T1.22. Integrand involving sines and cosines of multiple angles with linear and other arguments.

1. / sin (az + b) dax = 1 cos (ax + b).
a
1.
2./Cos(ax+b)dx:—— sin (ax + b).
a
3./sin(ax+b) sin (cx + d) dz = 51n[(a2—(;);r(—:;b—d] _sm[(a;;)f(—;b—i—d]’ a® # 2.
4./sin(ax+b) Cos(cx—i—d)d:c——COS[(az_(;)_x;)_b_d] —COS[(GZ—;;KE;’;b—’—d], a® # 2.
5./Cos(ax—|—b) Cos(cx—i—d)d:c—Sm[(az_(;)_x;;b_d] Sm[(a;—(;)f;;b—i—d], a® # .
6./sin(ax+b) sin(ax—f—d)dx:gcos(b—d)—sm(mi——i—b—'_@.
a
2
7./sin(ax+b) Cos(ax—i—d)dngsin(b—d)—cos( aa;:—b—i—d).
in (2
8./cos(aﬂc—|—b) cos(ax—l—d)da::gcos(b—d)—i—w.
) _cos(a+b)x cos(a—b)x S
9./Slna:ccosba:da:— 2ath) a—0b) a® # b°.
10-/Sin ax sin bx sin ca:clavz—1 cos(a—bre)z  coslbre—a
4 a—b+c b+c—a
cos(a+b—c)x cos(a+b+c)x
+ - :
a+b—c a+b+c
11./Sin ax cos bx coscxcl:c:—1 cos(atbrclr coslbre—a
4 a+b+c b+c—a
cos(a+b—c)x  cos(a+c—b)x
+ .
a+b—c a+c—b
12-/COS az sin bx sin cxdle sin(a+b—co , sin(atc—b
4 a+b—c a+c—>b

_sin(a+b+c)r sin(b+c—a)z
a+b+c b+c—a '
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1 [ si b in (b —
13. / cos az cos ba cos cxdr = =4 (atbtojr sin(b+c—aj
4 a+b+c b+c—a
sin(a4+c—b)zx sin(a+b—c)x
+ .
a+c—b a+b—c
NP p+n—1
14. /COS pa:.—i—z S pY dx = —Z/Zidz, z=cosx + i sinx.
sin nx 1—z2n
P p+n—1
15. ‘/COpr—i—Z S pr dr = —Qi/zidz, z=-cosx + 1 sinx.
cos nx 1— 220
16. / sin? z sin ax dz = m {—sinp Z cos ax +p/ sin? ™! 2 cos(a — 1)z dx}.
p+a
17. / sin? z sin (2n 4+ 1) zdx
=(2n+ 1){/ sin?™! 2 da
n
2n+1)2 —1%][(2n+ 1) = 3% ... [(2n + 1)? — (2k — 1)?] _
-1 k[( / 2k+p+1 d
—I—;( ) h+ 1) sin T dx
T(p+1) (2[(=1)+ 1D (2L 4 n—2k
= p3—|— ) =Y (%3 ) sin? =%  cos (2n — 2k + 1)z
F(E ) || 26—k D)

L (pz;l +n— 2k)
92k+2T (p — 2k)

(_1)71]_" (pTH — 71)  p—2n+1
+22”I‘(p—2n+1)/sm zdx ;.

+(=1)

sin? 2k~ g sin (2n — 2k) x}

18. /sinpa: sin 2nx dx

(]

. {sinp+2 D" (4n2 — 22)(4n? — 42) ... [4n2 — (2k)?]

_1 k : 2k+p+2
pr2 T2 2k + )12k +p+ 2) S v

k=1

sin?~?* z cos (2n — 2k)x

_ T(p+1) {”‘1(—1)k1r(g+n—2k)
T(5+n+1) &= 20T (p—2k+1)
(- (B +n—2k—-1) ., 1
- 22’€J(F§I‘(p—2k) )smp Ly sin(2n—2k—Vay, p#—2,—4,...,-2n.

1
19. / sin”? x cos ardr = o {sinp x sin ax —p/ sin? ™! z sin (a — 1)xdx}.
p
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20. / sin? x cos (2n + 1) x dx

_ sinPT! x+z”:(_1)k [(2n+1)2 = 12])[(2n + 1)2 = 32]...[(2n + 1)%2 — (2k — 1)?] G
P+l (2k)!(2k +p + 1)
L(p+1) {“{(—nkr (P +n—2k) o
= — sin x cos(2n — 2k + 1)z
R PP R ( |
I (22 +n—2k)
_ 1k 2 cop—2k—1 _ _
+(-1) 22T () — 2F) sin x sin (2n — 2k) x}

)
22T (p—2n+1)

/ sinP =" g cosx}, p#-3,-5,...,—(2n+1).

21. /sinpx cos 2nz dx

_ 92 2 _ _ 9)\2
/smp rdr + Z k4n (4n? —2 )(Zk;)[?m (2k—2) ]/ sin?**P ¢ dx

T+l [T (B+n—2k)

F(§+n+1){Z ST (p 2k 1) SN @ sin@n -2k

(- (5 +n—2k—1)
22427 (p — 2k)

UG n D [ )

22T (p — 2n + 1)

sin? 21 & cos (2n — 2k — 1)4

1
pta

22. / cos? x sin ax dx = {—COSp Z cos ax —|—p/ cosP ™! x sin (a — 1)xdm}.

p+1 o
23. P 2 sin(2n + 1) 2 do = —1”“{L
/cos zsin(2n+ 1) zde = (—1) AL
+Z pl2n4+1)2 = 12)[(2n + 1)% = 3%] ... [(2n + 1)? — (2k — 1)?) cosZh P
(2k)!(2k +p+ 1)
T(p+1) { T k) ok
= - - cosP™" x cos(2n —k+ 1)z
P e T - (
I‘(P_'f‘?’)
+2"I‘ » —2n—|— 1)/ cosP™ " ¢ Sin(n—l—l)xdm}, p#—-3,-5,...,—(2n+1).
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24. /cosp z sin 2nz dx

n—1
—(—1 n{@ (4n? — 2%)(4n? — 42) ... [4n? — (2k)?] cog2k+p+2 x}

p+2 +;(_1)k (2k + 1)1(2k +p + 2)

T(p+1 = I(B+n—k
(p+1) {_Z ( )

cosP™F x cos (2n — k)z

a m :02k+1r(p —k+1)
r(e+1
%/ cosP~" x sin nxdx}, p#—2,—4,...,—2n.

1
25. / cos? x cos axdr = a {cosp z sin az +p/ cos? ™!z cos (a — 1)xdx}.
p+a

26. /cospx cos(2n + 1)z dx = (—1)"(2n + 1){/ cosPt! 2 du

[(2n +1)2 —12][(2n + 1)%2 = 3%]...[(2n + 1)% — (2k — 1)?
+Z )2 — 12l >(2k+11)! [(2n +1)2 — ( >1/Coszk+p+1xdx}

cosP™F z sin (2n — k + 1)z

n—1 1
_ T(p+1) {ZF(%Jrn—k)
kLT (p —
—2 F'lp—k+1)

(752
[ S p—n 1 .
+2nr(p_n+1)/cos x cos(n+ )a:da:}

27. /cosp T cos 2nz dx

=(=1)" {/ cos? xdm+2(—1)’“4n [4n” — 2 ](2]5? —(2k-2) ]/ cog2ktp xdx}

k=1

cos?* z sin (2n — k)x

T(p+1) [ T(E+n—k)
{2

:F(§+n+1 — 2 (p—k+1)
r+1
+M/ cos?™™ x cos nmdm}.

sin x
sin 2nx sin (2k — 1)z

29. T =2

9/Sinx Z 2k —1

cos (2n + 1)z cos 2kx .
30 / —— dx ; o +1In sin x

98, /sm (2n+ 1)z _ 22 sin Zk:x




T1.22.

cos 2nx " cos (2k — 1)z x
31./ - dfoZT—Hntan 5

sin @ Pt -1
sin (2n + 1)z - _ g1 COS 2kx
2. | —————dx =2 —q)nh R —1)"*] .
3 / - dx ;( ) 5% +(-1) n cos
sin 2nx " cos (2k — 1)z
33. de =2) (—1)nkl—r o
/ cos & v Z( ) 2k — 1

k=1

2 1 in 2
34 / cos@ntl)a 23 (-1 SLRE gy

cos T — 2k
cos 2nm - sin (2k — 1)z T X
5 eSO g (T )
/cosx kz:: 2k —1 +(=1)" In tan 4+2
1
36. / sin (n + 1)z sin" ' o dx = — sin™ z sin nz.
n
1
37. / sin (n + 1)z cos" ' xdx = —— cos™ x cos nz.
n
1
38. / cos (n + 1)z sin" txdx = — sin” z cos nz.
n
1
39. / cos (n 4 1)z cos" ' xdr = — cos™ x sin n.
n
: m son—1 L. n m
40. [ sin [(n—l—l) (——x)} sin”™* xdr = — sin xcosn(——a:).
2 n 2
1
41. / cos {(n—i— 1) (z - m)} sin" ! xdx = —= sin" x sin n (E - x)
2 n 2

in 2
42./8%112 Y dz = 21n sin .

S100 A

in 2 2
sin” x (n—2)sin" “z

in 2
44. /sm xdmz—Zlncosm

cos? x
15, /sm 2x dx _ 2 .
cos™ x (n—2) cos" 2z
2z d
46. /COS a: x—ZCosx—l—lntanE
sin x 2
2z d
47. /COS :c x——cotx—?x.
sin? z
2
48, /cos a:da: B C(?SQJ? B § In tan g
sin® z " 2sin?z 2 2



49.

50.

ol.

52.
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o4.

95.
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60.
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64.
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5. |

cos 2z dx T
:2smx—lntan<—+—).
CoS T 4 2
cos 2x dx
5 =2x —tan x
cos? x
cos 2z dx sin x +31 ¢ <7r+ )
= —Intan (— + = ).
cos® x 2cos2x 2 4
sin 3x dx .
- = x + sin 2x.
sin x
3
S%DQ T dr = 3 In tan E—|—4cos T.
sin“ x
sin 3x
—5— dx = —3 cot x — 4x.
sin® ©
sin 3x .9
dr = 2 sin” x + In cos x.
cos T
i 1
sin 3z =———— —41Incoszx.
cos® x 2 cos? x
sin 3x _ 4 1
cos" v (n—3)cos"3x (n—1)cos"
cos 3x _ 4 1
sin"z 7 (n—-3)sin" Sz (n—1)sin" !z’
3
CO,S i dx = —2 sin® z + In sin z.
sin ©
3 1
C(.)S3 xdx:— —— —4 Insinz.
sin® x 2sin” x
sin nr 2/sin(n—l)xdm /sin(n—2)xdm
T = -
cosP x cosP—1 g cosP x
3
cos o dr = sin 2x — x.
cos T
3
cos xdm=4sinx—3lntan (z—l—f).
cos? x 4 2
3
COSS v dxr = 4x — 3 tan .
cos? x
. (k—n)m
sin™ zdx 1 in:( 1) cogm [ 2k +1 ] ) s |:2(2n+1) + %}
- = — cos” |— x| In
sin(2n+ 1)z 2n+ 1o~ 22n+1) sin |:](€24;’L73:1§7T _ %}

where m is a natural number < 2n.



66. /
67. /

2m

. _1)n n—1
s wdv (-1 {1n cos x + z:(—l)’C cos®™ I;—:L In (cos2 x — sin? kl)} ,

sin 2nx 2n 2n

where m is a natural number < n.

s 2m—+1 _1\n
i x dr = (=1) {ln tan (% — E)

sin 2nx 2n 2
n—1
km n+k T n—=k T
k 2m-+1
+;(—1) cos on In [tan < e 5) tan <T7r— 5)]},

where m is a natural number < n.

i 2m 1
sin®™ z dz (—1)"* T T
68. — In tan (5 2
/cos(2n+1)x 2n+1 {n AT T2

69. /
70. /

71./
72./

. [
74. /

n
kw 2n + 2k +1 T 2n — 2k +1 T
~1)k cos?™ In [tan (2T p D) pan (o T
+;( )" cos 2n+111{8“1(4(2n+1)7T 2) an(2(2n+1)” 2)”

where m is a natural number < n.

km
2n+1

2m+1 zdr (_1)n+1

. n
sin
_ 1 -1 k 2m+1
cos(2n+ 1)z 2n+1 {ncosx—i—;( )" cos

In (6082 T — sin

where m— is a natural number < n.

2k +1 sin [L_SQ:HW +2]
iy
i ey e

- m 2n—1
sin™ x dx _ i (_1)n+k cos™
cos 2nx 2n =

where m is a natural number < 2n.
2m—+1

sin 2nx

cos rdx 1 - km km
— 1 : -1 k 2m—+1 1 2 _ ain2
Sn@nt s il { nsinz + ;( )" cos o1 (s @ —sin® oo

where m is a natural number < n.

cos®™ zdx

sin (2n + 1)z

1 I — km T km T km
= In tan = —1)* cos®™ In [tan ( = tan | = —
2n+1{n anf;( Jheos o n{an (2+4n+2) an (2 in+2
where m is a natural number < n.

COSQm—i—l

where m is a natural number < n.

2m 1 n—1 k L
Z?r? Qn;f dr = n {hl sin &+ Z(—l)k cos®™ % In (Sin2 I — sin? %) ,

k=1

o km
2n+1 ’

)}

ks

n—1
L= L L LS (1)k ottt BT z |k x_ b7
dx = o {hl tan 5 + 2 (=1)¥ cos o In [tan + tan 5~ In <
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where m is a natural number < n.

cos™ x 1 e om 2k+1 sin [2’;5177—!— } )
75. /cos — dor = EZ(_I) coS o " In o [2k+17r z}, mis a natural number <

k=0 4 2

76./Sin xdez\/§S(a:).
77./cos dem:\/gC(m).

— b2 12
78./Sin(ax2+2bx+c)dx= 1{cos A% S(ax+b>+sin ac b C(am—i—b)}.

2a a

_ B2 32
(az? + 2bz + ¢) dz = l{cos ac bc<a:€+b>_sin ac bS<ax—|—b>}.

79.

2a a

81.

f
80. / sin (In az) dx = g[sin (In az) — cos (In az) |.
/

cos (In az) dx = g[sin (In az) + cos (In az) |.




