T1.33. Integrand involving hyperbolic functions and powers (a + bx).

Notation used: X = a + bx.

1. /x sinh x dx = x cosh x — sinh x.

2. [ 2?sinh xdx = (2 4 2) cosh x — 2z sinh 2.

3. [ x cosh xdx = x sinh x — cosh .

x? cosh zdx = (2 + 2)sinh  — 2z cosh z.
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9. /x’“ sinh? z cosh? x dx

ot {(p + ¢)z" sinh? 'z cosh? 'z

—ra" " sinh? x cosh? z + r(r + 1)/£ET72 sinh” 2 cosh? z du

—l—rp/a:’“_l sinh? ' 2 cosh? ' zdx + (¢ — 1)(p+ q)/a:’“ sinh? z cosh? 2 z dm] ,

= or
1

(p+q)?

—rz" ! sinh? 2 cosh?z + r(r — 1)/‘%”*2 sinh? z cosh? z dz

{(p + ¢)x" sinh? ' & cosh?™! &

—rq/a:’“_l sinh? 'z cosh? 'z dx — (p— 1)(p + q)/a:’“ sinh? 2z cosh? z dm] )
. 1 b .
10. /X sinh kx dx = EX cosh kx — = sinh kz.
1 b
11. | X cosh kxdz = EX sinh kxz — Cosh kx.
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13. /XQCOSh kx dx = k;( b >

cosh kx — smh kzx.

2
k_ sinh kxz — Cosh kx.

5y _ X (g2 622 C 30 (e 207
14. | X°sinh kx dz A k cosh kx X+ 2 sinh kz.
X 2 262
15. /X3 cosh kz dx = - (X2 + %) sinh kz — 2—2 (X3 + k—bQ) cosh kx.
1 1262 24b* 40X
16./X4sinhkxdx=%( +—bX2+k—g> shkx—%(XQ—i—%)sinhkx.
1 24b* 40X 2
17./X4coshkxdx—E< X2+k—fl)>s hkx_%<X2+%>COShkx.
X b* b b2 b*
18. /X5 sinh kx dx = i ( X2—|—120k )cosh kx—% <X4+ 12k2X2+24k >sinh kx.
X b b b2 b*
19. /X5 cosh kx dx = T <X4—|—20 X2+ 120k4> sinh kx—% <X4—|— 12ﬁX2 +24k4> cosh kx.
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20 /X6 sinh kz dx = 1 X6+ 3ob X4+ 360b X2+ 720b cosh kx
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21./X6 cosh k;xdx:E<X6+30 A

bX2 b inh %
1 +720k sinh kx

b?
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_6bX (X4 +205X + 12024) cosh kx.
22. /a:" sinh x dx = z™ cosh x — n/x”fl cosh z dz

= 2" cosh  — na" ! sinh z + n(n — 1)/3:”_2 sinh x dz.
23. /a:" cosh xdx = x™ sinh x — n/x”_l sinh x dx

= 2" sinh 2 — na""! cosh = + n(n — 1)/x”_2 cosh z dz.

24. [ 2" sinh zdx = (2n)! z": = cosh z — iﬂ sinh x
' B ' (2k)! £ (2k — 1) '
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27. | x cosh zdzr = (2n+1) Z sinh x — cosh z ;.
k=

N p2k+1 22k
25. |z sinh xdz = (2n+1) Z cosh x — sinh z
k=

2k +1)! (2k)!

26.

n 2k n2k-1
z*" cosh zdx = (2n)! Z(2k‘)! sinh = — ;m cosh x p.

k=1

2k +1)! (2K)!
. 19 gntl ,[n/2] n—2k . pn—2k—1
28.1. /x sinh” xz dx = —m-i-z kZ:O {m sinh 2x — 2T (1 — 2k — 1), cosh 2:5}.
[n/2] — ok
mn+1 n! " 2k ) " 2k—1
29 J) COSh J)dl‘ = m + Z kZ:O {m Slnh 2.13 — 22k+1(n — 2]4; — 1)' COSh 2.13}

/ N rde = Lo sinh 22 — Leosh 20— &
2 sinh® x dx = —x sinh 22 — = co r— —.
4 8 4
1 1 x a3
2 2 _ 22 )G _ ¢+ _
/x sinh” x dx 1 (m + 2) sinh 2x 1 cosh 2x 5
/ 2

1
z cosh? zdz = %smh 2 — gcosh 2x + %
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33. [ 2% cosh® zdx = 1 <x2 + 5) sinh 2x — %cosh 2x + x—.
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2" sinh® z dz

- n—![nf] i cosh 3 —3cosh x| — A sinh 3z — 3 sinhz
- P (n—2k)!1 \ 32k+1 (n—2k— 1) \ 392 )

34.

/
/

35. /a:" cosh® z dx

[n/2] n—2k . n—2k—1
n! T sinh 3x ) T cosh 3z
— ZZ {(n— 2k)! ( 32k+1 + 3 sinh a:) — =2k =11 ( 2R 12 +3 coshm)}.

3 1 3
36. [z sinh®zdx = 1 sinh x — — sinh 3z — Zm cosh = — % cosh 3x.

36

322 3 | 3
37. [ 2?sinh® 2 dx = — (i + 5) cosh = + (glj 54) cosh 3z + g sinh x — xr sinh 3z.

4 18

1
38. [z cosh® xdx = —Z cosh x — — cosh 3x + Zm sinh x + f—z sinh 3z.
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39. [ 2% cosh® zdzx = (Zm2+§> sinh = + (glj 54) sinh 3x — Ea: cosh © — f—gcosh 3.

40 /smhq T o (p — 2)sinh? z 4 gz sinh? ' z cosh =
' (p—1)(p = 2)ar!
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d d 2.
To-ve-2) e T e e P
41 /coshq L (p — 2) cosh? & + g cosh? ' 2 sinh
' (p=1)(p — 227!
(q - 1) cosh? 2 z q? cosh? x
) o dz + = 1)( — 2) g de, p>2.
49 sinh x dr — 2 (2k + 1)! osh o h 1 bi
. o 4T = S 1)' 2 eI + Z sm xp+ mc i(z).
n—1

sinh x — (2k (2k+1 1 i
43. /W da = 2(2n)! {Z L2k - cosh z + Z T Smh x} + mshl(x).
0

n—2
cosh x (2k 4+ 1
44/deCL': 2n—1 { x2k+1 C osh x + E
=0

1
COSh x} o1 sinh shi(z).
n—1)!



cosh z 1 n_l( (2k+1 1 )
45. / o (Qn)!x kz:(:) i smh T+ Z SR cosh T+ Wcoshchl(a:).

sinh?™ g 1= e [2m (=)™ /2m
46. / = Somo1 k,O(_l) < ) >ch1(2m 2k)x + S2m (m) In z

h2m+1 1 m 2 1
AT /Sm - 22_mz(_m( m/: >shi(2m — 2k 4 1)z.
k=0

co h2m 1 m—1 2m . 1 2m
48. / = Som=i kzzo ( . ) cosh chi(2m — 2k)z + Jom ( m) In z.

co h2m+1 1 ~(2m+1 :
49. / = %kz_%< . ) cosh chi(2m — 2k + 1)z.

sinh?™ z (=)™t 2m
50. /

22mg \'m

+ = 1%:1 k“( ) {w — (2m — 2k)shi(2m — 2k;)x}.

x
sinh®" ! 1 et (2m+1
51. /72 dr = %2)(—1) < L >

" {sinh(?m —2k+ 1)z

X

cosh®™ x 1 2m
52-/de“m<m>
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1 2m\ [ cosh(2m — 2k)x )
gt ) ( ; ) {— ~ (2m — 2k)shi(2m — 2k)x}.

X

— (2m — 2k 4 1) cosh chi(2m — 2k + 1)x}

1 &N/2m+ 1\ [cosh(2m — 2k 4 1)z .
= —— —(2m -2 1)shi(2m — 2 1 .
22m,§)( i ){ . (2m — 2k + 1)shi(2m — 2k + )a:}
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55. /COS_'}_1 :'a: dzx = % |:COSh k—; cosh chi(u) — sinh k—; sinh shi(u)}
a
1 k k k
% [exp (_?a) Ei (u) + exp (%) Ei (—u)} , u= E(a + bx).
sinh kx 1 sinh kx k [cosh kx
56 =—= + - dz
“J(@+bx)2 b a+br b)) atbr
57 / cosh kx B _1 cosh kx L E/Sil’lh kx dx
“J(@+bx)2 b a+br b)) atbr
58 / sinh kx do — — sinh kx _ k cosh kx n k‘_Q/sinh kx de
") (a+bx)3 T 2b(a+bx)2 202(a+bx)  262) a+br
59 / cosh kx de — — cosh kx B k sinh kx L kJ_Q/COSh kx .
“J(a+bx)3 T 2b(a+bx)2 202(a+bx)  262) a+br
60 / sinh kx do — — sinh kx _ k cosh kx _ k2 sinh kx k_3/cosh kx
“J (a+bx)t T 3bla+br)d  6b2(a+bx)2  6b3(at+bx)  6b3) a+bx
61 / cosh kx do — — cosh kx _ k sinh kz ') k2 cosh kx k_3/sinh kx de
“J (a+bx)t T 3bla+br)d  6b2(a+bx)2 6b3(at+bz)  6b3) at+br
62 / sinh kx de — — sinh kx B k cosh kx B k? sinh kx
“J (a+bx)s T db(a+bx)t 12b%(a +bx)3  24b3(a + bx)?
_ I<:34(:osh kx n I<;44/sinh kx de.
24b*(a + bx) = 24b* ) a+ bz
63 / cosh kx dr — — cosh kx _ k sinh kx - k? cosh kx
") (a+bx)s T dbla+bx)t 12b%(a+bz)3  24b3(a + bx)?
B k3 sinh kx n k* /cosh kx .
24b%(a +bx)  24¥*) a+bx
sinh kx k cosh kx k2 sinh kx k2 cosh kx

64 / sinh kz do — — _ _ _
") (a+bx)8 7 Bbla+br)>  20b%(a+bx)t  60b3(a+ br)3  120b%(a + bx)?

B k*sinh kz n k® /cosh kx dx
12005(a + bx) 1200 a+bx
65 / cosh kx do — cosh kx k sinh kx k2 cosh kx k2 sinh kx
(@t b2 T TBb(a+bz)®  2002(a + bx)*  60b3(a + bx)®  120b%(a + bx)?
k* cosh kx k® /Sinh kx
- + dx.
1200%(a + bx) ~ 12005 ) a+ bx

xP dx P2

66. =
/ sinh? z

plp—1)

(q—1)(g— 2)/Sinhq_2 z

—pzP~tsinh x — (¢ — 2)aP cosh x
(g —1)(g—2)sinh? 'z

q—2/ P dx
q—1J sinh? 2z’

dx

q>2.
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67 / a?dr  paP~'cosh x + (¢ — 2)z” sinh x ~_plp—1) / 2P~ dx

cosh?z (¢ —1)(qg —2)cosh? 'z (¢—1)(¢—2)) cosh?*z
q— 2/ P dx
n . q>2
q—1) cosh? 2z 1
(2 — 2% 132k
68. 2k < > 0.
/smh T Z (n + 2k)( v » fzl<mon

k=

o)
" E2k$n+2k+1 T
69. dr = , <, n>0.
/Coshx * kz_(:)(n—i—Qk—l—l)(Qk)! 1 2 "=

dx a2t 1
701/;z:53;5—7-{1+(—1)]——ZT——Bnhqx
by 2 patn, <monz1
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el @ nrnent T Ty e el < g
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22k B ,
= —z" coth = + nz 2k nt+2k—1

2.
! n+ 2k — 1)(2k)!" ’

n>1, |z <.
sin

73. dx—x tanh £ — n

co ;(n+2k—1)(2k)!

7r
n>1, |x|<§

coth x 2™n

— - - (1)

" smh2 ™

74.

BpiiInzx

/ xn 2%(2% — 1)Bog g2kl

(n+1)!

n > ng k
- 21)2 .
pre DD Ok —n- DR e el
k=0

k;é(nfrl)/2
dx tanh z 2n(2"*t — 1)n
75. = +1-(-1)"|-——Bpy1 Inzx
/x" cosh? z " == (n+1)! +1
o0

n (228 — 1) By ok T

2 —.

o ;; ok —n e et <3

k#(n+1)/2

c(2n—2)2n—4)...2n -2k +2)
7. /sthn kz 2n—1)2n—-3)...2n—2k+1)

" { x cosh x N 1 } b1y (2n — 2)!!/ zdx
sinh2n 2+ o (2n — 2k) sinh?" %% 4 (2n— 1)) sinh?z
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x
L(2n—3)2n—5)...(2n — 2k + 1)
(2n—2)2n—4)...(2n — 2k)

M

k=1

{ x cosh x 1 }—l—(—l)”_l (2n—3)!!/

sinh?" 2% g (2n — 2k — 1) sinh®>" %1 ¢ (2n —2)1 ) si
78/ _Z 2n—2)2n—-4)...2n—2k+2)
") cosh? x 2n—1)2n—-3)...(2n—2k+1)

x sinh x 1 @2n—-2)I! [ zdx

X 2n—2k+1 + 2n—2k + 1 2

cosh™" x  (2n — 2k) cosh x (2n — 1!/ cosh®x

n—1
79./#&5:Z(2n—3)(2n—5)...(2n—2k+1)

Wl — (2n—2)(2n—4)...(2n - 2k)

x{ x sinh z . 1 }+(2n—3)!!/ xdx
cosh? 2k ¢~ (2n — 2k — 1) cosh®* 21 ¢ (2n —2)!!' ) cosh z”

T dx Oo 2 — 22k
_ Bop 2kl .
/smh x 2k + 1)(2k)! 2, fal <
/ = OO 2 i lz| < T
coshz (2k; +2)(2k)V 2
rdr
82. / e = —z coth z + In sinh z.
sin
T dx
83. / 2. = x tanh 2 — In cosh z.
cos
84/ x dx B xcoshx 1 _1/ x dx
sinh® z 2sinh?z 2sinhaz 2/ sinh '
g5, / rdr  xsinhx 1 l/ rdr
cosh®z  2coshlz  2coshz | 2/ coshz
d h 1 2 2
86. / ‘ f Lo T — + xcothx——ln sinh x.
sinh 3 sinh® 6 sinh” z 3
rdr z sinh z 1 2 2
87. = + + —x tanh  — = In cosh z.
/ cosh’z  3cosh®zr  6cosh’z 3 3
88, / T dx - xcoshx 1 +3xcoshx+ 3 +§/ x dx
sinh®z  4sinh*z 12sinh®z = 8sinh®z  8sinhz 8/ sinh z’
29, / rdr  xsinhx 1 3x sinh x 3 §/ rdr
cosh®z 4 cosh*z 12 cosh®z 8cosh’z Scoshz 8/ cosh
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nld{E

90- /(a + b sinh x)™

" sinh x dx

a + b sinh z)m—1’

xn
~  (m—1)b(a+ b sinh a:)m—l -1 b/

" 1dx

x
91.
/(a + b cosh z)™

rdr
92, [ ——
/1 + cosh ©

rdx
93. [ ———
/1 — cosh x

™ n
~ (m—1)b(a+ b cosh z)m-1 + (m — l)b/ (a + b cosh z)m—1’

=z tanhf — 2 In cosh 2
2 2

=z coth% —21In sinhg.

x sinh = dx
94.
/(1 + cosh x)?

x x
ey t h_~
+ tan 5

1+ cosh x

T

x sinh = dx
95.
/(1 — cosh x)?

= — coth 2
2

1—cosh z

rdx
96. =
/COSh 2x — cos 2t

where u = arctan (tanh z cott),

[L(u—+t) — L(u—t) — 2L(¢)]

2 sin 2t
t # tnm.

x cosh x dx
ot /cosh 2r —cos 2t

+L (ﬂ'—

e (5) -+ ()
() (5) -2 ()

x t
where u = 2 arctan <tanh — cot = ) , v =2 arctan <coth 5 cot 5) , t# +nm.

/ Sll’thm
“cosh”

9. » sinh?™*! ¢
T
“cosh™x
100. / P smh T
cosh®™ z
101. p
/ T ez
102 pcosh®™ g COShQTn-‘rl
. Csinh™ 2
103, / o C COSh T

f: m+k( )/ zP dx
cosh" 2k ¢

k=
Ui m sinh x
Y e = -1 m+k( )/mpidx, n > 1.
kZ:O( ) k cosh™ ¥ ¢
e D 2P~ dx
_ 1.
(n —1)cosh" 'z = 1/Cosh"_1x "
B i (m)/ P cosh x
P k sinh™ 2k 2
m
m P cosh x
dr = /7 dz.
kzo<k> sinh" 2% g
2P~ ldx
n>1.

(n—1)sinh” 'z  n—1J sinh" 'z

9

m#

m # 1.
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104.

105.

106.

107.

/
/
I 5
[

2P tanh zdz =

T1.33.

22k (22k _ 1)B2k o2k

£~ (2k + p)(2k)!
& 22kBQk’
P coth z d _ & ek pt+2k
P coth xdx = z%(p—i—Qk)(Qk)!x ;
h
o thcla:—lntanh—— .x .

sin sinh x
T smh :c .
o’ p—— + arctan(sinh x).

Y
s p>—1, |IE|<§

p>+1, |z < 7.




