
    

New Inverse Laplace Transform Formulas

The following notation is used:

F (t, a, b, c) = ect
[
e−a
√
b+c erfc

(
a

2
√
t
−

√
(b+ c)t

)
+ ea

√
b+c erfc

(
a

2
√
t

+
√

(b+ c)t
) ]

,

G(t, a, b, c) =
ect

2
√
b+ c

[
e−a
√
b+c erfc

(
a

2
√
t
−

√
(b+ c)t

)
− ea

√
b+c erfc

(
a

2
√
t

+
√

(b+ c)t
) ]

,

S(x, λ, k,m) =
sin (a

√
x )

(x+ λ+ k2)m
,

C(x, λ, k,m) =
cos (a

√
x )

(x+ λ+ k2)m
,

R(x, λ, k,m) =
√
x

(x+ k2)m
e−a
√
λ−x ,

ϕm(t, λ) =
m−1∑
j=0

(−1)j
(
m− 1
j

)
λjtj

j!
e−λt,

Ψm(t, λ) = e−λt/2 I0(λt/2)

+
m∑
j=0

(−1)j
(
m

j

)
λje−λt

(j − 1)!

∫ t

0

(t− x)j−1 eλx/2 I0(λx/2) dx,

where I0 is the modified Bessel function of order zero, and m is an integer.
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f̄(s) = L−1{f(t)} f(t)

1.
e−a
√
s+b

s− c F (t, a, b, c).

2.
e−a
√
s+b

(s− c)2 t F (t, a, b, c)− a

2
G(t, a, b, c).

3.
e−a
√
s+b

(s− c)3
1
2

{[ a2

4(b+ c)
+ t2

]
F (t, a, b, c) +

[ 1
4(b+ c)

− t
]
aG(t, a, b, c)− a

2(b+ c)

√
t

π
e−a

2/(4t)−bt
}

.

4.
e−a
√
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(s− c)4
1
6

{[
t3 +

3a2t

4(b+ c)
− 3a2

8(b+ c)2
]
F (t, a, b, c)−

[ 3a
8(b+ c)2

+
a3

8(b+ c)
− 3at

4(b+ c)
+

3at2

2

]

G(t, a, b, c) +
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4(b+ c)2
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b+ c

] √
t

π
e−a

2/(4t)−bt
}

.

5.
√
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√
s+b

s− c (b+ c)G(t, a, b, c) +
1√
πt

e−a
2/(4t)−bt.

6.
√
s+ b e−a

√
s+b

(s− c)2 −a
2
F (t, a, b, c) +

[
1
2 + (b+ c) t

]
G(t, a, b, c) +

√
t

π
e−a

2/(4t)−bt.

7.
√
s+ b e−a

√
s+b

(s− c)3
1
2

{
− a

[ 1
4(b+ c)

+ t
]
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[ 1
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− a2

4
− t+ (b+ c) t2

]
G(t, a, b, c)

+
[ 1
2(b+ c)

+ t
] √

t

π
e−a

2/(4t)−bt
}

.

8.
√
s+ b e−a

√
s+b

(s− c)4
1
6

{[ 3a
8(b+ c)2
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8(b+ c)
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4(b+ c)
− 3a

2
t2

]
F (t, a, b, c)

+
[ 3
8(b+ c)2

−
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4

)
t+

3
2
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]
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+
[
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4(b+ c)2
+
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+

1
b+ c

] √
t

π
e−a

2/(4t)−bt
}

.

9.
(s+ b) e−a

√
s+b
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a

2t2

√
t

π
e−a

2/(4t)−bt.

10.
(s+ b) e−a

√
s+b

(s− c)2
[
1 + (b+ c) t

]
F (t, a, b, c)− a(b+ c)

2
G(t, a, b, c).

11.
(s+ b) e−a

√
s+b

(s− c)3
1
2
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4
+ 2t+ (b+ c) t2

]
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4
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]
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−a
2

√
t

π
e−a

2/(4t)−bt
}

.

12.
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√
s+b

(s− c)4
1
6
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8(b+ c)
+

3a2t

4
+ 3t2 + (b+ c)t3

]
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+
[ 3a
8(b+ c)
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8
− 9at

4
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2
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−
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π
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f̄(s) = L−1{f(t)} f(t)

13.
e−a
√
s+λ

√
s

1
π

[ ∫ ∞
0

cos a
√
x√

λ+ x
e−(x+λ)t dx+

∫ λ

0

e−xt−a
√
λ−x

√
x

dx

]
.

14.
e−a
√
s+λ

√
s + k

1
π

[ ∫ ∞
0

{
xS(x, λ, k, 1) +

√
x+ λ C(x, λ, k, 1)

}
e−(x+λ)tdx

+
∫ λ

0

R(x, λ, k, 1) e−xt dx
]
.

15.
√
s+ λ e−a

√
s+λ

√
s + k

1
π

[ ∫ ∞
0

√
x

(√
x+ λ S(x, λ, k, 1)− k C(x, λ, k, 1)

)
e−(x+λ)tdx

+
∫ λ

0

√
λ− x R(x, λ, k, 1) e−xt dx

]
.

16.
(s+ λ) e−a

√
s+λ

√
s + k

1
π

[ ∫ λ

0

(λ− x)R(x, λ, k, 1) e−xt dx

−
∫ ∞

0

x
{
kS(x, λ, k, 1) +

√
x+ λ C(x, λ, k, 1)

}
e−(x+λ)t dx

]
.

17.
e−a
√
s+λ

(
√
s+ k)2

1
π

[
2k

∫ λ

0

R(x, λ, k, 2) e−xt dx

−
∫ ∞

0

{
S(x, λ, k, 1)− 2k2S(x, λ, k, 2)− 2k

√
x+ λ C(x, λ, k, 2)

}
e−(x+λ)t dx

]
.

18.
e−a
√
s+λ

s(
√
s + k)

1
π

[ ∫ ∞
0

kS(x, λ, k, 1) +
√
x+ λC(x, λ, k, 1)

x+ λ

(
1− e−(x+λ)t

)
dx

+
∫ λ

0

R(x, λ, k, 1)
x

(
1− e−xt

)
dx

]
.

19.
e−a
√
s+λ

s3/2
1
π

[ ∫ ∞
0

cos a
√
x

(x+ λ)3/2

(
1− e−(x+λ)t

)
dx+

∫ λ

0

e−a
√
λ−x

x3/2

(
1− e−xt

)
dx

]
.

20.
e−a
√
s+λ

s2 (
√
s + k)

1
π

[ ∫ ∞
0

( t

x+ λ
− 1− e−(x+λ)t

(x+ λ)2
) (

kS(x, λ, k, 1) +
√
x+ λ C(x, λ, k, 1)

)
dx

+
∫ λ

0

( t
x
− 1− e−xt

x2

)
R(x, λ, k, 1) dx

]
.

21.
e−a
√
s+λ

s5/2
1
π

[ ∫ ∞
0

( t

(x+ λ)3/2
− 1− e−(x+λ)t

(x+ λ)5/2

)
cos a

√
x dx

+
∫ λ

0

( t

x3/2
− 1− e−xt

x5/2

)
e−a
√
λ−x dx

]
.

22.
1

(
√
s + λ+ c) (

√
s + k)

1
π

[ ∫ ∞
0

k
√
x + c

√
x+ λ

(x+ λ+ k2) (x+ c2)
e−(x+λ)t dx+

∫ λ

0

√
x

(x+ k2)
(√

λ− x + c
) e−xt dx].
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f̄(s) = L−1{f(t)} f(t)

23.
e−a
√
λs/(s+λ)

s
H(t)

[
1− 1

π

∫ λ

0

e−xt

x
sin

(
a

√
λx

λ− x

)
dx

]

= H(t)
[
1− 2λ

π

∫ ∞
0

sin au
u(λ+ u2)

e−λu
2t/(λ+u2) du

]

= 1−
∞∑
m=0

λm+1/2

(2m+ 1)!
Ψm(t, λ) a2m+1 +

∞∑
m=1

λm

(2m)!
ϕm(t, λ) a2m.

24.
1
s

( λs

s+ λ

)m
e−a
√
λs/(s+λ) (−1)m+1

π
H(t)

∫ λ

0

( λx

λ− x
)m

e−xt sin
(
a

√
λx

λ− x

)
dx, a > 0.

25.
1
s

( λs

s+ λ

)m+1/2

e−a
√
λs/(s+λ) (−1)m

π
H(t)

∫ λ

0

( λx

λ− x
)m+1/2

e−xt cos
(
a

√
λx

λ− x

)
dx, a > 0.

26.
1
s

( λs

s+ λ

)n/2 {
λm ϕm(t, λ), n = 2m,

λm+1/2 ϕm(t, λ), n = 2m+ 1, where m > 0 is an integer.

27.
s
(
e−k1x − ek2x

)
k2
1 − k2

2

1
π
H(t)

{∫ ∞
0

sin[xψ(u)]√
(u− (1 + ε))2 + 4u

e−ut du

−e(1−ε)t
∫ 2
√
ε

0

e−xα1/2 cos (xβ1/2− ut)√
4ε− u2

du

−e(1−ε)t
∫ 2
√
ε

0

e−xα2/2 cos (xβ2/2− ut)√
4ε− u2

du

+H(t− x)
[
e(1−ε)t

∫ 2
√
ε

0

e−xα1/2 cos (xβ1/2− ut)√
4ε− u2

du

+e(1−ε)t
∫ 2
√
ε

0

e−xα2/2 cos (xβ2/2− ut)√
4ε− u2

du

]}
,

where ε > 0 and

k1,2 =
√

(s/2)
{
s+ (1 + ε)±

√
(s− (1 + ε))2 − 4s

}
,

ψ(u) =
√

(u/2)
{
− (u− (1 + ε)) +

√
(u− (1 + ε))2 + 4u

}
,

α1,2 =

√
(1− ε)

{
2±

√
4ε− u2

}
− u2 + 2

√
((1− ε)2 + u2)

{
1 + ε±

√
4ε− u2

}
,

β1,2 =

√
−(1− ε)

{
2±

√
4ε− u2

}
+ u2 + 2

√
((1− ε)2 + u2)

{
1 + ε±

√
4ε− u2

}
.
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f̄(s) = L−1{f(t)} f(t)

28.
e−r2x − e−r1x√

(sa2 + 1)2 − 4sb2
− 1
π

∫ ∞
0

e−yt sin [xg(y)]√
a4y2 + 2y (2b2 − a2) + 1

dy, t > 0

29.
e−r2x − e−r1x

s

√
(sa2 + 1)2 − 4sb2

1
π

∫ ∞
0

(
e−yt − 1

)
sin [xg(y)]

y
√
a4y2 + 2y (2b2 − a2) + 1

dy, t > 0

= ex/b − 1 +
1
π

∫ ∞
0

e−yt sin [xg(y)]
y

√
a4y2 + 2y (2b2 − a2) + 1

dy, t > 0

30.
rn2 e
−r2x − rn1 e−r1x

s

√
(sa2 + 1)2 − 4sb2

e−x/b

bn
−H

(
1
2 − n

)
+

1
π

∫ ∞
0

e−yt gn(y)A [xg(y)]
y

√
a4y2 + 2y (2b2 − a2) + 1

dy, t > 0

31.
r22e
−r2x − r21e−r1x

s

√
(sa2 + 1)2 − 4sb2

e−x/b

b2
−

∫ ∞
0

e−yt g2(y) sin [xg(y)]
y

√
a4y2 + 2y (2b2 − a2) + 1

dy, t > 0

32.
e−r2x + e−r1x

s
e−x/b + 1− 1

π

∫ ∞
0

e−yt sin [xg(y)]
y

dy,

33. e−r2x + e−r1x δ(t)
[
e−x/b + 1−

∫ ∞
0

sin [xg(y)]
y

dy

]
+

1
π

∫ ∞
0

e−yt sin [xg(y)] dy,

where a ≥ 0, b > 0, x ≥ 0, and

r1,2 =
1
b

√√√√sa2 + 1∓
√

(sa2 + 1)2 − 4sb2

2
,

g(y) =
1
b

√
ya2 − 1 +

√
a4y4 + 2y (2b2 − a2) + 1

2
,

A [xg(y)] =
{

(−1)3n/2 sin [xg(y)] for n = 0, 2, 4, . . .,

(−1)(3n−1)/2 cos [xg(y)] for n = 1, 3, 5, . . ..
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f̄(s) = L−1{f(t)} f(t)

34.
s

s2 + b2
e−(x/c)

√
s2/(1+s/a) H(t)

[
e−α1x cos (bt− α2x)−

1
π

∫ ∞
a

ye−yt sin [xh(y)]
y2 + b2

dy

]
,

35.
b

s2 + b2
e−(x/c)

√
s2/(1+s/a) H(t)

[
e−α1x sin (bt− α2x) +

b

π

∫ ∞
a

e−yt sin [xh(y)]
y2 + b2

dy

]
,

36.
s

s2 + b2
e−(x/c)

√
s(s+a) H(t)H(t− x/c)

[
e−ax/(2c) cos [b(t− x/c)] + ax

∫ t

x/c

cos [b(t− y)] q(x, y) dy
]
,

37.
b

s2 + b2
e−(x/c)

√
s(s+a) H(t)H(t− x/c)

[
e−ax/(2c) sin [b(t− x/c)] + ax

∫ t

x/c

sin [b(t− y)] q(x, y) dy
]
,

where a > 0,

h(y) =
y

c
√
y/a− 1

, α1,2 =
b

c

√
∓1 +

√
1 + b2/a2

2 (1 + b2/a2)
, q(x, y) =

e−ay/2

2c

[
I1

[
b
2

√
y2 − x2/c2

]
√
y2 − x2/c2

]
,

and I1 is the modified Bessel function of the first kind and order 1.

These formulas are not available in Erdélyi et al. (1954), Roberts and Kaufman (1966), Oberhettinger
and Badu (1973), or other tables. They are available in the following publications.
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