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« For an efficient use of these tables, first read HowTo.pdf.

T3.39A. Integrands involving powers of trigonometric functions and powers of (a + bz™) for
n =1,2,3,4, on the interval (0, c0).

0 1. P
sin® x
1. dr =
O x

\/E F(%) _ 2p—2B

(3 2)
P2 /b §

> T

where p is a fraction with odd numerator and denominator.

9 /oosin2"Jrl z . 2n—-1)'7w
. r = —.
0 x 2n)!! 2
3. /Oosin% :c dx = oc.
0 x
®sin? ax am
4. / s—dr=—, a>0
0 X 2
®sin®™ g (2m =3 ar
0o .+ 2m—+1 2
sin ax (2m — 3)!! a*m
6./0 = x = oml (2m—|—1)—4 , a>0.
o 1. p—1
D sin” ™" x 1
*sin? m— 1/0 gm—1 COSTT
7./ dx =
0 xm p(p—1) /Oo sin?~2 p p? /°° sin? x
v —
-Dm—2Jy =2 ¥ o nm-2)y
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2n+1

) NG 22n 2p n+k+1) 2k +1
RN 2n +1 1
1 —_a 2n+1 d J—
0/0 x~ 2 cos (pz)dx = 22n\/2pz<n+k+1> 2k +1
°° I'(p) cos(pm/2)
p—1 2 _ _
11. /0 z*7" sin® axdr = ST gn , a>0, —2<R{p}<0.
> sin? ax T —2a3
* cos? ax 24
14 /00 sin?™ de _ ()" 22M sinh?™ q — Zi(— )k 2m sinh [2(m — k)a]
Lo a2 22 22mtl g pare k ’
a>0.
> om41 dx (™! (2m,+1)a2m+1 k(2m+ 1\ _opa
15. | sin T T gamiag \© Z (-1) i e Ei[(2k — 2m — 1)a]
k=0
2m—+1
2 1
Y (—1)k—1( mk+ ) e Ei[(2m + 1 — 2k)a] } a > 0.
k=0
*  am xdz T = 2m+1
16. /0 sin? +1ma2 e — e (zm+1)az(_1)m+k( . )621@
k=0
|arga| < 7/2, m=0,1,2,....
17 /00 cos?™ x de __m 2m + Li 2m ek a>0
“Jo a2 +z2  22mtlg\ m 22ma i \m+k ’ '
e dx T o~=( 2m+1
2m+1 _ —(2k+1)a
18./O cos xa2+x222m+1a;<m+k+l>e , a>0.
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19 X o1 xdr e—@mA1a2mtl o |
. cos xa2+x2__ S2m T2 .

) R Ei[(2m — 2k + 1)a]
k=0

e(2m+1)a 2m+1 <2m 41

T 92m+2 L

> e 2P Ei[(2k — 2m — 1)al.
k=0

* cos? ax T
20/0 m(}ll‘zﬂslnzab, a>07b>0

Tl 2L 2ains | o208 _ L 20-ap _ -2a8]
83 2 2 ’
91 > sin? ax cos? b do — L_[l _ 6—4(16}
Jo T Bt T 168 ’
Ty~ Le2tarns 28 _ L aw-n)s _ 208
831 2 2 ’
a>0,b>0.
g [267211,3 4 e 2ath)s 4 e2(b7a),8} S a>0,
* x sin 2ax cos? bx T 448 248
QQA de: g[e + 2e }7 a:b7
g [2672(1’3 + e Hatb)B _ 62(“%’)5} , a<b.
00 1.2 —2ab —2ac
sin® ax dx w(b—c+ ce — be—=%€)
23 - . a>0,b>0,¢>0.
/0 (2 + 22)(c + 22) 1be(b? — ) “ ¢
*  cos?axdx 7(b — ¢+ be2a¢ — ce~2ab)
24 - . a>0,b>0,¢>0.
/0 02 + 22)(2 + 22) Abe(h? — &2) “ ¢
o5 /°° sin? ax dx 7(c sin 2ab — b sin 2ac) S 0,050, c>0,b4
= a c c.
o (b2 —22)(c? — 2?) 4bc(b? — ¢2?) ’ ’ ’ ’
> cos?azrdx 7(b sin 2ac — ¢ sin 2ab)
26. = , >0,b>0,c>0,0 .
/0 12 — 22)(2 — 22) Abe(h? — &2) “ ¢ 7

© gin? az dx T 1
27. — " = _|9g— (1 — e 2 >0,b>0.
/0 2202 +a2)  4b? [ a-pl-e )}’ @

00 _:..2
sin” ax dz m 1 .
28A m—@<2a—gsm2ab>, a>0,b>0.
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0o .3 _ qu—1
- / sin Vaﬂc g = 3 j @’ cos ’%Tp(l —v), a>0,0<R{r} <4
0 T

00 :..3
30. / S AT g =T sgn a.
0 X 4

oo .+ 3
31. / i an dr = §a In 3.
0 xr 4

0o : 3

3

32. / S ;w dr = =a’7 sgna.
0 X 8

0 1.4
33./ M ar="", a>o.
0 T 4

oo o+ 4
34. / i 3ax dr = a® In 2.
O x

0 14 3
35./ —dr="F a0,
0 T

0o 5
sin” ax )

0 1.5

5

37. / s Sax dr = 3—2a27r, a > 0.
0 xz

oo .+ 5
sin” ax S5 3
38. /0 o = gea®(25 05— 27 In3).

0 1.5

11

39. / s ;m dx = —382a47r, a > 0.
0 xz

00 :..6
3
40. / i an dr = —am, a>0.
O x

00 31,6
sin” ax 3
41./0 = dzx = 6% (8In2—31n3).
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00 ;6

1

42. / O g = —a'(27 03 - 32 In2).
0 xr 16

0o : 6

11

43. / o Gax de = —am, a>0.
0 X 40

.
44,/ SIPT SIMGL y gy J 2L
0

z lp—d
1
oo oPT P <4q,
45./ sin qx smpx— 1
0 34™ P4
9 E, 0<b<2a,
*sin” ax sin bx smbx 4
46. T bh=2a
0 8" ’
0, b>2a.

®sin® az cos bz 1. 4a® —b?
47. ——dx n—-—.
0 X 4 b2

18, /oosinzax COSbedm:{ g(a—b), b<a,
0

T
a5 >ba
5 d
49,/“’%%: 3 a—b,
0 z 8
T
—, <b
@
0o+ 2 . .
b
50, sin ax51112xslncxda::17T—6(|b—2a—c|—|2a—b—c|—|—20), a>0,b>0,c>0.
0 x

*sin? ax sin bz sin cx 1 b4+ec 1. (2a=b+c)(2a+b—¢)

51. dr=-In —|—— n ,

0 x 4 b— 8 (2a+b+c)(2a—b—c)
a>0,0>0,c>0,b#c.

s
52,/‘*’@@_ 4
0 € Z

4



53. /
0
54. /
0

95. /
0

56. /
0

o7. /
0

98. /
0

99. /
0

®sin? az sin® bz
4

©sin? az cos? bx

2 do = a4
z T 0<a<bd
a3_77 b>a
2 ’
3b
Smm;#dx: 17T_6[8a3_9(a—b)3]’ a < 3b < 3a,
9b
o s
0, b > 3a,
_116’ b = 3a,
00 1.3 m
b _r
S 0¥ COSOT 4 =] —g» Ba>b>a a>0,b>0.
z s
e b=a,
%, a>b,
00 1.3
b 1
Sm‘”;%“ da = g{(a +b) In3(a +b)] + (b= a) [3(b — a)] = 5(a +3b) In(a + 3)
1
_g(gb_a)ln(Sb—a)}, a>0,b>0.
ZBa2=1%), b<a,
o . 3 b2
b _ frd
i —da =4 4 “=h a>0,6>0.
SBa—b? a<b<3a,
0, 3a < b,
b’]T 2 2
ﬂ(ga —b?), 0<b<a,
00 1.3 :
sin” ax sinbe 15 (240 = Ba =], 0<a<b<3a,
x
3
%, 0<3a<b
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g 2b > 3a,
2—; 2b = 3a,
*sin® az sin® bxd ) 3 b
60. | T Rdr = 3T g, a>0,b>0.
0 16
3—7T, 2b = a,
32
0, a > 2b,

1 . (2a+b)3(b—2a)3(2a + 3b)(3b — 2a)

oL /oo sin az cos® b o 16 In e , b>2a>0 or 2a > 3b>0,
" Jo T ] 1, (2a+b)3(2a — b)*(2a + 3b)(3b — 2a)
— 1 2 .
16 n 958 , 3b>2a>0
0o .2 ) .
b 2
62./ S av smx T gy = 116 [1+sgn(c—a+b)+sgn(c+a—b) —2sgn(c—a)
0

—2sgn(c—b)]7 a>0,b>0,c>0.

> sin? gz sin® brsin2cxdr  a—b—c 9 G+b+c 9
63./0 = =~ Ind(a—b—rc) —Tln4(a+b+0)
b— -b
—|—u ln4(a+b—c)2—a7+cln4(a—b+c)2+a+cln4(a+c)2
16 16
a—c

b b— 1
1n4(a—c)2+% 1114(1)—|—C)Q—TC 1n4(b—c)2—§c In2¢, a>0,b>0,c>0.

3b%w
>0 2 3b
6 a > o0,
2
a“m
.o 3 i 2a = 3b
b ’ ’
R T a>0,b>0,
- _ _
0 —am 3b > 2a > b,
32
2

X2 _¢in"™ x T [(n—1)/2] Nz .
— n
o [T = gy 2 (U)o -2k
k=0

o dx > de  mm [2m
2m—1 _ 2m _
66. /0 (1 — cos x)—xz = /0 (1 — cos x)_a:Q = Som (m )
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00 2n
- b 2n—1 b
o7, [~ swax —sin™be (20 Ml wso0n—12 .
®¢ —cos®™ b 2n — 1)!! b
68/ S PR Gl ) L I N T
0 (2n)!! a
% 02t g — cog2mt1
69/‘ xms mdx:mg,(w>0ﬂn:QL””
0
0. /°° ™ qx cos max — cos™ bx cos mbx (1_L> lné, ab>0.m=01,....
0 z 2m a
T W) (p+a+1) — (pfaJrl)
71. / x cos? ! x sinax dr = L(p) = 2
0 it T (B T (25
p>0,—(p+1l)<a<p+1.
> 2m—+1 . dx (_1)m,n. —2a\2m .
72. T sin 2mzx T2~ gty [(1—¢e?%)*" —1] sinha, a>0,m=0,1,....
0
o0 d —1)m+l
73. / sin?™ 1 g sin[(2m — 1)a] " fo = ( 23"7‘0, 7T(l —e2)m=ll g > 0,m=1,2,....
0
® om—1 . . dx (=)m=1ir _ o\ 2m—1
74. /0 sin®™ !z sin[(2m + 1)z] e 23ma e (1—e?) ,

a>0,m=12,....

sin?* g sin[3(2m + 1)7] v _ () e 3@mHla gipp?mtly

oo
75. - . a>0.
/0 a? + x? 2a “
o . . rdr (_1)m,n_ a —2a\2m —2a
76. /0 sin®™ z sin[(2m — 1)z] o RS B [(1—e 292 — (14 2],
a>0, m=0,1,
% om x dx (=1)™r —2ay2
77. ; sin“™ x sin(2mux) P DY TEE] [(1 ) 1} , a>0, m=0,1,

sin?™

\]
o)
c\
8
8
2]
=,
5
+
™o
SN—
B,
=
IS
=2
|
|
—_
S—
3
3
|
[\
=}
-
|
[\
)
S~—
)
)
V
o
\
N
\’D—‘



79.

80.

81.

82.

83.

84.

85.

86.

o0
~

S~

88.

89.

90.

S— S S

S— S— S— 55— 55—

S— s

3

8

3

8

8

3

8

3

8

8

8

8
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(-)ra
2

x dx

a2—|—x2

sin®

™ 2 sindma

dx
sin?™ z cosr— =
22

(2m — 3)!
(2m)!

(=)™

dr
2tz 2mg

sin®™ z cos[(2m — 1)z]

dx
Cl2 + .132

_(=)ma
- 922m+1g

sin®™ z cos(2mzx)

(=D)"w

dx
a2 + 22 22mtig

sin®™ 2 cos|(2m + 2)z]

_(=Yma
2a

sin®

.2
4ma ginh*™ q,

[(1 -

(1 —e
6—2(1 (1 _

» . 2m
e~ 4me ginh*™ q,

a>0,m=1,2,....

e ?*)?>"~1 —1] sinha,

a>0,m=1,2,....

“2)7 50, m=0,1,....

6_2a)2m

a>0,m=0,1,....

()" 'x

Cl2 +J)2 - 22m+2

rdr

2m—1

e

(=)"n

[(1 _ ef2a)2m71 _ 1] ,

a>0, m=12....

[(1 _ ef2a)2m+1 _ 1] _

e*“},

m=20,;1,..., a>0.

6720,

i 2 1 =
sin x cos[(2m + 1)z] e oo

T dx -

(_1)m71,n_ —2(2m+1)a

(1 _ e,ga)2m71

m=12...;a>0.

sin®™ ! 2 cos[2(2m + 1)z]

a?+x2 2

. 2metl
e sinh*™ ™t q,

m=20,1,...; a>0.

, a>0, m=0,1,....



10

T3.39A.

m

> 1 “ —2ka 10 2ka s
91. /0 ™ g sinma e 2’”’+1akz:1<k:> e Ei(2ka) — ¢*** Ei(—2ka)], a> 0.

o xdx T . 5
92/0 cos” sz smnsxmzﬁ[(l—i—e @y —1], s>0, R{a} >0, n>0.
o xdx T om n
93. cos” sz sinnsr——— = ~(27" —cos" as cosnas), n=0,1,....
0 a®—z 2
94. /00 s™ 1 sin[(m 4 1)z ]ﬂ = l.9_2“(1—1—6_2“)m_1 a>0,m=1,2
; ey il , , 2,
0. [ Na] 28— T a1 ey m—0,1 0
) J)Sll’l m—f—)]m—me (+€ ) 5 m = ,,...,a>
96. /00 "z sin[(m — 1)z ]7%6&1j i cosha[(14 e 2™ 1 1] 0,1 >0
—_ Fr/ — m = a
0 a,2+x2 2m ? ) ? ) -
> J?d.l? ™ —3ma m
97. a:sm3ma:)ﬁ:—e cosh™a, a>0, m=12,....
0 +x 2
98. /00 cos™ sz cosnx do D (1 fe2e5)m 0,1
s = e n=
) 2+ 22 ontlg ) ek
o d
99/ cos sxcosnsm%zicos"assinnas, n=0,1,....
0 a’ —z 2a
L2 cos[(m )" =—%¢ e = 3 .
0 a2+x2 2ma, ) m ) ? ) a
101. b 2 cos[(m — 1)x] de _ _m e [(1+e2)™ — (1 —e )]
0 a2 422 2mtlg ’
m=0,1,...;a>0
w2 [ Dol = T (e m=0,1 0
; s x cos[(m + 1)z] T2 = gmiigt I+e =)™, m=0,1,..., a>0.
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o0
d
103. / sin? x cos x—x
0 x4

o :i.p—1 1 o :..p+1
P s xda:—p—’— S xdm, p>q—1>0,
q—1J, x171 g=1Jy a7t
-1 o d
= 7( p(f)( )2)/ sin? 2z cosx a:2
q—1)(g— 0 9
1)? o d
—&/ sinpaz:cosaz:—x27 p>qg—1>1.
(@—1)(g—2)Jo z9-
& d =~ d 2
104. / ™ cos2nx smx—x :/ cos®™ 1 x cos 2nz sinx—x - T m .
0 x o x 22Tl \m+n

3

de
105. / cos? ar sinbx cosx— = 5 b>ap,p>-—1.
0 x

> dr. w
P P _ _
106. /0 cos? ax sinpar cosx— - 2p+1 (2 D, p>-1

de 7 "
107. / (H cosPx am:) sinbzr sinx — 2= 5 b > Z%pk% ar > 0, pr > 0.

k=1

T

> d > d 2m — DN (2n — 1!
108. / in2m+ g cos?n 2 2L :/ sin2™+1 ¢ cos?n—1 4% — (2m — HI2n — 1) P
0 0

x 2m+n+1(m 4 )l

1
— 3 B(m+dontd)

(2m — DH!(2n — 1N
(2m + 2n)!!

o d
. _ r
109. / sin?™ 1 22 cos? 1 22 cos? — = 3
0 Xz

2m—1

110 /°° sin?™ 1 g dz _ (=1)"m(1+ a)t™ (1 —a
’ 0 1 +a

1—2acosz+a2 x  22m+2g2m+l
2m 1 k
k(T — 3 4a
_Z(—1)< i ><m> } la] # 1.

11
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11 /°° sin?™*tl gz cos"z  dx
“Jo (1—2acosx+a2)P =z
B nlm z":(—l)k(2m+2n—2k+1)!!(2m+2k—1)!!
C2nH(2m 4+ 1)1+ a)® & Kl(n —k)!
WF (mtn—k+ o pomtnt2 —0 4 +1
— —p2m+n+2; ——= 1, a )
2P (1+a)?
119 /OOCOSQmiL'COS2m{E.SiQH£C.d_{E_E b2m*12  ab> 0.
o aZcos?x+b2sin®z 2 ala+b)?m
113, °°C052m*1x0052m.x§inx'd_x:1 me*; Cab> o0,
0 a? cos? x + b2 sin” x T 2a (a 4+ b)2m
o) . n .
114./ (Smx> M e =2, m>n.
0 T T 2
[(m+n)/2] k 1
-1 — 2k)™
. oy S o<man,
© Soin 2 P k;(n—k)
115. cosmxdr =
0 0, m>mn2>2,
T -1
1 e
© fsing\" ! r 7
116./ ( ) sinnx cosx— = —, n>1.
0 x T 2

117. /000(

118. / (
O x

o[

sin "sin(anm)d _T 1 L(lza:)/QJ( 1) n (n+ 2h)"
T T T3 2ninl L )T ’

all real a, n > 1.

n 7]
sma:) cosbr dz = & (2" 'n 12 ( ) (n—b—2k)"!

0<b<n,n>1,andr is the largest integer contained in In r.

sinx

n
) cosanrdr =0, a<-1lora>1,n>2.
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(o]
cos 2nx d -
120 n =0, —— m>0
0 cosS T m
(oo}
CoS2nT . 5,41 dx —
121 /0 P i 0, > ,m>0

 on de 7w (2n—1)!
122. sin“"x tanr— = — - ——.
0 X 2 I

8

s dr 7
123. cos”rr tanqgr— = —, s> —1.
0 X 2

0o . 2n 2n
- -1
124. / cos|(2n — 1)a] : (smx) dx = (—1)n712 - 22" 1| Byy|.
0

cos T x (2n)!

o dx T mm
125. tan™ pr——5 = — —— tanh™ m? < 1.
) /0 an" px a2 2 sec 5 pq,
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