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! For an efficient use of these tables, first read HowTo.pdf.

T2.69A. Integrands involving logarithm functions and powers of logarithm functions and ra-
tional functions on the interval (0, 1).

1.

∫ 1

0

ln (1 + x)
x

dx =
π2

12
.

2.

∫ 1

0

ln (1 − x)
x

dx = −π2

6
.

3.

∫ 1

0

ln
(
1 − x

2

) dx

x
=

1
2
(ln 2)2 − π2

12
.

4.

∫ 1

0

ln 1+x
2

1 − x
dx =

1
2
(ln 2)2 − π2

12
.

5.

∫ 1

0

ln (1 + x)
1 + x

dx =
1
2
(ln 2)2.

6.

∫ 1

0

ln (1 + x)
1 + x2

dx =
π

8
ln 2.

7.

∫ 1

0

ln (1 − x)
1 + x2

dx =
π

8
ln 2 − G.

8.

∫ 1

0

ln (1 + x)
x(1 + x)

dx =
π2

12
− 1

2
(ln 2)2.

9.

∫ 1

0

ln (1 + x)
(ax + b)2

dx =

⎧⎪⎨
⎪⎩

1
a(a − b)

ln
a + b

b
+

2 ln 2
b2 − a2

, a �= b, ab > 0,

1
2a2

(1 − ln 2), a = b.

1
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10.

∫ 1

0

ln (a + x)
dx

a + x2
=

1
2
√

a
arccot

√
a ln [(1 + a)a], a > 0.

11.

∫ 1

0

ln (1 + ax)
1 + ax2

dx =
1

2
√

a
arctan

√
a ln (1 + a), a > 0.

12.

∫ 1

0

ln (ax + b)
(1 + x)2

dx =
1

a − b

[
1
2
(a + b) ln (a + b) − b ln b − a ln 2

]
, a > 0, b > 0, a �= b.

13.

∫ 1

0

ln (1 + x)
1 + x2

(1 + x)4
dx = −1

3
ln 2 +

23
72

.

14.

∫ 1

0

ln (1 + x)
1 + x2

a2 + x2

dx

1 + a2x2
=

1
2a(1 + a2)

[π
2

ln (1 + a2) − 2 arctana ln a
]
, a > 0.

15.

∫ 1

0

ln (1+x)
1 − x2

(ax + b)2
dx

(bx + a)2
=

1
a2 − b2

{
1

a − b

[
a + b

ab
ln (a + b) − 1

a
ln b − 1

b
ln a

]
+

4 ln 2
b2 − a2

}
,

a > 0, b > 0, a2 �= b2.

16.

∫ 1

0

ln (1 + ax)
1 − x2

(1 + x2)2
dx =

1
2

(1 + a)2

1 + a2
ln (1 + a) − 1

2
a

1 + a2
ln 2 − π

4
a2

1 + a2
,

a > −1.

17.

∫ 1

0

ln (1 ± x)√
1 − x2

dx = −π

2
ln 2 ± 2G.

18.

∫ 1

0

x ln (1 ± x)√
1 − x2

dx = −1 ± π

2
.

19.

∫ 1

0

x ln (1 + ax)√
1 − x2

dx =

⎧⎪⎪⎨
⎪⎪⎩

−1 +
π

2
1 −√

1 − a2

a
+

√
1 − a2

a
arcsina, |a| ≤ 1,

−1 +
π

2a
+

√
a2 − 1

a
ln (a +

√
a2 − 1), a ≥ 1.

20.

∫ 1

0

ln (1 + ax)
x
√

1 − x2
dx =

1
2

arcsina(π − arcsina) =
π2

8
− 1

2
(arccosa)2, |a| ≤ 1.

21.

∫ 1

0

xµ−1 ln (1 + x) dx =
1
µ

[ln 2 − β(µ + 1)], �{µ} > −1.
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22.

∫ 1

0

x2n−1 ln (1 + x) dx =
1
2n

2n∑
k=1

(−1)k−1

k
.

23.

∫ 1

0

x2n ln (1 + x) dx =
1

2n + 1

[
ln 4 +

2n+1∑
k=1

(−1)k

k

]
.

24.

∫ 1

0

xn−1/2 ln (1 + x) dx =
2 ln 2
2n + 1

+ (−1)n 4
2n + 1

[
π −

n∑
k=0

(−1)k

2k + 1

]
.

25.

∫ 1

0

xµ−1 ln (1 − x) dx = − 1
µ

[ψ(µ + 1) − ψ(1)], �{µ} > −1.

26.

∫ 1

0

ln (1 + x)
(1 + x)µ+1

dx =
− ln 2
2µµ

+
2µ − 1
2µµ2

.

27.

∫ 1

0

xµ−1 ln (1 − x)
(1 − x)1−ν

dx = B(µ, ν)[ψ(ν) − ψ(µ + ν)], �{µ} > 0, �{ν} > 0.

28.

∫ 1

0

ln (1 + x)
(p − 1)xp−1 − px−p

x
dx = 2 ln 2 − π

sin pπ
, 0 < p < 1.

29.

∫ 1

0

ln (1 + x)
1 + x2n+1

1 + x
dx = 2 ln 2

n∑
k=0

1
2k + 1

−
2n+1∑
j=1

1
j

j∑
k=1

(−1)k−1

k
.

30.

∫ 1

0

ln (1 + x)
1 − x2n

1 + x
dx = 2 ln 2

n−1∑
k=0

1
2k + 1

−
2n∑

j=1

1
j

j∑
k=1

(−1)k−1

k
.

31.

∫ 1

0

ln (1 + x)
1 − x2n

1 − x
dx = 2 ln 2

n−1∑
k=0

1
2k + 1

+
2n∑
i=1

(−1)j

j

j∑
k=1

(−1)k−1

k
.

32.

∫ 1

0

ln (1 + x)
1 − x2n+1

1 − x
dx = 2 ln 2

n∑
k=0

1
2k + 1

+
2n+1∑
j=1

(−1)j

j

j∑
k=1

(−1)k−1

k
.

33.

∫ 1

0

ln (1 − x)
1 − (−1)nxn

1 − x
dx =

n∑
j=1

(−1)j

j

j∑
k=1

1
k

.
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34.

∫ 1

0

ln (1 − x)
1 − xn

1 − x
dx = −

n∑
j=1

1
j

j∑
k=1

1
k

.

35.

∫ 1

0

[ln (1 + x)]n(1 + x)r dx = (−1)n−1 n!
(r + 1)n+1

+ 2r+1
n∑

k=0

(−1)kn!(ln 2)n−k

(n − k)!(r + 1)k+1
.

36.

∫ 1

0

[ln (1 − x)]n(1 − x)r dx = (−1)n n!
(r + 1)n+1

, r > −1.

37.

∫ 1

0

(
ln

1
1 − x2

)n

x2q−1 dx =
n!
2

ζ(n + 1, q + 1), −1 < q < 0.

38.

∫ 1

0

(ln x)2n ln (1 − x2)
dx

x
= − π2n+2

2(n + 1)(2n + 1)
|B2n+2|.

39.

∫ 1

0

[ln (1/x)]m ln (1 − x2) dx = −
∞∑

n=1

Γ(m + 1)
n(2n + 1)m+1

, m + 1 > 0, n + 1 > 0.

40.

∫ 1

0

ln (1 + x2)
dx

x2
=

π

2
− ln 2.

41.

∫ 1

0

ln (1 + x2)
dx

1 + x2
=

π

2
ln 2 − G.

42.

∫ 1

0

ln
1 + a2x2

1 + a2

dx

1 − x2
= −(arctana)2.

43.

∫ 1

0

ln (1 − x2)
dx

x
= −π2

12
.

44.

∫ 1

0

ln (1 − x2)
dx

1 + x2
=

π

4
ln 2 − G.

45.

∫ 1

0

ln (1 + x2)
dx

x(1 + x2)
=

1
2

[
π2

12
− 1

2
(ln 2)2

]
.

46.

∫ 1

0

ln (cos2 t + x2 sin2 t)
dx

1 − x2
= −t2.
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47.

∫ 1

0

ln (a2 + b2x2)
dx

(c + gx)2

=
2

c(c + g)
ln a +

b2

a2g2 + b2c2

[
2a

b
arccot

a

b
+

cb2 − ga2

b2(c + g)
ln

a2 + b2

a2
− 2

c

g
ln

c + g

c

]
,

a > 0, b > 0, c > 0, g > 0.

48.

∫ 1

0

ln (1 + ax2)
√

1 − x2 dx =
π

2

{
ln

1 +
√

1 + a

2
+

1
2

1 −√
1 + a

1 +
√

1 + a

}
, a > 0.

49.

∫ 1

0

ln (1 + a − ax2)
√

1 − x2 dx =
π

2

{
ln

1 +
√

1 + a

2
− 1

2
1 −√

1 + a

1 +
√

1 + a

}
, a > 0.

50.

∫ 1

0

ln (1 − a2x2)
dx√

1 − x2
= π ln

1 +
√

1 − a2

2
, a2 < 1.

51.

∫ 1

0

ln (1 − a2x2)
dx

x
√

1 − x2
= −

(
arccos |a| − π

2

)2

.

52.

∫ 1

0

ln (1 − x2)
dx√

(1 − x2)(1 − k2x2)
= ln

k′

k
K(k) − π

2
K(k′).

53.

∫ 1

0

ln (1 ± kx2)
dx√

(1 − x2)(1 − k2x2)
=

1
2

ln
2 ± 2k√

k
K(k) − π

8
K(k′).

54.

∫ 1

0

ln (1 − k2x2)√
(1 − x2)(1 − k2x2)

dx = ln k′K(k).

55.

∫ 1

0

ln (1 − k2x2)

√
1 − k2x2

1 − x2
dx = (2 − k2)K(k) − (2 − ln k′)E(k).

56.

∫ 1

0

√
1 − x2

1 − k2x2
ln (1 − k2x2) dx =

1
k2

(1 + k′2 − k′2 ln k′)K(k) − (2 − ln k′)E(k).

57.

∫ 1

0

ln (1 − x2)(pxp−1 − qxq−1) dx = ψ
(q

2
+ 1
)
− ψ

(p

2
+ 1
)

, p > −2, q > −2.

58.

∫ 1

0

ln (1 + ax2)
dx√

1 − x2
= π ln

1 +
√

1 + a

2
, a ≥ −1.
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59.

∫ 1

0

ln (1 + x2)xµ−1 dx =
1
µ

[
ln 2 − β

(µ

2
+ 1
)]

, �{µ} > −2.

60.

∫ 1

0

ln (1 + 2x cos t + x2)
dx

x
=

π2

6
− t2

2
.

61.

∫ 1

0

ln
ax + b

bx + a

dx

(1 + x)2
=

1
a − b

[
(a + b) ln

a + b

2
− a ln a − b ln b

]
, a > 0, b > 0.

62.

∫ 1

0

ln
1 − x

x

dx

1 + x2
=

π

8
ln 2.

63.

∫ 1

0

ln
1 + x

1 − x

dx

1 + x2
= G.

64.

∫ 1

0

ln
1 + ax

1 − ax

dx

x
√

1 − x2
= π arcsina, |a| ≤ 1.

65.

∫ 1

0

ln
1 + x2

x
x2n dx =

1
2n + 1

{
(−1)n π

2
+ ln 2 − 1

2n + 1
+ 2

n−1∑
k=0

(−1)k

2n − 2k − 1

}
.

66.

∫ 1

0

ln
1 + x2

x
x2n−1 dx =

1
2n

{
(−1)n+1 ln 2 + ln 2 − 1

2n
+ (−1)n+1

n−1∑
k=1

(−1)k

k

}
.

67.

∫ 1

0

ln
1 + x2

x

dx

1 + x2
=

π

2
ln 2.

68.

∫ 1

0

ln
1 − x2

x

dx

1 + x2
=

π

4
ln 2.

69.

∫ 1

0

ln
1 + x2

x + 1
dx

1 + x2
=

3π

8
ln 2 − G.

70.

∫ 1

0

ln
1 + x2

1 − x

dx

1 + x2
=

3π

8
ln 2.

71.

∫ 1

0

ln
(

1 − x2

x2

)2√
1 − x2 dx = π.
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72.

∫ 1

0

ln
1 + 2x cos t + x2

(1 + x)2
dx

x
=

1
2

∫ ∞

0

ln
1 + 2x cos t + x2

(1 + x)2
dx

x
= − t2

2
, |t| < π.

73.

∫ 1

0

ln
1 + x2 sin t

1 − x2 sin t

dx√
1 − x2

= π ln cot
(

π − t

4

)
, |t| < π.

74.

∫ 1

0

ln
(1 − ax)(1 + ax2)

(1 − ax2)2
dx

1 + ax2
=

1
2
√

a
arctan

√
a ln (1 + a), a > 0.

75.

∫ 1

0

ln
(1 − a2x2)(1 + ax2)

(1 − ax2)2
dx

1 + ax2
=

1√
a

arctan
√

a ln (1 + a), a > 0.

76.

∫ 1

0

ln
(x + 1)(x + a2)

(x + a)2
xµ−1 dx =

π(aµ − 1)2

µ sin µπ
, a > 0, �{µ} > 0.

77.

∫ 1

0

ln (1 + ax)
xp−1 − xq−1

ln x
dx =

∞∑
k=1

(−1)k+1 ak

k
ln

p + k

q + k
, a < 1, p > 0, q > 0.

78.

∫ 1

0

x ln x + 1 − x

x(ln x)2
ln (1 + x) dx = ln

4
π

.

79.

∫ 1

0

ln (1 − x2)dx

x(q2 + (ln x)2)
= −π

q
ln Γ

(
q + π

π

)
+

π

2q
ln 2q + ln

q

π
− 1, q > 0.

80.

∫ 1

0

ln (1 + x)(ln x)n−1 dx

x
= (−1)n−1(n − 1)!

(
1 − 1

2n

)
ζ(n + 1).

81.

∫ 1

0

ln (1 + x)(ln x)2n dx

x
=

22n+1 − 1
(2n + 1)(2n + 2)

π2n+2|B2n+2|.

82.

∫ 1

0

ln (1 − x)(ln x)n−1 dx

x
= (−1)n(n − 1)! ζ(n + 1).

83.

∫ 1

0

ln (1 − x)(ln x)2n dx

x
= − 22n

(n + 1)(2n + 1)
π2n+2|B2n+2|.

84.

∫ 1

0

ln (1 − axs)
(

ln
1
x

)p
dx

x
= − 1

sp+1
Γ(p + 1)

∞∑
k=1

ak

kp+2
, p > −1, a < 1, s > 0.
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85.

∫ 1

0

ln (1 − 2ax cos t + a2x2)
(

ln
1
x

)p
dx

x
= −2Γ(p + 1)

∞∑
k=1

ak cos kt

kp+2
.

86.

∫ 1

0

ln
√

1 − a2x2 − x
√

1 − a2

1 − x

dx

x
=

1
2
(arcsina)2.

87.

∫ 1

0

ln
1 + cos t

√
1 − x2

1 − cos t
√

1 − x2

dx

x2 + tan2 v
= π cot t

cos (v − t)/2
sin (v + t)/2

.

88.

∫ 1

0

ln

(
x +

√
1 − x2

x −√
1 − x2

)2
xdx

1 − x2
=

π2

2
.

89.

∫ 1

0

ln {√1 + kx +
√

1 − kx} dx√
(1 − x2)(1 − k2x2)

=
1
4

ln (4k)K(k) +
π

8
K(k′).

90.

∫ 1

0

ln {√1 + kx −√
1 − kx} dx√

(1 − x2)(1 − k2x2)
=

1
4

ln (4k)K(k) +
3
8
πK(k′).

91.

∫ 1

0

ln {1 +
√

1 − k2x2} dx√
(1 − x2)(1 − k2x2)

=
1
2

ln kK(k) +
π

4
K(k′).

92.

∫ 1

0

ln {1 −
√

1 − k2x2} dx√
(1 − x2)(1 − k2x2)

=
1
2

ln kK(k) − 3
4
πK(k′).

93.

∫ 1

0

ln
1 + p

√
1 − x2

1 − p
√

1 − x2

dx

1 − x
= π arcsin p, p2 < 1.

94.

∫ 1

0

ln
1 + q

√
1 − k2x2

1 − q
√

1 − k2x2

dx√
(1 − x2)(1 − k2x2)

= πF (arcsin q, k′), q2 < 1.

95.

∫ 1

0

ln (1 − xq)
1 + (ln x)2

dx

x
= π

[
ln Γ

( q

2π
+ 1
)
− ln q

2
+

q

2π

(
ln

q

2π
− 1
)]

, q > 0.

96.

∫ 1

0

ln ln
(

1
x

)
dx

1 + x
= −γe ln 2 +

∞∑
k=2

(−1)k ln k

k
= −1

2
(ln 2)2 ≈ −γe ln 2 + 0.159868905.
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97.

∫ 1

0

ln ln
(

1
x

)
dx

x + ei λ
=

∞∑
k=1

(−1)k

k
e−i kλ(γe + ln k).

98.

∫ 1

0

ln ln
(

1
x

)
dx

(1 + x)2
=
∫ ∞

1

ln ln x
dx

(1 + x)2
=

1
2

[
ψ

(
1
2

)
+ ln 2π

]
=

1
2

(
ln

π

2
− γe

)
.

99.

∫ 1

0

ln ln
(

1
x

)
dx

1 + x2
=
∫ ∞

1

ln ln x
dx

1 + x2
=

π

2
ln

√
2πΓ

(
3
4

)
Γ
(

1
4

) .

100.

∫ 1

0

ln ln
(

1
x

)
dx

1 + x + x2
=
∫ ∞

1

ln ln x
dx

1 + x + x2
=

π√
3

ln
(2π)1/3Γ

(
2
3

)
Γ
(

1
3

) .

101.

∫ 1

0

ln ln
(

1
x

)
dx

1 − x + x2
=
∫ ∞

1

ln ln x
dx

1 − x + x2
=

2π√
3

[
5
6

ln 2π − ln Γ
(

1
6

)]
.

102.

∫ 1

0

ln ln
(

1
x

)
dx

1 + 2x cos t + x2
=
∫ ∞

1

ln ln x
dx

1 + 2x cos t + x2
=

π

2 sin t
ln

(2π)t/πΓ
(

1
2 + t

2π

)
Γ
(

1
2 − t

2π

) .

103.

∫ 1

0

ln ln
1
x

xµ−1 dx = − 1
µ

(ln µ + γe) , �{µ} > 0.

104.

∫ 1

0

ln ln
(

1
x

)
dx

(1 + x2)
√

ln 1
x

=
∫ ∞

1

ln ln x
dx

(1 + x2)
√

ln x

=
√

π

∞∑
k=0

(−1)k+1

√
2k + 1

[ln (2k + 1) + 2 ln 2 + γe].

105.

∫ 1

0

ln ln
(

1
x

)
xµ−1 dx√

ln 1
x

= − (ln 4µ + γe)
√

π

µ
, �{µ} > 0.

106.

∫ 1

0

ln ln
(

1
x

)(
ln

1
x

)µ−1

xν−1 dx =
1
νµ

Γ(µ)[ψ(µ) − ln (ν)], �{µ} > 0, �ν} > 0.

107.

∫ 1

0

ln (a − ln x)xµ−1 dx =
1
µ

[ln a − eaµEi(−aµ)], �{µ} > 0, a > 0.

108.

∫ 1/e

0

ln
(

2 ln
1
x
− 1
)

x2µ−1

ln x
dx = −1

2
[Ei(−µ)]2, �{µ} > 0.
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109.

∫ 1

0

ln [a2 + (ln x)2]
dx

1 + x2
= π ln

2Γ
(

2a+3π
4π

)
Γ
(

2a+π
4π

) +
π

2
ln

π

2
, a > −π

2
.

110.

∫ 1

0

ln [a2 + 4(ln x)2]
dx

1 + x2
= π ln

2Γ
(

a+3π
4π

)
Γ
(

a+π
4π

) +
π

2
ln π, a > −π.


