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T1.22. Integrand involving sines and cosines of multiple angles with linear and other arguments.

1.

∫
sin (ax + b) dx = −1

a
cos (ax + b).

2.

∫
cos (ax + b) dx = −1

a
sin (ax + b).

3.

∫
sin (ax + b) sin (cx + d) dx =

sin [(a − c)x + b − d]
2(a − c)

− sin [(a + c)x + b + d]
2(a + c)

, a2 �= c2.

4.

∫
sin (ax + b) cos (cx + d) dx = −cos [(a − c)x + b − d]

2(a − c)
− cos [(a + c)x + b + d]

2(a + c)
, a2 �= c2.

5.

∫
cos (ax + b) cos (cx + d) dx =

sin [(a − c)x + b − d]
2(a − c)

+
sin [(a + c)x + b + d]

2(a + c)
, a2 �= c2.

6.

∫
sin (ax + b) sin (ax + d) dx =

x

2
cos (b − d) − sin (2ax + b + d)

4a
.

7.

∫
sin (ax + b) cos (ax + d) dx =

x

2
sin (b − d) − cos (2ax + b + d)

4a
.

8.

∫
cos (ax + b) cos (ax + d) dx =

x

2
cos (b − d) +

sin (2ax + b + d)
4a

.

9.

∫
sin ax cos bx dx = −cos (a + b)x

2(a + b)
− cos (a − b)x

2(a − b)
, a2 �= b2.

10.

∫
sin ax sin bx sin cx dx = −1

4

{
cos (a − b + c)x

a − b + c
+

cos (b + c − a)x
b + c − a

+
cos (a + b − c)x

a + b − c
− cos (a + b + c)x

a + b + c

}
.

11.

∫
sin ax cos bx cos cx dx = −1

4

{
cos (a + b + c)x

a + b + c
− cos (b + c − a)x

b + c − a

+
cos (a + b − c)x

a + b − c
+

cos (a + c − b)x
a + c − b

}
.

12.

∫
cos ax sin bx sin cx dx =

1
4

{
sin (a + b − c)x

a + b − c
+

sin (a + c − b)x
a + c − b

− sin (a + b + c)x
a + b + c

− sin (b + c − a)x
b + c − a

}
.
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13.

∫
cos ax cos bx cos cx dx =

1
4

{
sin (a + b + c)x

a + b + c
+

sin (b + c − a)x
b + c − a

+
sin (a + c − b)x

a + c − b
+

sin (a + b − c)x
a + b − c

}
.

14.

∫
cos px + i sin px

sin nx
dx = −2

∫
zp+n−1

1 − z2n
dz, z = cosx + i sin x.

15.

∫
cos px + i sin px

cos nx
dx = −2 i

∫
zp+n−1

1 − z2n
dz, z = cosx + i sin x.

16.

∫
sinp x sin ax dx =

1
p + a

{
− sinp x cos ax + p

∫
sinp−1 x cos (a − 1)xdx

}
.

17.

∫
sinp x sin (2n + 1)xdx

= (2n + 1)
{∫

sinp+1 xdx

+
n∑

k=1

(−1)k [(2n + 1)2 − 12][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]
(2k + 1)!

∫
sin2k+p+1 xdx

}

=
Γ(p + 1)

Γ
(

p+3
2 + n

){n−1∑
k=0

[
(−1)k−1Γ

(
p+1
2 + n − 2k

)
22k+1Γ (p − 2k + 1)

sinp−2k x cos (2n − 2k + 1)x

+(−1)k Γ
(

p−1
2 + n − 2k

)
22k+2Γ (p − 2k)

sinp−2k−1 x sin (2n − 2k)x

]

+
(−1)nΓ

(
p+3
2 − n

)
22nΓ (p − 2n + 1)

∫
sinp−2n+1 xdx

}
.

18.

∫
sinp x sin 2nxdx

= 2n

{
sinp+2 x

p + 2
+

n−1∑
k=1

(−1)k (4n2 − 22)(4n2 − 42) . . . [4n2 − (2k)2]
(2k + 1)!(2k + p + 2)

sin2k+p+2 x

}

=
Γ(p + 1)

Γ
(

p
2 + n + 1

){n−1∑
k=0

(−1)k−1Γ
(

p
2 + n − 2k

)
22k+1Γ (p − 2k + 1)

sinp−2k x cos (2n − 2k)x

− (−1)kΓ
(

p
2 + n − 2k − 1

)
22k+2Γ (p − 2k)

sinp−2k−1 x sin (2n − 2k − 1)x

}
, p �= −2,−4, . . . ,−2n.

19.

∫
sinp x cos ax dx =

1
p + 1

{
sinp x sin ax − p

∫
sinp−1 x sin (a − 1)xdx

}
.
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20.

∫
sinp x cos (2n + 1)xdx

=
sinp+1 x

p + 1
+

n∑
k=1

(−1)k [(2n + 1)2 − 12][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]
(2k)!(2k + p + 1)

sin2k+p+1 x

=
Γ(p + 1)

Γ
(

p+3
2 + n

){n−1∑
k=0

[
(−1)kΓ

(
p+1
2 + n − 2k

)
22k+1Γ (p − 2k + 1)

sinp−2k x cos(2n − 2k + 1)x

+(−1)k Γ
(

p−1
2 + n − 2k

)
22k+2Γ (p − 2k)

sinp−2k−1 x sin (2n − 2k)x

]

+
(−1)nΓ

(
p+3
2 − n

)
22nΓ (p − 2n + 1)

∫
sinp−2n x cosx

}
, p �= −3,−5, . . . ,−(2n + 1).

21.

∫
sinp x cos 2nxdx

=
∫

sinp xdx +
n∑

k=1

(−1)k 4n2 · (4n2 − 22) . . . [4n2 − (2k − 2)2]
(2k)!

∫
sin2k+p xdx

=
Γ(p + 1)

Γ
(

p
2 + n + 1

){n−1∑
k=0

[
(−1)kΓ

(
p
2 + n − 2k

)
22k+1Γ (p − 2k + 1)

sinp−2k x sin(2n − 2k)x

+
(−1)kΓ

(
p
2 + n − 2k − 1

)
22k+2Γ (p − 2k)

sinp−2k−1 x cos (2n − 2k − 1)x
]

+
(−1)nΓ

(
p
2 − n + 1

)
22nΓ (p − 2n + 1)

∫
sinp−2n xdx

}
.

22.

∫
cosp x sin ax dx =

1
p + a

{
− cosp x cos ax + p

∫
cosp−1 x sin (a − 1)xdx

}
.

23.

∫
cosp x sin (2n + 1)xdx = (−1)n+1

{
cosp+1 x

p + 1

+
n∑

k=1

(−1)k [(2n + 1)2 − 12][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]
(2k)!(2k + p + 1)

cos2k+p+1 x

}

=
Γ(p + 1)

Γ
(

p+3
2 + n

){
−

n−1∑
k=0

Γ
(

p+1
2 + n − k

)
22k+1Γ (p − 2k + 1)

cosp−k x cos (2n − k + 1)x

+
Γ

(
p+3
2

)
2nΓ (p − n + 1)

∫
cosp−n x sin (n + 1)xdx

}
, p �= −3,−5, . . . ,−(2n + 1).
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24.

∫
cosp x sin 2nxdx

= (−1)n

{
cosp+2 x

p + 2
+

n−1∑
k=1

(−1)k (4n2 − 22)(4n2 − 42) . . . [4n2 − (2k)2]
(2k + 1)!(2k + p + 2)

cos2k+p+2 x

}

=
Γ(p + 1)

Γ
(

p
2 + n + 1

){
−

n−1∑
k=0

Γ
(

p
2 + n − k

)
2k+1Γ (p − k + 1)

cosp−k x cos (2n − k)x

+
Γ

(
p
2 + 1

)
2nΓ (p − n + 1)

∫
cosp−n x sin nxdx

}
, p �= −2,−4, . . . ,−2n.

25.

∫
cosp x cos ax dx =

1
p + a

{
cosp x sin ax + p

∫
cosp−1 x cos (a − 1)xdx

}
.

26.

∫
cosp x cos(2n + 1)xdx = (−1)n(2n + 1)

{∫
cosp+1 xdx

+
n∑

k=1

(−1)k [(2n + 1)2 − 12][(2n + 1)2 − 32] . . . [(2n + 1)2 − (2k − 1)2]
(2k + 1)!

∫
cos2k+p+1 xdx

}

=
Γ(p + 1)

Γ
(

p+3
2 + n

){n−1∑
k=0

Γ
(

p+1
2 + n − k

)
2k+1Γ (p − k + 1)

cosp−k x sin (2n − k + 1)x

+
Γ

(
p+3
2

)
2nΓ (p − n + 1)

∫
cosp−n x cos (n + 1)xdx

}
.

27.

∫
cosp x cos 2nxdx

= (−1)n

{∫
cosp xdx +

n∑
k=1

(−1)k 4n2[4n2 − 22] . . . [4n2 − (2k − 2)2]
(2k)!

∫
cos2k+p xdx

}

=
Γ(p + 1)

Γ
(

p
2 + n + 1

){n−1∑
k=0

Γ
(

p
2 + n − k

)
2k+1Γ (p − k + 1)

cosp−k x sin (2n − k)x

+
Γ

(
p
2 + 1

)
2nΓ (p − n + 1)

∫
cosp−n x cos nxdx

}
.

28.

∫
sin (2n + 1)x

sin x
dx = 2

n∑
k=1

sin 2kx

2k
+ x.

29.

∫
sin 2nx

sin x
dx = 2

n∑
k=1

sin (2k − 1)x
2k − 1

.

30.

∫
cos (2n + 1)x

sin x
dx = 2

n∑
k=1

cos 2kx

2k
+ ln sin x.
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31.

∫
cos 2nx

sin x
dx = 2

n∑
k=1

cos (2k − 1)x
2k − 1

+ ln tan
x

2
.

32.

∫
sin (2n + 1)x

cos x
dx = 2

n∑
k=1

(−1)n−k+1 cos 2kx

2k
+ (−1)n+1 ln cos x.

33.

∫
sin 2nx

cos x
dx = 2

n∑
k=1

(−1)n−k+1 cos (2k − 1)x
2k − 1

.

34.

∫
cos (2n + 1)x

cos x
dx = 2

n∑
k=1

(−1)n−k sin 2kx

2k
+ (−1)nx.

35.

∫
cos 2nx

cos x
dx = 2

n∑
k=1

(−1)n−k sin (2k − 1)x
2k − 1

+ (−1)n ln tan
(π

4
+

x

2

)
.

36.

∫
sin (n + 1)x sinn−1 xdx =

1
n

sinn x sin nx.

37.

∫
sin (n + 1)x cosn−1 xdx = − 1

n
cosn x cos nx.

38.

∫
cos (n + 1)x sinn−1 xdx =

1
n

sinn x cos nx.

39.

∫
cos (n + 1)x cosn−1 xdx =

1
n

cosn x sin nx.

40.

∫
sin

[
(n + 1)

(π

2
− x

)]
sinn−1 xdx =

1
n

sinn x cos n
(π

2
− x

)
.

41.

∫
cos

[
(n + 1)

(π

2
− x

)]
sinn−1 xdx = − 1

n
sinn x sin n

(π

2
− x

)
.

42.

∫
sin 2x

sin2 x
dx = 2 ln sin x.

43.

∫
sin 2x

sinn x
dx = − 2

(n − 2) sinn−2 x
.

44.

∫
sin 2x

cos2 x
dx = −2 ln cos x.

45.

∫
sin 2xdx

cosn x
=

2
(n − 2) cosn−2 x

.

46.

∫
cos 2xdx

sin x
= 2 cos x + ln tan

x

2
.

47.

∫
cos 2xdx

sin2 x
= − cot x − 2x.

48.

∫
cos 2xdx

sin3 x
= − cos x

2 sin2 x
− 3

2
ln tan

x

2
.
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49.

∫
cos 2xdx

cos x
= 2 sin x − ln tan

(π

4
+

x

2

)
.

50.

∫
cos 2xdx

cos2 x
= 2x − tan x.

51.

∫
cos 2xdx

cos3 x
= − sin x

2 cos2 x
+

3
2

ln tan
(π

4
+

x

2

)
.

52.

∫
sin 3xdx

sin x
= x + sin 2x.

53.

∫
sin 3x

sin2 x
dx = 3 ln tan

x

2
+ 4 cos x.

54.

∫
sin 3x

sin3 x
dx = −3 cot x − 4x.

55.

∫
sin 3x

cos x
dx = 2 sin2 x + ln cos x.

56.

∫
sin 3x

cos3 x
dx = − 1

2 cos2 x
− 4 ln cos x.

57.

∫
sin 3x

cosn x
dx =

4
(n − 3) cosn−3 x

− 1
(n − 1) cosn−1 x

.

58.

∫
cos 3x

sinn x
dx =

4
(n − 3) sinn−3 x

− 1
(n − 1) sinn−1 x

.

59.

∫
cos 3x

sin x
dx = −2 sin2 x + ln sin x.

60.

∫
cos 3x

sin3 x
dx = − 1

2 sin2 x
− 4 ln sinx.

61.

∫
sin nx

cosp x
dx = 2

∫
sin (n − 1)xdx

cosp−1 x
−

∫
sin (n − 2)xdx

cosp x
.

62.

∫
cos 3x

cos x
dx = sin 2x − x.

63.

∫
cos 3x

cos2 x
dx = 4 sin x − 3 ln tan

(π

4
+

x

2

)
.

64.

∫
cos 3x

cos3 x
dx = 4x − 3 tan x.

65.

∫
sinm xdx

sin (2n + 1)x
=

1
2n + 1

2n∑
k=0

(−1)n+k cosm

[
2k + 1

2(2n + 1)
π

]
ln

sin
[

(k−n)π
2(2n+1) + x

2

]
sin

[
k+n+1
(2n+1)π − x

2

]
where m is a natural number ≤ 2n.
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66.

∫
sin2m xdx

sin 2nx
=

(−1)n

2n

{
ln cos x +

n−1∑
k=1

(−1)k cos2m kπ

2n
ln

(
cos2 x − sin2 kπ

2n

)}
,

where m is a natural number ≤ n.

67.

∫
sin2m+1 x

sin 2nx
dx =

(−1)n

2n

{
ln tan

(π

4
− x

2

)

+
n−1∑
k=1

(−1)k cos2m+1 kπ

2n
ln

[
tan

(
n + k

4n
π − x

2

)
tan

(
n − k

4n
π − x

2

)]}
,

where m is a natural number < n.

68.

∫
sin2m xdx

cos(2n + 1)x
=

(−1)n+1

2n + 1

{
ln tan

(π

4
− x

2

)

+
n∑

k=1

(−1)k cos2m kπ

2n + 1
ln

[
tan

(
2n + 2k + 1
4(2n + 1)

π − x

2

)
tan

(
2n − 2k + 1
2(2n + 1)

π − x

2

)]}
,

where m is a natural number ≤ n.

69.

∫
sin2m+1 xdx

cos (2n + 1)x
=

(−1)n+1

2n + 1

{
ln cos x +

n∑
k=1

(−1)k cos2m+1 kπ

2n + 1
ln

(
cos2 x − sin2 kπ

2n + 1

)}
,

where m− is a natural number ≤ n.

70.

∫
sinm xdx

cos 2nx
=

1
2n

2n−1∑
k=0

(−1)n+k cosm

[
2k + 1

4n
π

]
ln

sin
[
2k−2n+1

8n π + x
2

]
sin

[
2k+2n+1

8n π − x
2

] ,

where m is a natural number < 2n.

71.

∫
cos2m+1 xdx

sin (2n + 1)x
=

1
2n + 1

{
ln sin x +

n∑
k=1

(−1)k cos2m+1 kπ

2n + 1
ln

(
sin2 x − sin2 kπ

2n + 1

)}
,

where m is a natural number ≤ n.

72.

∫
cos2m xdx

sin (2n + 1)x

=
1

2n + 1

{
ln tan

x

2
+

n∑
k=1

(−1)k cos2m kπ

2n + 1
ln

[
tan

(
x

2
+

kπ

4n + 2

)
tan

(
x

2
− kπ

4n + 2

)]}
,

where m is a natural number ≤ n.

73.

∫
cos2m+1 x

sin 2nx
dx =

1
2n

{
ln tan

x

2
+

n−1∑
k=1

(−1)k cos2m+1 kπ

2n
ln

[
tan

(
x

2
+

kπ

4

)
tan

(
x

2
− kπ

4n

)]}
<

where m is a natural number < n.

74.

∫
cos2m x

sin 2nx
dx =

1
2n

{
ln sin x +

n−1∑
k=1

(−1)k cos2m kπ

2n
ln

(
sin2 x − sin2 kπ

2n

)}
,
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where m is a natural number ≤ n.

75.

∫
cosm x

cos nx
dx =

1
n

n−1∑
k=0

(−1)k cosm 2k + 1
2n

π ln
sin

[
2k+1
4n π + x

2

]
sin

[
2k+1
4n π − x

2

] , m is a natural number ≤
n.

76.

∫
sin x2 dx =

√
π

2
S(x).

77.

∫
cos x2 dx =

√
π

2
C(x).

78.

∫
sin (ax2 + 2bx + c) dx =

√
π

2a

{
cos

ac − b2

a
S

(
ax + b√

a

)
+ sin

ac − b2

a
C

(
ax + b√

a

)}
.

79.

∫
cos (ax2 + 2bx + c) dx =

√
π

2a

{
cos

ac − b2

a
C

(
ax + b√

a

)
− sin

ac − b2

a
S

(
ax + b√

a

)}
.

80.

∫
sin (ln ax) dx =

x

2
[
sin (ln ax) − cos (ln ax)

]
.

81.

∫
cos (ln ax) dx =

x

2
[
sin (ln ax) + cos (ln ax)

]
.


