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T1.15. Integrand involving (a + bx)k/n.

Notation used: X = a + bx.

1.

∫
dx√
X

=
2
b

√
X.

2.

∫
xdx√

X
=

(
1
3
X − a

)
2
√

X

b2
.

3.

∫
x2 dx√

X
=

(
1
5
X2 − 2

3
aX + a2

)
2
√

X

b3
.

4.

∫
dx√
X3

= − 2
b
√

X
.

5.

∫
xdx√
X3

= (X + a)
2

b2
√

X
.

6.

∫
x2 dx√

X3
=

(
X2

3
− 2aX − a2

)
2

b3
√

X
.

∫
xn Xm+c/k dx =

k Xm+1+c/k

bn+1

n∑
k=0

(−1)k

(
n

k

)
Xn−k ak

k (n − k + m + 1) + c
.

7.

∫
xn

√
X2m−1 dx =

2
√

X2m+1

bn+1

n∑
k=0

(−1)k

(
n

k

)
Xn−kak

2n − 2k + 2m + 1
.

8.

∫
Xm dx

xn
√

X
= − Xm

√
X

(n − 1)axn−1
+

2m − 2n + 3
2(n − 1)

b

a

∫
Xm dx

xn−1
√

X
.
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9.

∫
Xm dx

xn
√

X
= −Xm

√
X

{
1

(n − 1)axn−1

+
n−2∑
k=1

(2m − 2n + 3)(2m − 2n + 5) . . . (2m − 2n + 2k + 1)
2k(n − 1)(n − 2) . . . (n − k − 1)xn−k−1

bk

ak+1

}

+
(2m− 2n + 3)(2m − 2n + 5) . . . (2m − 3)(2m − 1)

2n−1(n − 1)!x
bn−1

an−1

∫
Xm dx

x
√

X
.

10.

∫
Xm

x
√

X
dx =

2Xm

(2m − 1)
√

X
+ a

∫
Xm−1

x
√

X
dx.

11.

∫
Xm

x
√

X
dx =

m∑
k=1

2am−kXk

(2k − 1)
√

X
+ am

∫
dx

x
√

X
.

12.

∫
dx

x
√

X
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1√
a

ln

∣∣∣∣∣
√

X −√
a√

X +
√

a

∣∣∣∣∣ , a > 0,

2√−a
arctan

√
X√−a

, a < 0.

13.

∫ √
X dx

x
= 2

√
X + a

∫
dx

x
√

X
.

14.

∫ √
X dx

x2
= −

√
X

x
+

b

2

∫
dx

x
√

X
.

15.

∫ √
X dx

x3
= −

√
X3

2ax2
+

b
√

X

4ax
− b2

8a

∫
dx

x
√

X
.

16.

∫ √
X3 dx

x
=

(
X

3
+ a

)
2
√

X + a2

∫
dx

x
√

X
.

17.

∫ √
X3 dx

x2
= −

√
X5

ax
+

3b

2a

∫ √
X3 dx

x
.

18.

∫ √
X3 dx

x3
= −

(
1

2ax2
+

b

4a2x

)√
X5 +

3b2

8a2

∫ √
X3 dx

x
.
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19.

∫
dx

xXm
√

X
=

m−1∑
k=0

2
(2k + 1)am−kXk

√
X

+
1

am

∫
dx

x
√

X
.

20.

∫
dx

x2
√

X
= −

√
X

ax
− b

2a

∫
dx

x
√

X
.

21.

∫
dx

x3
√

X
=

(
− 1

2ax2
+

3b

4a2x

)√
X +

3b2

8a2

∫
dx

x
√

X
.

22.

∫
dx

x
√

X3
=

2
a
√

X
+

1
a

∫
dx

x
√

X
.

23.

∫
dx

x2
√

X3
=

(
− 1

ax
− 3b

a2

)
1√
X

− 3b

2a2

∫
dx

x
√

X
.

24.

∫
dx

x3
√

X3
=

(
− 1

2ax2
+

5b

4a2x
+

15b2

4a3

)
1√
X

+
15b2

8a3

∫
dx

x
√

X
.

25.

∫
Xm+1/3xn dx =

⎧⎪⎪⎨
⎪⎪⎩

n∑
k=0

(−1)k

(
n

k

)
Xn−kak

3n− 3k + 3 (m + 1) + 1

⎫⎪⎪⎬
⎪⎪⎭

3 X(m+1)+1/3

bn+1
.

26.

∫
xn dx

Xm+2/3
=

⎧⎪⎪⎨
⎪⎪⎩

n∑
k=0

(−1)k

(
n

k

)
Xn−kak

3n − 3k − 3 (m − 1) − 2

⎫⎪⎪⎬
⎪⎪⎭

3
bn+1X(m−1)+2/3

.

27.

∫
Xm+2/3xn dx =

⎧⎪⎪⎨
⎪⎪⎩

n∑
k=0

(−1)k

(
n

k

)
Xn−kak

3n− 3k + 3 (m + 1) + 2

⎫⎪⎪⎬
⎪⎪⎭

3X(m+1)+2/3

bn+1
.

28.

∫
xn dx

Xm+1/3
=

⎧⎪⎪⎨
⎪⎪⎩

n∑
k=0

(−1)k

(
n

k

)
Xn−kak

3n − 3k − 3 (m − 1) − 1

⎫⎪⎪⎬
⎪⎪⎭

3
bn+1X(m−1)+1/3

.

29.

∫
Xn dx

xmx2/3
= − Xn+

1
3

(m − 1)axm−1
+

3n − 3m + 4
3(m − 1)

b

a

∫
Xn dx

xm−1X2/3
.
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30.

∫
Xn dx

xX2/3
=

3Xn

(3n − 2)X2/3
+ a

∫
Xn−1 dx

xX2/3
.

31.

∫
dx

xXnX2/3
=

3X1/3

(3n − 1)aXn
+

1
a

∫
X1/3 dx

xXn
.

32.

∫
dx

xX2/3
=

1
a2/3

{
3
2

ln
X1/3 − a1/3

x1/3
−√

3 arctan
√

3X1/3

X1/3 + 2 a1/3

}
.

33.

∫
X1/3 dx

x
= 3 X1/3 + a

∫
dx

xX2/3
.

34.

∫
X1/3 dx

x2
= −XX1/3

ax
+

b

a
X1/3 +

b

3

∫
dx

xX2/3
.

35.

∫
X1/3 dx

x3
=

(
− 1

2ax2
+

b

3a2x

)
XX1/3 − b2

3a2
X1/3 − b2

9a

∫
dx

xX2/3
.

36.

∫
dx

x2X2/3
= −X1/3

ax
− 2b

3a

∫
dx

xX2/3
.

37.

∫
dx

x3X2/3
=

[
− 1

2ax2
+

5b

6a2x

]
X1/3 +

5b2

9a2

∫
dx

xX2/3
.

38.

∫
Xn dx

xmX2/3
= − XnX2/3

(m − 1)axm−1
+

3n − 3m + 5
3(m − 1)

b

a

∫
Xn dx

xm−1X1/3
.

39.

∫
Xn dx

xX1/3
=

3Xn

(3n − 1)X1/3
+ a

∫
Xn−1 dx

xX1/3
.

40.

∫
dx

xXnX1/3
=

3X2/3

(3n − 2)aXn
+

1
a

∫
X2/3 dx

xXn
.

41.

∫
dx

xX1/3
=

1
a2/3

[
3
2

ln
X1/3 − a1/3

x1/3
+
√

3 arctan
√

3 X1/3

X1/3 + 2 a1/3

]
.

42.

∫
X2/3 dx

x
=

3
2

X2/3 + a

∫
dx

xX1/3
.
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43.

∫
X2/3 dx

x2
= −X5/3

ax
+

b

a
X2/3 +

2b

3

∫
dx

xX1/3
.

44.

∫
X2/3 dx

x3
=

[
− 1

2ax2
+

b

6a2x

]
X5/3 − b2

6a2
X2/3 − b2

9a

∫
dx

xX1/3
.

45.

∫
dx

x2X1/3
= −X2/3

ax
− b

3a

∫
dx

xX1/3
.

46.

∫
dx

x3X1/3
=

[
− 1

2ax2
+

2b

3a2x

]
X1/3 +

2b2

9a2

∫
dx

xX1/3
.


