T1.27. Integrands involving powers of sines and cosines, and V1 — k2 sin? z.

Notation used: R = V1—k2sin’z, k' =+/1— k2.
1. /Rdm = E(x, k).

R k/2
2. /Rsinxdx:— c;sx_%ln(k cosx + R).

R si 1
3. /R coszdr = ——0 L | arcsin(k sinx).

2 2k
4. /R sin? z dr = —? sinx cosx + ;—;F(x, k) + 2]€32T;1E(x, k).
5. /R sinz cosx dx = —3R—];.
6. /R cos? xdr = ? sinz cosx — %F(m, k) + k;:;lE(x, k).
7. /R sin® x dr = —2k2 sin® gk;—; 3 1R cosx + % In (k cosz + R).
8. /R sin? z cosxdr = MR sinx + ) arcsin(k sinx).
8k2 8k3

9. /R sinz cos® dr = —W}% cosx + g_]; In (k cosz + R).
10. /R cos® xdr = 217 cos® ;k;— 2K + 1R sina + 4];27;1 arcsin(k sinx).
11. /R sin zdr = —3k2 sini;:; . C 1R sinx cos

—%F(Jﬁ, k) + % E(z, k).
12. /R sin® z coswdr = 3% sin’” 1_5]]i sin® 2R.

3k% cos® v —2k%2 +1
13. /R sin? z cos® xdr = — cos ¥ + R sinx cosx

15k2
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E?2(1+ k") 2(k* — k2 4+ 1)
—WF(x7 k) + TE@, k).
4 4 .. 1.2 2 12 2 _
14./Rsinxcosgmdm=—3k sin® x — k* (5k* + 1) sin”® x + 5k 2R.
15k*
k% cos? k2 +1
15./Rcos4xdx:3 o8 1:;:2—3 + R sinz cosx
2k (k' — 2k?) kY + Tk? -2
———— " F(x, k) + ————F— E(z, k).
15k4 (l‘, ) + 15k4 (‘1"7 )
_Qkd aind o 912(512 1) ain2 o _ 1514 2
16./Rsin5xdx: 8k* sin® x — 2k*(5k* — 1) sin® x — 15k™ + 4k +3Rcosx
48k4
5k6 — 3kt — k2 —1
16 In (k cosz + R).
8k* sin® x — 2k? sin® z — 3 1
17. /R sin z coszdr = oY I oY Rsinx—l—w arcsin(k sinx).
k* sin® @ — 2k% (k% + 1) sin® @ — 3k* 4 2k% —
18. /Rsin3mc082xdx:8 Y B daloyin” = — 3K+ 3Rcosa:
48k
k/4(k2+1)
+W In (k cosz + R).
4 4 2 ((1:2 .2 2
— 9 1 —
19. /Rsiancos3xdx: Bk sin” @ + 2k (6k” + 1) sin” = — 6k +3Rsinx
48k
2k% — 1
T arcsin(k sin ).
Q1A ik 2 (712 S2 L apd Q12
20, /Rsinxcos4a:da:: 8k* sin® x + 2k* (Tk* + 1) sin® z — 3k* — 8k +3Rcosx
48k
16
T In (k cosz + R).
4.4 o912 2 .2 4 2 _
21./Rcos5xdx:8k sin® @ — 2k? (12k* + 1) sin® = + 24k* + 12k 3Rsinx
48k*
8k* — 4k? + 1

165 arcsin(k sin ).
2 2

2
22. /R3 dr = 5(1 + K E(x, k) — %F(m, F)+ %R sinz cosx.

2k? sin®  + 3k? — 5 3k
23. /R3 sinz dr = s 7 R cosx — In (k cosz + R).
8 8k
—2k% sin® 2+ 5

R sinx + 8_?;€ arcsin(k sinx).

24. /R3 cosrdr = 3



25. /R3

26. / Rr?
27. / Rr?

28. / R?

29. / R?
30. / R?

31. /R3
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3k? sin® x + 4k% — 6 k2(3 — 4k?)
sin® zdx = 5 R sinz cosx + e F(z, k)
8k* — 13k% +3
-————F .
e (z, k)
. R°
sinz cosdx = BTk
—3k% sin® 2 4+ k® +5 k2 (k% + 3)
2 _ i - F
cos” xdx T5 R sinx cosz e (z, k)
2k* — Tk* -3
5 8k* sin® x + 2k2(5k% — 7) sin? x + 15k* — 22k 43
sin® zdx = R cosx
48k?
5k® — 9k* + 3k* + 1
- 16/:;’ + In (k cosz + R).
—8k* sin x + 14k? sin® o — 3 1
.2 . . . .
sin® z cosx dz = YR R sinz + +W arcsin(k sin x).
i cod? o de — —8k* sin®  + 2k%(k? + 7) sin? z + 3k* — 8k? — 3
B 48k2
k/G
X R cosx + 1603 In (k cosz + R).
o 1 de — 8k* sin x — 2k2(6k2 + 7) sin® z + 302 + 3 R singt 6k2 —
B 48} 16k3

-1 -2 2
32. /R” de =" (2 - kQ)/R”_2 do — " (1-— kQ)/Rn_4 dx + % sinz cosx R" 2.

n n

sinx R k2 R+K

33. Rdr = —+ —1 .
/cos3a: v 2c082x+4k’ n R—k
cosx R k2 1+ R

34. —Rdx = — 4+ — ln ——.
/sin‘3x o 2 sin? z 4 nl—R

sin?
35./ 5 Rcla::/tan2 xRdr = R tanz + F(x, k) — 2E(x, k).
cos? x

cos? x 5 o
36. Rdx = | cot* tRdx = —R cotx + k'“F(x, k) — 2E(x, k).

2

sin® x
i3 2 2 2 / /
sin® x k® sin“ x + 3k —1 k R+ k
37. Rdx = — R+ —1 .
/cosa: v 3k2 + 2 nR—kJ’
cos® z k? sin? z — 3k% — 1 1 1-R
. dr = — - .
38 / sin z Rdz 3k2 R+2 nl—i—R

arcsin(k sin ).
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Rdx  (k*>—3)sin® z +2 k(K% +3) I R+ cosx

39. = R .
sin® z 8 sin? z cosT it 16 R —cosz
40./ ' 4Rdx :_(3—k2).si;12m+1R_k_’lnR—k:’s%nx.
sin® x cosT 3 sin” x 2 R+ K sinx
Rdx 3sin?z—1 K2 -3 R — cosx
41. - = R+ In .
/sin‘3 zcos2x  2sin® x cosx 4 R+ cosx
.92 2 e
_9 2%2 _
4. Rdx _ 3§1n T R k 3 lnR—l—k S%DJ).
sin? x cos3 ¢ 2 sinz cos? x 4k’ R—FK sinz
) 2 2 _ 2 4 1
43./ . Rdx :( k* — 3) sin® x — 3k* + R+—lnR+Cosx.
sinx cost x 3k'2 cosd x 2 R —cosz
Rdx (2k? —3) sin® . —4k> +5 | 4k* —=3 . R+ K sinz
44. = sinzR — — In .
cos® x 8k'2 cost x 16k"3 R—k sinz
sin —(2k? + 1)k? sin® 4+ 3k* — k2 + 1
45. Rdx = R.
/Cos4 z 3k'2 cos? x
3
46. / ST R =
sin™ x 3 sin” x
.92 . 9 ;.
sin sinx 2k — 1 R+ K sinzx
47. dx = 1 —k in(k si .
7 /0083 a:R TT cos? xR+ 4K’ " R—FkK sinz arcsin(k sinz)
cos? x Ccos T k241 R+ cosx
48. Rdx = — - In —kIn(k cos z + R).
/sin3 T 2 sin? z 4 R —cosx ( )
.3 .2 2
sin® x sin“ x —3 3ke—1
49. = — — 1 .
9 /C082 dea: 5 eos s R ok n(k cosz + R)
cos® z sin z + 2 2k +1 . .
50. /sin2 dex = " o enz R - % arcsin(k sinx).
. 4 2 .. 2 2
2k 4k — 1
51. /sm dex = — S @+ sinzR
CcoS T 8k2
8kt —4k% -1 kK R+ K si
+T arcsin(k sinx) + B In ﬁ
4 —2k? sin? 5k% +1
52./CO_S dex: SI” @ F + cosxzR
sin z 8k2
1 R+cosz  3k*+6k*—1
—1 - In (k R).
+2 nR—cosx+ 8k3 n(k cosz+ R)
n—1 r+2 -1 k,/2
53. / sinz cos” zR" dx = s G — (n ) / cos" 2 z sinzR" dx.
m+r+1k2 (n+r+1)k?
som—1 r+2 -1
54. / sin™ z cosz R" dx = —22 e —T—Fj)kQ + m —:nr n 1)k;2/ sin™ 2 z coszR" dz.
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(n+7r+ 1)k? cos®? x — [(r + 2)k% + n + 1]
(n+r+1)(n+r+3)k*

55. / sin® z cos™ zR" dx = cos" ' zRT2

[<r+2>k2+n+1]<n—1)k’2/ n=2 o
R Ty cos r sinzR" dx.

56. / sin™ z cos® z R” dx

(m +r+ 1)k? sin? z — [(r + 2)k% — (m + 1)k"?]
(m+r+1)(m+r+3)k*
[(r+2)k? — (m — 1)k?](m — 1)
(m+r+1)(m+r+3)kt

x sin™ ! R 4+

/ sin” 2 x coszR" dz..

5 sin”™ x cos™ x d sin™ !z cos™ !z
' / R v k2R3
m—1 [sin™ 2 z cos™ z n—1 [sin™ z cos™ 2 x
Y / 73 T / 73 de.
53 sin” x cos™ x dr — sin™ !z cos™ !z
' / RS = k2R
m—1 [sin™ 2 z cos™ z n—1 [sin™ z cos™ 2 x
TR / R ™ / R d

59. / sin™ x cos™ zR" dx

1
ﬂ{sinm_3 z cos"™ R 4+ [(m+n—2)+ (m+r—1)k?]
m+n+r
></ sin™ 2 z cos™ xR" dx — (m — 3)/ sin™ ™t 2 cos™ 2 R" dx},
= or
1 .
ﬂ{sinm'|r1 x cos" B xR 4 [(n+r — 1)E* — (m +n — 2)k?]
m+n+r
></ sin™ 2 cos" 2 xR" dx + (n — 3)k’2/ sin™ z cos"? xR" dx}, m+n+r #0.

60/ dx B k2 sinz cosx +n—22—k2/ dx n—SL/ dx
: Rn+1_ (n—l)k’QR"*I n—1 k? Rn—1 n—1k?2/] Rr—3"

61 Rdx__llnR—l—cosx
"Jsine 2  R-—cosz

69 Rdm_k‘_’lnR—f—k" sinx
" cosx 2 R—Fk sinzx

+kIn k(k cosz + R).

+ k arcsin(k sinx).

63. / R;lx =k?F(x, k) — E(x, k) — R cot x.

sin” x
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64 Rdx lnl—R_’_k_'lnR-l-k'
") sinzcosx 2 1+R 2 R—k~
Rdx
. =F - F .
65 /C082 . (z, k) (z, k) + R tanx

sin 1% R+ K
66 /COS:L’Rdx /R tan x dx R+ 5 n T
1 1-—
67./C?Sdex=/Rcota:da:=R+— In —R
sinx 2 1+R
68 Rdx __Rcosx +k_’2 In R+ cosx
") sin®z 2sin’a 4 R —cosx’
Rdx —R 14k R -k sinz
69. —5 = — - In —.
sin® x cosxz  sinz 2K R+ K sinzx
70, ' Rdm2 _ R 1 In R—i—cosx.
sinw cos2 x cosxz 2 R —cosz
- Rdxr  Rsinx +LlnR+k’sinm
"Jcos3x 2cos2x 4k’ T R—k sinz
Rsinxzd R
72. Smf - —k In(k cosxz + R).
cos? x cos T
d
73. R(?OS;E o _R — k arcsin (k sinx).
sin® x sin T
R sin? zdx Rsinz 2k%2-1 ! R+ K sinz
4. = - in(k si —In ————.
7 Ccos T 2 2k Gl w) + 2 In R —Fk sinx
Rcos®? zdr Rcosz Kk2+1 1 R+ cosx
75. = In (k —ln ————.
sinz 2 2k n( COS%+R>+2 nR—Cosx
Rdx 1 3 2 2 2
76. [ — :g{—R cot® x + (k* — 3)R cotx + 2k F(z, k) + (k* — 2)E(z, k)}.
sin® x
77/ Rdx R +k’1 R+k’+k2—21 1+R
. - = - — In n .
sin® z cosz 2 sin? z 2 R—-FK 4 1-R
Rdzx 1 1+ k72
78 /m = <ﬁ tanx—cota:) R+ 2F($, k) — k’Q EZ‘(J?7 k)
79/ Rdx R 11 1+4R 2—-k>_ R+FK
. = ——1In n .
sinz cos3 x 2cos?2x 2 1-R 4K’ R—F
Rdx 1 2 2 2 2 2
80. P 3k’2{[k, tan® z — (2k* — 3) tana] R+ 2k F(z, k) + (k* — 2)E(z, k)}.
d
81. [ 2 = F(a, k).

7=
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82. /sin}x{dw = i In % = —% In (k cosz + R).
83. /COS; du = % arcsin(k sinx) = % arctan K s]i%nx.
84, SmQTxdx - %F(x, k) — % Elz, k).

i d R
85, /smx (;({)sx T =
6. COSQT““ - %E(m, k) — 'Z—fF(x, k).
87. Sinngdx - C(;S;R - 12252 In (k cosz + R).
88, /sin2 x coszdr _ _sin xR n arcsin(k sin x)

R 2k2 2k3

89. /sinx CORSQ vd = —C(;S]:;R + 5—:3 In (k cosz + R).
90. cos3Ra: do _ Si;ZQR + 2k22k; ! arcsin(k sin x).
o1, /sin4Rxdx _ sinxgl(;(;sxR n 2;52 Flo, k) — 2(13;k4k‘2)E(x, k).
92. /sm?’x%xdx = —ﬁ(? + k2 sin® x)R.
93. /sin2 x (;(%)s2 xdz _ _sinxgl(;(;sxR + 23;;2 Bla, k) + 2I<;;TZ2F(% k).
94. /W = —ﬁ(lf cos®> x — 2k”*)R.
95. /Cos4Rx dz _ sin xg(];(;s xR n 4/4:32; 2E(m, k) + 3k* —32]:2 + QF(x, k).

sin® z dx B 2k? sin? z + 3k% + 3 o _ 3+ 2k2 + 3k*

R 8k seht k5

In (k cosz + R).

sin? z cosx dx 2k? sin® z+3 . B4 3 in(k sinz)
= — sin x — arcsin(k sinz).
R 8k4 8k°

08 /sin3xcosxdx_2k2 cos?x—k%2-3 E*4+2k%2 -3

7 = Ry CosxR—Tln(k cosx + R).
sin? z cos® xdx _ _2k2 cos? x+2k%—3 sinaR + 4k -3
R N 8k4 8k>

arcsin(k sinx).
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: 4 d _ k2 2]{)2 22 k4 _ k2
100. /smx C(])%S vdv _3-5 —gk‘l S0 T cosaR — % In (k cosz + R).
5 2k? 2 6k% —3 8k* —8k%2+3
101. /COS Rx dz = R cos ;kj sinzR + T—’— arcsin(k sinx).
.6 2 2 2
d 3k 4k= +4
102. e PiE v e 1?)1; + sinz costR
4k* +3k% + 8 8k* + Tk? + 8
_— - k).
15k6 F($7 k) 15k6 E(QE, )
103, /SinE’ x cosxdx _ _3k4 sin* x + 4k? sin? = + SR.
R 15k6
. 4 2 2 2
d 3k —2k* —4
104. /Sm a:]c%osa: T cos 1§k4 sinx coszR
E* 4+ 7k? -8 2k* 4+ 3k% — 8
_— k) — ————F(x, k).
15k6 F($7 ) 15k6 ($7 )
105 /Sin3 z cos® vdr  3k* sin® z — (5k* — 4k?) sin® x — 10k + SR
' R B 15Kk6 '
in? taxd 3k? cos? x4+ 3k% — 4
106. /sm a: (ES rar _ _ cos 1;):]:; sinx coszR
Okt — 17k%2 4+ 8 3k* — 13k% +8
— F(x, k) - ——————F(x, k).
15k6 (SE, ) 15k6 ($7 )
107 sinz cos® xdx _ —3k* cos? x + 4k2k'? cos® x — 8k* + 16k2 — SR
' R N 15k6 '
6 xd k2 2 k2 —4
108. /COS Rx L 3K” cos 1?1:‘; 8 sinz coszR
155 — 34k* 4 27k% — 8 23k* — 23k + 8
F(z, k —— F(x, k).
sin” zdr  8k* sin® o + 10k?(k? + 1) sin® = + 15k* 4+ 14k% + 15
109. = cosz R
R 48kS
(5k* — 2k* +5)(k* + 1)
— 1 .
Tor n(k cosz + R)
.6 4 4 2 2
k 10k 1
110, /sm x;osxdx _ _ 8k" sin x+480k6 sin® x + 15 sian—l—% arcsin(k sinz).
sin® z cos? xdr  —8k* sin® x + 2k%(k? — 5) sin® 2 + 3k* + 4k> — 15
111. I = 1856 cosxzR

KO+ RT3k -5
16k7

In (k cosz + R).
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. 4 3 4 2(01.2 2
sin® z cos® xdr  8k* sin* x — 2k%(6k? — 5) sin? x — 18k2 4+ 15
112. / I = 1856 sinzR
6k%—5
ST arcsin(k sinx).
.3 4 4 2012 4 2
sin® z cos* xdr  8k* sin* x — 2k%(6k? — 5) sin® x + 3k* — 22k + 15
113. / I = 1856 cosTR
kS +3k* —9k2 45
- T6r In (k cosz + R).
114 /sin2 x cos® xdx B —8k% sin = + 2k2(12k% — 5) sin? x — 24k* + 36k2 — 15 <inoR
’ R 48kS
SKT— 1287 45 sin(k sin)
16k7 '
sinz cos® xdr  —8k* sin® z 4 2k2(13k? — 5) sin? & — 33k* 4 40k — 15
115. = cosxzR
R 48k6
5]€,6
+16k7 In (k cosz + R).
cos” xdr  8k*sin? x — 2k%(18k% — 5) sin® x 4 T2k* — 54k + 15
116. = i
6 / 7 1870 sinzR
16k5 — 24k* 4+ 18k% — 5 in(k sin7)
T6k7 arcsin(k sinz).
dx 1 k? sinz coszx
sin x dx cosx
118, / = = g
cosrxdr sinx
119. | ——— = .
R3 R
sin x dx 1 1 1 Sizcosz
120, [FEE < B B P ) g
sin x cosxdx 1
121. = —.
[ - e
cos? xdx 1 sinx cosx
122. / 7 = 2F(x, k) — EE(CB, k) + —
3
sin® x dx cos 1
123. / i = ka’2R+k In (k cosz + R).
2 .
d 1
124. /sm LRI _ Skl;l; ~ 3 arcsin(k sinx).
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125.

126.

127.

128.

oo

129.

©

130.

=]

31.
132.
133.

/
/
/
/
/
/
o |
/
/

134./
135./
136./
137./
138.
139.
140.

141.

142. /

T1.27.
sinz cos® xdxr  coszx 1
=12p In (k cosz + R).
cos® zdx k"2 sinx 1 . )
B - R + = arcsin(k sin x).
4 12 E
sin® x dx K<+1 2 sinz cosx
Rd = k24 (x k) (x k) k‘Qk’QR :
sin® = cosz dm 2 — k2 sin? 2
o kR '
sin? z cos? xdx 2— k2 2 sinz cosx
= R F(x, k‘)—k—4E(x, k)-l-w
sinz cos® xdm_k‘Q sin? z + k% —2
a k*R '
cost zdr  K?+1 2k'? k% sinz cosz
= E .
RS Pl k) = S Ple k) - —5p
5 2702 i 2 3 2
sin a:da: k“k’% sin® x + k° — k= +3
7 SR x—l—wln(k cosz + R).
Sln4a:cosa:da:_—k2 sin? z +3 iz — — arcsin(k sin )
5TR sinx 2k5:aucs sinx).
sin® z cos? zdx  —k%sin® z +3 2
= — 1 .
7 SR cosx + T n(k cosxz + R)
sin? z cos® zdx k2 sin? z + 2k% — 3 2k2 —3 . .
o = TR Sing — —p— arcsin(k sin x).
sinz cos* zdr  k?sin? x+2k2—3 12
7 TR 2k5 In (k cosz + R).
cos® zdx  —k? sin? z + 2k* — 4k2 + 3 4k2 — arcsin(k sin )
R 2k4R 2k5 '
dv  —k?sinz cosz  2k?(k’? + 1) sinz cosz 1 2(k"? +1)
R T R KR " gl @ W) g Bl k).
sinzdr 2k?sin® x4+ k2 —3
Ea SRS COS T.
cosvdr —2k? sin® z + 3 sinx
Rb 3R3 '
.9 2 2(1.2 .2
sin“ xdx k*+1 1 E*(k* +1) sin“z—2
= 3pAR E(z, k) — EYXET%S F(x, k) + A sinz cos .
sinz coszdr 1
Rb -~ 3k2R3’
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cos® xdw 1 2k% — 1 k2(2k% — 1) sin® x — 3k% +2 .
143 /T = wF(CL’, k) —+ WE(.’L’, k) —+ 2k’2R SINT COSXT.
.3 2 .2
sin® x (3k* — 1) sin” z — 2
144./ = dr = VIV E CcoS .
.9 .3
145,/w _sin” @
RS 3R3
sinz cos? x cos® z
146. /7 = ——.
RS 3k2R3
cos® xdr  —(2k* +1)sin® 2 +3 .
147./ 75 = 303 sin .
148 /sin” xdm— ﬂ cosxR+n_21+k2 sin™ 2 xdm— n—3 sin” 4 xdm
'  (n—1)k2 n—1 k2 R (n —1)k? R '
cos” x cos" 3 & n—22k*—1 fcos" 2z n—3k? [fcos"*x
149. dr = ——— sinz R d — dx.
/ Sy y e R T LR r
dx 1 R+ cosx
150. = —— _
R sinx 2 . R —cosx
dz 1 R—Fk' sinx
151. =——In ——.
R cosz 2Kk’ . R+ K sinx
dx 1+ cot?
152'/Rsin2x :/ 7 dx = F(z,k) — E(z, k) — R cot .
dx de 1 1-R 1 R+FK
153, [ ————— = [ (¢ tz)— =—-In —— + — 1 .
53 /Rsinmcosm /(anx—l—co x)R 2 nl—i—R 2k’ nR—k’
dx 5 dx 1 1
154. /7}2 I /(1 + tan m)E =F(x, k) — WE(J), k) + WR tan .
sinz dx dx 1 R+E
155. W [ tanas®E = — o 2T
/cosx R e Y Y
cosx dr dx 1 1-R
156. — = tr— == 1n ——.
56/sina:R /CoxR 2 "1+R
1 2
157./ claz:(3 :_Rf:osa: B + k th—l—cosa:.
R sin® x 2 sin” x 4 R —cosx
dx R 1 R—FK'sinz
158. = — - — _
/R sin® z cosz sinz 2k’ . R+ K sinx
dx R 1 R —cosx
159. = —In —.
/R sinx cos? x k2 cosa:+2 . R+ cosx
dx R sinx 2k2 — 1 R—Fk sinz
160. — = In .
Rcos3 x  2Kk?2 cos? x 4k'3 R4k sinz
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sinz dx R
161, | ——— = ——.
/cos2 xR k'? cosx
cosz dr R
162. [ ———— = — .
/sin2 z R sinx

= In ——— — — arcsin(k sinz).

cosx R 2K nR—k’sinx k
2
164./COS T dx %1 R+cosxz 1

163, /Sin2 a:d_a: 1 R+ K sinz 1

sinz R R—cosm+Eln(kcosx+R)'

1
165, /diﬂ — L Rcot® 2 - REE? 4 3) cota + (k2 + 2)F(z, k) — 2062 + 1) E(z, k)}.
Rsin*z 3

dx dx
166. | ————— = tanz + 2 cot x + cot® z)—
/Rsin3xcosx /( )R
R 1 R+K kK*+2 1+R
=————5—+z51n — In .
2sin® z 2K R— K 4 1-R

dz

dx
167. | ————— = tan? z + 2 + cot?® z
/RSinQQJCOSQ:L' /( )R

2
-2
= (tana: - cotx) R+ k—E(m, k) +2F(x, k).

Nz k2
168./m:/(cotx+2tanx+tan3 x)d%
_ R 1 L4R 2 — 3k? L BrR
2k” cos?z 2 1-R 4k R—-F
169./% = ?;I%Q{R tan® x—%R tanx — (3k? — 2)F(x, k:)—l—%
170./;%%:/tanm(l+tan2 x)d%:m_ﬁf—z n%];:.
d R k? 1+ R
171./%%:—28111%—11111”:—]%.
172./:2;?6% _/tar]l; xdx:k—],%2 tanx—%E(m, k).
173./::2;6% :/co‘z Tdr=-R cotx — E(z, k).

sinzx R k2 2 nl—R

3
175./005 xd_x R 11 1+R.

E(x, k)}.
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1 + k?) sin® 2 k* + 2k2

176/ = 3( + ).s;n Tt Rcosx+3 + +31nR—'—COS$.

R sin® z 8 sin“ x 16 R —cosx
177/ :_(3+2k2).s;n2x+1R__lnR k' sinx

R sin* z cosz 3 sin” x 2K’ R4k sinx’

_ 1.2 2 2 2 _

178/ :(3 k).S;n x—k R k +3lnR cos &

R sin® z cos2 T 2k'2 sin” x cosx 4 R+ cosx
179 / dz  (3—2k?) sin? x — 2k 3 4k — 3 In R+ K sinx

") Rsin® z cos® 2k'2 sinx cos? x 4k'3 R—Fk sinz’
2 _ 2 4 1

180./ . dx _ (5k% — 3) sin® 2 — 6k + R__lnR—i—cosa:.

R sinx cos? o 3k cosd x 2 R —cosz

2 2 1 2 _ 2 4 2 /o

181./ dx :3(k: ) sin® z — 8k +5Rsinx+8k 8k* +3 nR—i—kJ sinz

R cos® 8k cost x 16k’ R—FK sinz
189 / sinz d_x B _2k2 cos? z — k"2

“Jcostx R 2k cosd x

cosx dx 2k2 sin? z + 1

183, =222 PR PT g
/sin4 z R 3 sin® x

sin? z dx R sinx 1 R+ K sinz
184. —_—= In ——.

cosS x R 2Kk2 cos? x  4k’3 R—k sinz

S e R WY

185 /cos3 x dx Rcosxz K R+ cosx
") sin®z R 2 sin? z 4 R —cosx’

.3
sin® x dx R 1
50 /costR k2 COS£L'+]€ n(kcosz+ R)

3xd - 1
187. /COS vdr R 1 arcsin(k sinx).

sin? z R sinz k

=——— "4+ In - arcsin(k sinx).

188 /Sin4md_a: Rsinz 1 R+E sinz 2k%2+1
") cosxz R 2k2 2k' R -k sinzx 2k3

cos*zdr Rcosz 1, R+cosz 3k*-1
189, dv. _ Reosw 1 | |
89 / sinx R 2k2 +2 nR—COS:L'+ 2k3 n(k cosz + R)
a+sinz 1 R—kcosz
190. [ ———d aF(z, k) + In ———— "%
" / R w=aF(@ k) + 2k R+kcosz’

dx 1 sinx dz
91, [ — % — —H A @ 0 i b S
/(a +sinz)R ( " a? ) /(a2 —sin? )R

where
199 / sinx dz -1 V1—=a2R — /1 —k2a2 cosz
] @

= 1 .
—sin? )R 2\/(1 —a?)(1 — a?k?) " V1—a?R+ /1 —k2a2 cosz
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(a +sinz)? 1+ k242 1 o R—kcos
193, [ ATENE) g = 2T b k) - S E(r, k) + 2 n ST
v / R : k? (@ #) k2 (= )+k nR—l-kcosa:
1 p+3 1
194. /(G+Sln;) dr _ TEEIE {(a—l—sinx)p coszR
in 7)P+2 o
+2(2p + 3)ak2/W Fp+ 1)1+ k- 6a2k2)/(a + Sm}? dz

~a(2p+ (14 - 2a%) [ (

—p(1— a2)(1 - a2k2)/ 7

a+bsinz)?Pdx

R

(a +sinz)P~ldx

:|7 p7$—2,a7£:|:1,a7é:|:%.

coscR dx

dx 1
195. = —
9 /(a +sinz)2R (1 —a?)(1 — a?k?) [ a+sinx

a1 2_222/7
all+k k) (a +sinz)R

_2ak2/(a+sinx) dx +k2/(a+sinm)2 dm}

R R
dx 1 cosThlR 9 219 / dx
196. = = — 1 -2 —_—
% /(a +sinz)3R  2(1 —a?)(1 — a?k?) [ (a + sinx)? Sa(l+k a’k) (a+sinz)?R
dz
- 21&—1&—1/7 20k°F(z, k)|.
(6a ) (a +sinz)R +2ak"F(z, k)
dx _ FcoszR 1
197. /(1 TR W2 £sima) T L@ k) g Bl k).
198 / dx _ 1 k"? coszR (1 — 5k?) coszR
") T Esnz)?R  3K1| (1 Esina)? 1£sinz
+(1 — 3k*)k"*F (2, k) — (1 — 5k?) E(x, k)}
dx 1 coszR 9 dz
199- /(1 +sinz)"R  (2n — 1)k [:F (1 £sinz)” +(n—1D{ -5k )/(1 tsinz)" 1R
dz dz
20n—-3)k? | ——————— —(n—-2)k? [ ——————|.
+2(2n=-3)k /(1:|:sinx)"*2R (n=2)k /(1:|:sinx)”3R]
900 / dz B 1 ~ coszR
") (a+sinz)"R (n—1)(1—a2)(1—a2k?)| (a+sinz)*~!
dz dz

—(2n—3)(1+k*— 2a2k‘2)a/

—(n—2)(6a%k* — k? — 1)/

(a+sinz)"~1R (a +sinz)" 2R

dx

—(10- 4n)ak2/m — (n— 3)k2/(a+sizﬁ]v

n#l,a#:l:l,a;é:t%.
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dxr 1 k cosxzR dxr
201. = + —1)(5—k*
0 /(1 tksinz)"R  (2n — 1)k { (1+k sina)” +n-1D6 )/ (1+ksinx)"" IR

_2(2n_3)/(1 — sciljx)HQR + (n—2)/(1 T Sciljx)ngR].

dz k coszR 1
202. == —FE(z, k).
/(1 +ksinz)R E2(1+k sinz) t e (z, k)
203 / dx 1 kk'? cosxR k(5 —k?) coszR
") I+ ksinx)2R 3k | (1+k sinz)? 1+ksinz

—2K"?F(x, k)+(5—k*)E(x, k)}

1
204. H% dx = bF (z, k) + z arcsin(k sin ).

b 2 b2k? — k2 1 2b
205. /% dzx = TF(m, k) + EE(x, k) + i’ arcsin(k sinx).

(b+cosa)PTPdr 1 b 2/(b+cosm)p+2 dx
206./ 7 R (b+ cosx)? sinxR + 2(2p + 3)bk 7
b+ cosz)PT dx
_ 1 k/2 o kQ b2k2 /(
0+ D2 — 4 4 68) &
b+ cosx)? dx
2p + 1)b(k"? — k% + b2k /—(
Hop+ ok — 2 o) [ L0
p—1 <7,/
(1= 0 ) [ L) d“], p# -2 bEEL b T

dx b 1 cosx dx
207. = Iz, —
07 /(b—i—cos:c)R b2 —1 (x b2—1’k)+/(1—b2—sin2 )R’

where
208 / cosz dx B 1 I V1—02R+ kVEk"? + k2b2 sinx
S a-v—sin® )R 2/(1 —02) (k2 + k22) V1 0°R — kVE? + k202 sina
dx 1 —k"? sinzR dx
2 . — _ 1 _ 2 2 2 21.2 /7
09 /(b—f—cosx)QR (1 —b2)(k"% + b2k?) [ b+ cosx ( k42570 (b+cosz)R

b+ cosw (b+ cosx)?
g [bFcosx, = o [(0FcCOST)™
+2bk / de — k / dx|.

dx 1 —k"? sinzR dx
210. = —3b(1 —2k%+2k>b? /7
0 /(b+cosa:)3R 2(1 — b2) (k"2 + b2k2) [(b—l—cosaz:)2 3b( + ) (b+cosx)?R
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211./ dx _ 1 [ —k" sinzR
(b+cosx)*R  (n—1)(1 —b2)(k"? + b%k2) | (b+ cosz)~1
dz

(b+cosz)" IR
dz

(b+ cosz)" 2R

dz dz
(4n — 10)bk /(b +cosz)" 3R +n =3k /(b + cos x)”4R]’

—(2n —3)(1 — 2k + 2b2k2)b/

—(n—2)(2k* -1 - 6b2k2)/

ik
c+tanx 1 Rt
¢+ tanz)? 1 . ) .
213. /% dr = ] tanaz:R—f—cQF(x7 k) — WE(J?, . c N Rk
(¢ + tan z)P™3 da B 1 (c+tanz)PR ,2/(c+ tan )P+ dx
o / R ~ (p+2)k? O 2(2n + 3)ck =
+ tan )P+ do
- 1)(1 k,2 6 2k12 /(C
P+ 1A+ K= +6cE") -
tan )P d
+(2p + De(l + k2 + 2¢°k7) / %
t =14
P+ )1k [ e ] p# 2.

dx c 1 1+ 2 sinx cos x dx
215. = F(z, k) + —1II - k|- .
/(c—l—tanx)R 1+ c? (=, )+c(1—|—02) <x, 2’ > /[02 — (1 +¢2) sin® z]R

where
/ sinz cosz dx 1 V1+ k2 + 1+ 2R
[c2 —

(14 ¢2) sin® z]R 2¢/(1+c2)(1 + c2k'2) " V14?2 -1+ 3R

916 / dz B 1 —R
") (c+tanz)2R (14 c2)(1 + k"2c2) | (c + tanx) cos?

dx ¢+ tanz (c+tanz)?
1+ k" 22k/2/7—2/€/2/7d k‘/z/id .
Fell K7+ 25%7) (c+tanz)R ¢ R v R v

017, / dx _ 1 [ -R
(c+tanz)3R  2(14+ ) (14 k2c?) | (c+ tanx)? cos? z
dx
(¢ +tan z)2R

dx

3e(1 ]{7/2 2 2]{7/2 / B
+3c(l+ 57+ 25%7) (c+tanz)R

—(1+k?+ 602k’2)/ + 2ck™F (x, k)] .
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918 / dx B 1 B R
") (c+tanz)"R (n—1)(1+ 2)(1 +k2c2) | (c+tanx)"~ 1 cos? x

dx
om — 1+ k2 22k’2/—
+(2n = 3)c(1 4+ k"= + 2¢7E") T tans) IR
dx
—(n—2)(1+ k" 212 /—
(n=2)(1+ K7+ 6c°K) (c+tan )" 2R
dx dx
_ e ax . o/ ar
*+dn — 10)ck /(c—i—tanx)”*?’R (n—3)k /(c+tanx)"4R}

n n—3 _ _ 1.2 n—2 _ n—4
219./tan . tan" "z R (n—2)(2 k)/tan I T 3 /tan T

B (n—1)k"? cos? x (n—1)k"? R (n— 1)k R

cot™ x cot" 'z R n—2 cot” 2 x n—3 cot™ % x
220. de = — — 2 — k2 dx — k' de.
/ R n—1 cos?x n—l( )/ R R R *




