘” tan?"! zdx — /e‘” tan?~2 z dz.
p—1 p—1
axr tP 1
22. [ e™ cot? xdx = L ® < + a4 /e‘w cotP™! zdx — /e“” cotP™2 zdx.
p—1 p—1
azx 2 b2 2ab
23. | xze®® sinbx dx = a;i—l—bQ [<am — h) sin bx — (bx — Tj}) cosbx].
ax 2 _ b2 2ab
24. | xze® cosbx dx = 61267_’_[)2 Kax — Z27+b2> cosbxr + (bx — ﬁ) sin bx}
9 ax e 5 2(a®—b?) 2a(a® — 3b%)] .
25. | x%e® sinbx dx = m{[ Eaems T CEENEE sin bx

4ab 2b(3a% — b?)
— 2 —
[ba: P be + CEEIE ] cos bx}.

9 e 5 2(a®—b?) 2a(a® — 3b?)
26. /x e™ cosbxdr = m{ [ax T2 e T+ (@@ 152 cos bx

4ab 2b(3a? — b?)
2 .
+ [bx — a2+b2x+ (@ T ) ] smbx}.
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30.

31.

32.

33.

34.

35.

36.
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ar o zPet” : p -1 _ax :
aPe® sinbx dx = m(a sinbz — b cosbr) — — e 2?7 e (a sinbx — b cosbx) dx
a a
D ,aT
— ‘2%4_[)2 sin(bx +t) — \/a%w/xpleam SiIl(biC + t) dr.
xPe® : p —1 _jax :
* cosbr dx = m(a cosbx + b sinbr) — — e 2P~ e (a cosbr + b sinbx) dx
a a
D ,aT
— ‘2%4_[)2 COS(biL’-f—t) — \/a%w/xpleam COS(biL’+t) dr.

ntl k41, n—k+1
n_ar . ax —1 nlx :
/a: e sinbrdx =e Z(nikl—l)'(aQ—i—bQ)k/Q sin(bx + kt).

k=1
ntl k+1,1,.n—k+1
n_ax ax (_1) nlz
/ e cosbrdr =e Z =k a2 1 D) cos(bx + kt).
k=1
In the four formulas (27-30) we have used sint = ————= and cost = a

/xe‘” sin(bx) do = %—Hﬂ [asin(bx) — b cos(bx)]

eax

@ L@~ P7) sin(ba) — 2ab cos(ba)].

T eaz

/xe‘” cos(br) dx = 2102 [a cos(bx) + b sin(bx)]

axr

€ 2 2 .
—— = |(a* — b”) cos(bx) + 2ab sin(bx)|.
e (0= ) cost) 20 sin)]
/ e [asinz + (n — 2) cosz] a? + (n —2)? / e g
sin™ :C (n—1)(n—2)sin" 'z n—1(n-2)) sin" 2z
/ e* _e" [acosx — (n — 2) cosa] ). a?+ (n —2)? / e i
cos™ (n—1)(n—2) cos” 1z (n—1)(n—2)J cosn—2g
e a
/e” tan" z dr = ——— tan" 'a — /e“’” tan" "z dx — /e“” tan" "2 z d.
(n—1) n—1
/x b dx = il " 2" dr, n >0
alnb alnb 4 '




