T1.32. Integrand involving algebraic functions of hyperbolic functions.

. 1 — sinh 2ax . cosh2ax — 1
Notation used: « = arccos ——— , [ = arcsiny/——,
1 + sinh 2ax cosh 2ax
Va2 +b?2 —a—bsinh z
VaZ+ 02 +a+bsinh z’

— h hz—1
a — b cosh x B~ arcsin b(cosh x — 1)

x
7y = arccos 6 = arcsin (tanh — ) ,
2

o/ = arcsin

a—b ' bcoshz—a’
, ) bcosh z—a 5 (b2—a2)1/4
= arcsing | ——, = arccos : ,
i b(cosh x — 1) Vva sinh z + b cosh z
L f >0 ! f #0
=— forazx ;i g=— forz ;
p \/5 q \/i
r= M fora>0,b>0 x>—arcsinh(g)'
- 2/a2+b2) ) ) b’
—b
s=4/2 for 0 <b<a,z > 0;
a+b
a—b a
t= for0<b<a,0<x<arccosh(—);
a+b b
a+b
u = for 0 <a < b,z > 0;

2b
[ 2b
v = f0r0<b<a,x>arccosh(g);
a-+ b

(=

1 p a
wzﬁ f0r0<a<b,—arcsmhm<m.
., coshzx TR 9
arcsinh N In (coshz + vV a? 4+ sinh“ x), a° > 1,
1 / sinhzdr cc(l)Sh .
‘ / : - h———— =In(coshz + Va2 +sinh?z), a? <1
2% + sinh? 2 arccos Wipry ) )

In coshz, a? =1.



T1.32.

sinh x dz . cosh x .
2. — e = arcsin ———, sinh? z < a2.
vV a? — sinh” z a®+1
sinh x dx cosh x " .
3 = arccosh ——— = In (cosh = + V/sinh? z — a2), sinh®z > o

J Vsinh®z — a2 va? +1
hzd inh

g0 [ T resinh 2T (sinh = + Va2 + sinh? z).
Va2 + sinh? z a

cosh z dz . sinh x .10 9
= arcsin , sinh”z < a”.

Va2 — sinh? x a

had inh
6 coshrar arccosh Siniz g In (sinh x + \/M), sinh®z > a?.

Vsinh? z — a2 a

inh h
. sinh  dx — arcsinh cosa L —ln (cosh x + m).

. Va2 + cosh? z

sinh x dz cosh x

——= arcsin
v a? — cosh” z

inh zd h
9 simhrar arccosh COSN 7 N In (cosh z + M), cosh® z > a2.
a

v/ cosh? x — a2

h inh
10. cosh z dz — arcsinh ———=_ = 1In (sinh z + \/m)'

Va2 + cosh? z va? +1

cosh x dx . sinh x

5

8. . cosh?z < a?.

11. [ ————— — arcsin ——, cosh?z < @°.
Va2 — cosh? va? -1
sinh 9
1. coshz dz arccosh /o a®>1,

Vcosh? z — a?

In sinh z, a? =1.

/ b
2v/a arccoth 4/1 + = sinh z, bsinhz >0, a > 0,
a

b
13. /M ={ 2y/aarctanh (/1 + —sinh =z, bsinh z <0, a > 0,
va+bsinhx a

2v/—a arctanh \/— <1 + ésinh x), a < 0.
a

/ b
2v/aarccoth 4/ 1 + acoshyc7 bcoshz>0,:a>0,
14 tanh xdr b
| Tothens Zﬁarctanhyll—i—acoshx bcoshz <0, a>0,

= 2y/—a arctanh \/— (1 + %cosh x) a < 0.




T1.32. 3
b cosh —b
2 arccoth ala +b cosh z) b cosh = > 0, a9 > 0,
ag-tp q
sinh xv/a + b cosh x b h -
15. / dr =4 2 P arctanh ala +b cosh z) b cosh z < 0, YW 0,
p—+qcosh z aq — bp q
bp — b cosh —b
2 P 99 arctanh ala +b cosh z) a9 —op < 0.
bp —aq q
b sinh —b
arccoth g(a +b sinh z) b sinh x > 0, a9 —p > 0,
ag—lbp
cosh zv/a + b sinh = h _
16. / - dr =2 2 —p P arctanh g(a +b sinh ) b sinh x < 0, aq — bp >0,
P + q sinh = aq — bp
_ h _
5 bp — aq arctanh g(a + b sinh x) aq — bp <0
q bp —aq q
F(arcsin(tanh ), k), z > 0.

I el s 1 T
18, / d = / d =F <
Vcosh? z — k2 sinh? z + (k')2
19. / dz =F <arcsin (tanh x) )

\/1 — (k"2 cosh® x

1
2a

20. F(a, p).

T
/\/sinh 2ar

21. /\/sinh 2ax dx = ZL[F(Oc, p) — 2E(a, p)] + 1
a a

2./(
/;
/i

1 +sinh 2a2)2
1
V2

av/2

1
2a

cosh? 2ax dx -

1+ sinh 2az)2V/sinh 2az
(1 — sinh 2ax)? dz

1 + sinh 2az)2V/sinh 2az N

Vsinh 2ax dx _ 1

4a

F(8,q).

2

E(a, p).

L 2B, p) -

23.
3 2a

24. [F(, p) — E(a, p)].

25.

T
/\/cosh 2ar a

26. /\/cosh 2azdr = [F(B, q) —2E(B, q)] +

1
arcsin <—> , k‘> x> 0.
cosh x

1
k> 0 < z < arccosh E

sinh 2az(1 + sinh? 2ax)
1+ sinh 2ax

F(a, p)].

sinh 2ax

av/cosh 2azx



T1.32.

dx 1
27./\/m: aﬁ[QE(ﬁ, q) — F(8, q)].

1 tanh 2az

dxr
/\/cosh5 20r  3V2a (8, 9) 3av/cosh 2az

sinh? 2ax dx V2 1
————— = ——F(f, ¢) + = sinh 2axV cosh 2az.
v cosh 2azx 3a . 9) 3a

tanh? 2az dx _ QFW g — tanh 2ax

Veosh 2az  3a” 3av/cosh 2az’
/ \/de _ 1 (8, 7%, q)

sp? + (1 — p?)cosh 2ax  a\/2 o 4o

1
32. = F(vy, r).
,/\/a + b sinh = (a2 + b2)1/4 ()

2b cosh xv/ b sinh
33. /\/a+ b sinh z dx = (a® + b2)1/4 [F(y, r) —2E(y, r)] + COSh TV A+ 0 sinh &

VaZ+ b2+ a+bsinh z’
h 2 2 _
34 /\/a—l-b;un T ( +b2)/ E(y. 1)~ va?+b 1/ZF(’777”)
cosh 2(a? + b?)

_a+\/a2+b2 Va2 + b2 —a—bsinhx Va+b smhx

b Va2 ¥ b2 +a+bsinhz  coshz
cosh? x dx 1
35. ¢ E(y, 7).
/[\/aQ—l—bQ—i—a—l—bsinh z]?2va+bsinh z  p2 (a2+b2)1/4 . m)
36 / va + b sinh z dx _ 1 By, )
") [Va2 4 b2 —a — b sinh z]2 (a2 +b2)"* (Va> + 12 — a) "

n b cosh xzv/a + b sinh x
VaZ + b2 —a a® +b? — (a+ b sinh )2’

2
p— F 57 .
Va+bcoshzr +Va+b (% 5)

38. /\/a—l—b cosh xdx = 2vVa + b[F(0, s) — E(9, s)] + 2 tanhgx/a—i— b cosh x.

cosh x dx _ 2 F((S’r)—Qva—'_bE((s, s) + 2tanh \/m
Va+bcoshz +Va+bd b b
t h2x
an dp — \/a—i—b[F((S, s) — E(6,s)].
NCE YT a—b
tanh? £ 2V 2 sinhZva+bcoshz
" an dr — a+b[(3a+b)F(5,s)—4aE(5, 9+ sinh Sva + b cos x.

Va=>bcoshz  3(a—0b)? 3(a—b) cosh?® 5



T1.32.
coshz —1 2 T
42, | —————dz = = |[tanh =Va + b cosh z — Va + bE(S, s)|.
Va+b cosh z b[ 2 ( )}
hz—1)2 4/
43, (cosh . — 1) dr — a:—b
va+ b cosh z 3b

4
+— {b cosh? g —(a+ 3b)} tanh g\/a + b cosh z.

[(a+ 3b)E(3, s) — bE(8, )]

3b2
44 / vatbeosh ,  JaTBEEG, s)
' cosh z + 1 N e
5. / 4 SRAE LT P )
(cosh z + 1)v/a + b cosh z a—b (a—b)Va+b
dz 1
16. - b(5b — a)F(5,
/(coshx—i—l)%/a—f—bcoshx 3(a—b)2\/a+b[( QFE,5)
1 sinh £
—3b b)E(6 Z_y b cosh z.
+(a )(Cl+ ) (’S)]+6(a—b) COShB(J)/z) @+ b cosh x
1 h x)d 2
47. / 5 ( —ZCOS z)do = (5, p?, s).
[1+p2+ (1—p?)cosh z]v/a+bcoshz a+b
dz 2
48. = F(d, t).
/\/a—bcoshx Va+b (o 1)
49. /\/a—b cosh zdx = 2vVa+b [F(d/, t) — E(d/, t)].
50. cosh x dx _ 2\/a+bE(a,’ £ — LF(O{’, 0.
va—1b cosh = b va+b
cosh? z dz 2(b - 2a) dav/a+b 2
1. = F(d, t)+ ———FE(d/, t) + — sinh — b cosh z.
5 —rens wlitl (o, t) + 2 (o, )—|—3b sinh zva cosh z

= E(d, t).
va—b cosh z b (os)

53./ dz S H(d,“_b,t).
cosh xv/a—bcoshx ava+b a

d 1
54. / - = E(d/, t) — —— tanh L Va—b cosh z.
(1+ cosh z)v/a—bcoshz Va+b a+b 2

dx 1
95. =
/(1+cosh z)2va—bcosh x  3y/(a+0b)?

1 tamh%x/a—bcoshx[2 +4b+ (a+ 3b) cosh 2]
3(a+b)? cosh x + 1 “ “ cosh #-

56. / dz = 2 H(alv p27 t)
(a—b—ap?+bp?cosh z)va—bcoshz  (a—b)vVa+b

59 /(1 +cosh z)dr 2va+b

[(a+3b)E(e, t) — bF(d, 1)]




T1.32.

dx 2 ,
o /\/b cosh —a B \/;F(ﬁ ) u)-

58. /\/b coshz —adx = (b— a)\/gF(ﬂl, u) — 2V20E (6, u) + M
b Vbcoshxz —a

d 1 2
59. / m = a2 \/; [20E(F', u) = (b= a)F (', u)].

d 1 2
60. / m G _azp\/;[(b—ga)(b—a)F(ﬁ’, w) +8abB(F, u))

. 2% sinh z
32 —a?) \/bcosh & — )
cosh x dx 2 / / 2 sinh ©

o1, | e = VPO 0 - 2B )+ e
6 (coshz+1)dz 2 EE(ﬁ’,u).

") /(bcoshz—a)® b—aVb
v/ —
63./ b cosh x —adz _ %H(ﬁ',pQ, w).

p?b — a + b(1 — p?) cosh x

dx 2
64. - F(Y, v).
/\/bcoshx—a Va+b (o, v)

65. /\/b cosh  —adr = —2Va + bE(y', v) + 2 arccoth gvb cosh = — a.

66, arccoth? % dx _ 2va + bE(’y', o).
vbcoshx—a a—2>

\/7_
67./ b cosh x adx:

a+blF(,v) = E®,v).

cosh z — 1
Vi 1
68. / e = . bE('y/7 U) - F(7/7 U)'
(coshx —1)ybcoshz—a a—b Va+b
dz 1
69. - —2b)(a — b)F(+,
/(coshx—l)Q\/b cosh z —a 3(a—b)2\/a—|—b[(a Ja=bF@, v)

b hZ
+ at o8 2 /b cosh x — a.
6b(a — b) sinh® %

dz 1 2vbcoshx —a
70. _ F(y,v) = E(y, v)] + 22812~ a
/(Cosh x+1)vbeoshz—a Va+ b[ o v) o, ) (a + b)sinh z




T1.32. 7

/ dx
1. - [
(coshz+1)2Vbcoshz—a  3y/(a+b)>?

ooz = a
bcoshz —a 2a—|—3b . f)

[(a+bD)F (Y, v)

- E(v
(a+ 3b) (77“)}+3(a+b)sinhx a+b 2

dx 4 1/4
72, - F(, w).
,/\/a sinh z + b cosh x <b2—a2) (07, w)

1/4

2(a cosh z + b sinh x)
Va sinh z + b cosh =

dx 4 1/4 / /
74. /\/(a sinh x + b cosh )3 - ((bz = a2)3) 2E(&, w) — F(&', w)].

73. /\/a sinh @ + b cosh xdz = (4(b*> — a®)) """ [F(¢', w) —2E(8', w)] +

5 / dx _1 < 4 >1/4 P ) 2 a cosh x + b sinh z
"J /(asinh z +bcosh )> 3 \ (b? —a?)® ’ 3(b* —a?) \/(a sinh z + b cosh x)3
- /(\/bQ—aQ—l—asinhx—l—bcoshx)dx_2( 4
. V/(a sinh z + b cosh z)3 b? —a?

1/4
) E(¥, w).
77. /\/ tanh z dx = arctanh vtanh z — arctan vVtanh x.
78. /\/ arccoth x dx = arccoth Varccoth x — arctan v arccoth x.




