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T2.68A. Integrands involving rational functions of ln x and powers of (a + b x) on the interval
(0, 1).

1.

∫ 1

0

[
1

ln x
+

1
1 − x

]
dx = γe.

2.

∫ 1

0

xp−1 dx

q ± ln x
= ±e∓pq Ei(±pq), p > 0, q > 0.

3.

∫ 1

0

[
1

ln x
+

xµ−1

1 − x

]
dx = −ψ(µ), �{µ > 0.

4.

∫ 1

0

[
xp−1

ln x
+

xq−1

1 − x

]
dx = ln p − ψ(q), p > 0, q > 0.

5.

∫ 1

0

[
1

1 − x2
+

1
2x ln x

]
dx

ln x
=

ln 2
2

.

6.

∫ 1

0

[
q − 1

2
+

(1 − x)(1 + q ln x) + x ln x

(1 − x)2
xq−1

]
dx

ln x
=

1
2
− q − ln Γ(q) +

ln 2π

2
, q > 0.

7.

∫ 1

0

ln x

4π2 + (ln x)2
· dx

1 − x
=

1
4
− 1

2
γe.

8.

∫ 1

0

1
a2 + (ln x)2

· dx

1 + x2
=

1
2a

β

(
2a + π

4π

)
, a > −π

2
.

9.

∫ 1

0

1
π2 + (ln x)2

dx

1 + x2
=

4 − π

4π
.
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10.

∫ 1

0

ln x

π2 + (ln x)2
· dx

1 − x2
=

1
2

(
1
2
− ln 2

)
.

11.

∫ 1

0

ln x

a2 + (ln x)2
· xdx

1 − x2
=

1
2

[ π

2a
+ ln

π

a
+ ψ

( a

π

)]
, a > 0.

12.

∫ 1

0

ln x

π2 + (ln x)2
· xdx

1 − x2
=

1
2

(
1
2
− γe

)
.

13.

∫ 1

0

1
π2 + 4(ln x)2

· dx

1 + x2
=

ln 2
4π

.

14.

∫ 1

0

ln x

π2 + 4(ln x)2
· dx

1 − x2
=

2 − π

16
.

15.

∫ 1

0

1
π2 + 16(ln x)2

· dx

1 + x2
=

1
8π

√
2

[
π + 2 ln (

√
2 − 1)

]
.

16.

∫ 1

0

ln x

π2 + 16(ln x)2
· dx

1 − x2
= − π

32
√

2
+

1
16

+
1

16
√

2
ln (

√
2 − 1).

17.

∫ 1

0

ln x

[a2 + (ln x)2]2
dx

1 − x
= −π2

a4

∞∑
k=1

|B2k|
(

2π

a

)2k−2

.

18.

∫ 1

0

ln x

[a2 + (ln x)2]2
xdx

1 − x2
= − π2

4a4

∞∑
k=1

|B2k|
(π

a

)2k−2

.

19.

∫ 1

0

xp − x−p

x2 − 1
dx

q2 + (ln x)2
=

2π

q

∞∑
k=1

(−1)k−1 sinkpπ

2q + kπ
, p2 < 1.

20.

∫ 1

0

(
x − 1
ln x

− x

)
dx

ln x
= ln 2 − 1.

21.

∫ 1

0

(
1

ln x
+

1
1 − x

− 1
2

)
dx

ln x
=

ln 2π

2
− 1.

22.

∫ 1

0

(
1

ln x
+

x

1 − x
+

x

2

)
dx

x ln x
=

ln 2π

2
.
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23.

∫ 1

0

[
1

(ln x)2
− x

(1 − x)2

]
dx = γe − 1

2
.

24.

∫ 1

0

(
1

1 − x2
+

1
2 ln x

− 1
2

)
dx

ln x
=

ln 2 − 1
2

.

25.

∫ 1

0

(
1

ln x
+

1
2
· 1 + x

1 − x
− ln x

)
dx

ln x
=

ln 2π

2
.

26.

∫ 1

0

[
1

1 − ln x
− x

]
dx

x ln x
= −γe.

27.

∫ 1

0

[
xq − 1

x(ln x)2
− q

ln x

]
dx = q ln q − q, q > 0.

28.

∫ 1

0

[
x +

1
a ln x − 1

]
dx

x ln x
= ln

a

q
+ γe, a > 0, q > 0.

29.

∫ 1

0

[
1

ln x
+

1 + x

2(1 − x)

]
xp−1

ln x
dx = − ln Γ(p) +

(
p − 1

2

)
ln p − p +

ln 2π

2
, p > 0.

30.

∫ 1

0

[
p − 1 − 1

1 − x
+

(
1
2
− 1

ln x

)
xp−1

]
dx

ln x
=

(
1
2
− p

)
ln p + p − ln 2π

2
, p > 0.

31.

∫ 1

0

[
− 1

(ln x)2
+

(p − 2)xp − (p − 1)xp−1

(1 − x)2

]
dx = −ψ(p) + p − 3

2
, p > 0.

32.

∫ 1

0

[(
p − 1

2

)
x3 +

1
2

(
1 − 1

ln x

) (
x2p−1 − 1

)] dx

ln x
=

(
1
2
− p

)
(ln p − 1), p > 0.

33.

∫ 1

0

[(
q − 1

2

)
xp−1 − xr−1

ln x
+

pxpq−1

1 − xp
− rxrq−1

1 − xr

]
dx

ln x
= (p − r)

[
1
2
− q − ln Γ(q) +

ln 2π

2

]
,

q > 0.

34.

∫ 1

0

[
xq − 1

x(ln x)3
− q

x(ln x)2
− q2

2 ln x

]
dx =

q2

2
ln q − 3

4
q2, q > 0.

35.

∫ 1

0

[
xq − 1

x(ln x)4
− q

x(ln x)3
− q2

2x(ln x)2
− q3

6 ln x

]
dx =

q3

6
ln q − 11

36
q3, q > 0.
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36.

∫ 1

0

xp−1 dx

(q + ln x)n
=

pn−1

(n − 1)!
e−pq Ei(pq)− 1

(n − 1)!qn−1

n−1∑
k=1

(n−k−1)! (pq)k−1, p > 0, q < 0.


