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T2.03A. Powers of x, binomials of the form (a+b x) and polynomials in x on the interval (0, 1).

1.

∫ 1

0

xµ−1 dx

1 + xp
=

1
p

β

(
µ

p

)
, �{µ} > 0, p > 0.

2.

∫ 1

0

xp−1 + xq−p−1

1 + xq
dx =

π

q
csc

pπ

q
, q > p > 0.

3.

∫ 1

0

xp−1 − xq−p−1

1 − xq
dx =

π

q
cot

pπ

q
, q > p > 0.

4.

∫ 1

0

xν−1 − xµ−1

1 − xν
dx =

1
ν

[
γe + ψ

(µ

ν

)]
, �{µ} > �{ν} > 0.

5.

∫ 1

0

xα−1(1 − x)n−1

1 − ξxb
dx = (n − 1)!

∞∑
k=0

ξk

(α + kb) (α + kb + 1) . . . (α + kb + k − 1)
,

b > 0, |ξ| < 1.

6.

∫ 1

0

x2n+1 dx√
1 − x2

=
(2n)!!

(2n + 1)!!
.

7.

∫ 1

0

x2n dx√
1 − x2

=
(2n − 1)!!

(2n)!!
π

2
.

8.

∫ 1

0

xµ dx

1 + x2
=

1
2

β

(
µ + 1

2

)
, �{µ} > −1.

9.

∫ 1

0

(1 − x2)µ−1 dx = 22µ−2B(µ, µ) =
1
2
B

(
1
2 , µ

)
, �{µ} > 0.
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10.

∫ 1

0

(1 −√
x )p−1 dx =

2
p(p + 1)

, p > 0.

11.

∫ 1

0

(1 − xµ)−1/ν dx =
1
µ

B
(

1
µ

, 1 − 1
ν

)
, �{µ} > 0, |ν| > 1.

12.

∫ 1

0

xµ−1(1 − xλ)ν−1 dx =
1
λ

B
(µ

λ
, ν

)
, �{µ} > 0, �{ν} > 0, λ > 0.

13.

∫ 1

0

xµ dx

(1 + x2)2
= −1

4
+

µ − 1
4

β

(
µ − 1

2

)
, �{µ} > 1.

14.

∫ 1

0

xq+p−1(1 − xq)−p/q dx =
pπ

q2
csc

pπ

q
, q > p.

15.

∫ 1

0

xq/p−1(1 − xq)−1/p dx =
π

q
csc

π

p
, p > 1, q > 0.

16.

∫ 1

0

xp−1(1 − xq)−p/q dx =
π

q
csc

pπ

q
, q > p > 0.

17.

∫ 1

0

xp−1 + xq−1

(1 − x2)(p+q)/2
dx =

1
2

cos
(

q − p

4
π

)
sec

(
q + p

4
π

)
B

(p

2
,

q

2

)
, p > 0, q > 0, p+ q < 2.

19.

∫ 1

0

xp−1 − xq−1

(1 − x2)(p+q)/2
dx =

1
2

sin
(

q − p

4
π

)
csc

(
q + p

4
π

)
B

(p

2
,

q

2

)
, p > 0, q > 0, p + q < 2.

19.

∫ 1

0

xp−1(1 − x)n−1(1 + bxm)j dx = (n − 1)!
∞∑

k=0

(
j

k

)
bk Γ(p + km)

Γ(p + n + km)
,

|b| < 1 unless j = 0, 1, 2, . . . ; p, n, p + jm > 0.

20. p.v.
∫ 1

0

(1 − x cos t)xµ−1 dx

1 − 2x cos t + x2
=

∞∑
k=0

cos kt

µ + k
, �{µ} > 0, t �= 2nπ.

21.

∫ 1

0

(xν + x−ν) dx

1 + 2x cos t + x2
=

π sin νt

sin t sin νπ
, ν2 < 1, t �= (2n + 1)π.

22.

∫ 1

0

(x1+p + x1−p) dx

(1 + 2x cos t + x2)2
=

π(p sin t cos pt − cos t sin pt)
2 sin3 t sin pπ

, p2 < 1, t �= (2n + 1)π.
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23.

∫ 1

0

xµ−1

1 + 2ax cos t + a2x2
· dx

(1 − x)µ
=

2π csc t csc µπ

µ (1 + 2a cos t + a2)
sin

(
t − µ arctan

a sin t

1 + a cos t

)
,

a > 0, 0 < �{µ} < 1.

24.

∫ 1

0

1 − xµ−1

1 − x
dx =

{
ψ(µ) + γe, �{µ} > 0,
ψ(1 − µ) + γe − π cot(µπ), �{µ} > 0.

25.

∫ 1

0

x3n dx
3
√

1 − x3
=

2π

3
√

3

Γ
(
n + 1

3

)
Γ

(
1
3

)
Γ(n + 1)

.

26.

∫ 1

0

x3n−1 dx
3
√

1 − x3
=

(n − 1)!Γ
(

2
3

)
3Γ

(
n + 2

3

) .

27.

∫ 1

0

x3n−2 dx
3
√

1 − x3
=

Γ(n − 1/3) Γ(2/3)
3Γ(n + 1/3)

.

28.

∫ 1

0

(
1

1 − x
− pxp−1

1 − xp

)
dx = ln p.

29.

∫ 1

0

1 − xµ

1 − x
xν−1 dx = ψ(µ + ν) − ψ(ν), �{ν} > 0, �{µ} > 0.

30.

∫ 1

0

[
n

1 − x
− xµ−1

1 − n
√

x

]
dx = nγe +

n∑
k=1

ψ

(
µ +

n − k

n

)
, �{µ} > 0.

31.

∫ 1

0

xp − x−p

1 − x2
xdx =

π

2
cot

pπ

2
− 1

p
, p2 < 1.

32.

∫ 1

0

xp − x−p

1 + x2
xdx =

1
p
− π

2
csc

pπ

2
, p2 < 1.

33.

∫ 1

0

xµ − xν

1 − x2
dx =

1
2
ψ

(
ν + 1

2

)
− 1

2
ψ

(
µ + 1

2

)
, �{µ} > −1, �{ν} > −1.

34.

∫ 1

0

xn−1 + xn− 1
2 − 2x2n−1

1 − x
dx = 2 ln 2.

35.

∫ 1

0

xn−1 + xn− 2
3 + xn− 1

3 − 3x3n−1

1 − x
dx = 3 ln 3.
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36.

∫ 1

0

sin t − anxn sin[(n + 1)t] + an+1xn+1 sin nt

1 − 2ax cos t + a2x2
(1 − x)p−1 dx = Γ(p)

n∑
k=1

(k − 1)!ak−1 sin kt

Γ(p + k)
,

p > 0.

37.

∫ 1

0

cos t − ax − anxn cos[(n + 1)t] + an+1xn+1 cosnt

1 − 2ax cos t + a2x2(1 − x)p−1
dx = Γ(p)

n∑
k=1

(k − 1)! ak−1 cos kt

Γ(p + k)
,

p > 0.

38.

∫ 1

0

x
sin t − xn sin[(n + 1)t] + xn+1 sin nt

1 − 2x cos t + x2
dx =

n∑
k=1

sinkt

k + 1
.

39.

∫ 1

0

1 − x cos t − xn+1 cos[(n + 1)t] + xn+2 cosnt

1 − 2x cos t + x2
dx =

n∑
k=0

cos kt

k + 1
.

40.

∫ 1

0

1 − xn

(1 + x)n+1

dx

1 − x
=

1
2n+1

n∑
k=1

2k

k
.

41.

∫ 1

0

{
xn−1

1 − x1/p
− pxnp−1

1 − x

}
dx = p ln p, p > 0.

42.

∫ 1

0

{
nxn−1

1 − xn
− xmn−1

1 − x

}
dx = γe +

1
n

n∑
k=1

ψ

(
m +

n − k

n

)
.

43.

∫ 1

0

(
xp−1

1 − x
− qxpq−1

1 − xq

)
dx = ln q, q > 0.

44.

∫ 1

0

xµ+1/2(1 − x)µ−1/2

(c + 2bx − ax2)µ+1
dx =

√
π[

a + (
√

c + 2b − a +
√

c)2
]µ+1/2 √

c + 2b − a

Γ (µ + 1/2)
Γ(µ + 1)

,

a + (
√

c + 2b − a +
√

c)2 > 0, c + 2b − a > 0, �{µ} > − 1
2 .


