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T1.29. Integrand involving trigonometric functions and exponentials.

1.

∫
eax sin bx dx =

eax(a sin bx − b cos bx)
a2 + b2

.

2.

∫
eax sin2 bx dx =

eax sin bx(a sin bx − 2b cos bx)
4b2 + a2

+
2b2eax

(4b2 + a2)a

=
eax

2a
− eax

a2 + 4b2

(a

2
cos 2bx + b sin 2bx

)
.

3.

∫
eax cos bx dx =

eax(a cos bx + b sin bx)
a2 + b2

.

4.

∫
eax cos2 bx dx =

eax cos bx(a cos bx + 2b sin bx)
4b2 + a2

+
2b2eax

(4b2 + a2)a

=
eax

2a
+

eax

a2 + 4b2

(a

2
cos 2bx + b sin 2bx

)
.

5.

∫
eax sinn bx dx =

1
a2 + n2b2

[
(a sin bx−nb cos bx)eax sinn−1 bx+n(n−1)b2

∫
eax sinn−2 bx dx

]
.

6.

∫
eax cosn bx dx =

1
a2 + n2b2

[
(a cos bx+nb sin bx)eax cosn−1 bx+n(n−1)b2

∫
eax cosn−2 bx dx

]
.

7.

∫
eax sin2m bx dx

=
m−1∑
k=0

(2m)!b2keax sin2m−2k−1 bx

(2m − 2k)![a2 + (2m)2b2][a2 + (2m − 2)2b2] . . . [a2 + (2m − 2k)2b2]

×[a sin bx − (2m − 2k)b cos bx] +
(2m)!b2meax

[a2 + (2m)2b2][a2 + (2m − 2)2b2] . . . [a2 + 4b2]a

=
(

2m

m

)
eax

22ma
+

eax

22m−1

m∑
k=1

(−1)k

(
2m

m − k

)
1

a2 + 4b2k2
(a cos 2bkx + 2bk sin 2bkx).
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8.

∫
eax sin2m+1 bx dx

=
m∑

k=0

(2m + 1)!b2keax sin2m−2k bx[a sin bx − (2m − 2k + 1)b cos bx]
(2m − 2k + 1)![a2 + (2m + 1)2b2][a2 + (2m − 1)2b2] . . . [a2 + (2m − 2k + 1)2b2]

=
eax

22m

m∑
k=0

(−1)k

a2 + (2k + 1)2b2

(
2m + 1
m − k

)
[a sin(2k + 1)bx − (2k + 1)b cos(2k + 1)bx].

9.

∫
eax cos2m bx dx =

m−1∑
k=0

(2m)!b2keax cos2m−2k−1 bx[a cos bx + (2m − 2k)b sin bx]
(2m − 2k)![a2 + (2m)2b2][a2 + (2m − 2)2b2] . . . [a2 + (2m − 2k)2b2]

+
(2m)!b2meax

[a2 + (2m)2b2][a2 + (2m − 2)2b2] . . . [a2 + 4b2]a

=
(

2m

m

)
eax

22ma
+

eax

22m−1

m∑
k=1

(
2m

m − k

)
1

a2 + 4b2k2
[a cos 2kbx + 2kb sin 2kbx].

10.

∫
eax cos2m+1 bx dx

=
m∑

k=0

(2m + 1)!b2keax cos2m−2k bx

(2m − 2k + 1)![a2 + (2m − 1)2b2] . . . [a2 + (2m − 2k + 1)2b2]

=
eax

22m

m∑
k=0

(
2m + 1
m − k

)
1

a2 + (2k + 1)2b2
[a cos(2k + 1)bx + (2k + 1)b sin(2k + 1) bx].
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11.

∫
eax sinp x cosq xdx =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
a2 + (p + q)2

{
eax sinp x cosq−1 x[a cosx + (p + q) sinx]

−pa

∫
eax sinp−1 x cosq−1 xdx + (q − 1)(p + q)

∫
eax sinp x cosq−2 xdx

}

or
1

a2 + (p + q)2

{
eax sinp−1 x cosq x[a sin x − (p + q) cosx]

+qa

∫
eax sinp−1 x cosq−1 xdx + (p − 1)(p + q)

∫
eax sinp−2 x cosq xdx

}
,

or
1

a2 + (p + q)2

{
eax sinp−1 x cosq−1 x[a sin x cosx + q sin2 x − p cos2 x]

k + q(q − 1)
∫

eax sinp x cosq−2 xdx + p(p − 1)
∫

eax sinp−2 x cosq xdx

}
,

or
1

a2 + (p + q)2

{
eax sinp−1 x cosq−1 x(a sin x cosx + q sin2 x − p cos2 x)

+q(q − 1)
∫

eax sinp−2 x cosq−2 xdx

−(q − p)(p + q − 1)
∫

eax sinp−2 x cosq xdx

}
,

or
1

a2 + (p + q)2

{
eax sinp−1 x cosq−1 x(a sin x cosx + q sin2 x − p cos2 x)

+p(p − 1)
∫

eax sinp−2 x cosq−2 xdx

+(q − p)(p + q − 1)
∫

eax sinp x cosq−2 xdx

}
.

12.

∫
eax sin bx cos cx dx =

eax

2

[
a sin(b + c)x − (b + c) cos(b + c)x

a2 + (b + c)2

+
a sin(b − c)x − (b − c) cos(b − c)x

a2 + (b − c)2

]
.

13.

∫
eax sin2 bx cos cx dx =

eax

4

[
2
a cos cx + c sin cx

a2 + c2
− a cos(2b + c)x + (2b + c) sin(2b + c)x

a2 + (2b + c)2

−a cos(2b − c)x + (2b − c) sin(2b − c)x
a2 + (2b − c)2

]
.
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14.

∫
eax sin bx cos2 cx dx =

eax

4

[
2
a sin bx − b cos bx

a2 + b2
+

a sin(b + 2c)x − (b + 2c) cos(b + 2c)x
a2 + (b + 2c)2

+
a sin(b − 2c)x − (b − 2c) cos(b − 2c)x

a2 + (b − 2c)2

]
.

15.

∫
eax dx

sinp bx
= −eax[a sin bx + (p − 2)b cos bx]

(p − 1)(p − 2)b2 sinp−1 bx
+

a2 + (p − 2)2b2

(p − 1)(p − 2)b2

∫
eax dx

sinp−2 bx
.

16.

∫
eax dx

cosp bx
= −eax[a cos bx − (p − 2)b sin bx]

(p − 1)(p − 2)b2 cosp−1 bx
+

a2 + (p − 2)2b2

(p − 1)(p − 2)b2

∫
eax dx

cosp−2 bx
.

17.

∫
eax tan xdx =

eax tan x

a
− 1

a

∫
eax dx

cos2 x
.

18.

∫
eax tan2 xdx =

eax

a
(a tanx − 1) − a

∫
eax tanxdx.

19.

∫
eax cotxdx =

eax cotx

a
+

1
a

∫
eax dx

sin2 x
.

20.

∫
eax cot2 xdx = −eax

a
(a cotx + 1) + a

∫
eax cotxdx.

21.

∫
eax tanp xdx =

eax

p − 1
tanp−1 x − a

p − 1

∫
eax tanp−1 xdx −

∫
eax tanp−2 xdx.

22.

∫
eax cotp xdx = −eax cotp−1 x

p − 1
+

a

p − 1

∫
eax cotp−1 xdx −

∫
eax cotp−2 xdx.

23.

∫
xeax sin bx dx =

eax

a2 + b2

[(
ax − a2 − b2

a2 + b2

)
sin bx −

(
bx − 2ab

a2 + b2

)
cos bx

]
.

24.

∫
xeax cos bx dx =

eax

a2 + b2

[(
ax − a2 − b2

a2 + b2

)
cos bx +

(
bx − 2ab

a2 + b2

)
sin bx

]
.

25.

∫
x2eax sin bx dx =

eax

a2 + b2

{[
ax2 − 2(a2 − b2)

a2 + b2
x +

2a(a2 − 3b2)
(a2 + b2)2

]
sin bx

−
[
bx2 − 4ab

a2 + b2
x +

2b(3a2 − b2)
(a2 + b2)2

]
cos bx

}
.

26.

∫
x2eax cos bx dx =

eax

a2 + b2

{[
ax2 − 2(a2 − b2)

a2 + b2
x +

2a(a2 − 3b2)
(a2 + b2)2

]
cos bx

+
[
bx2 − 4ab

a2 + b2
x +

2b(3a2 − b2)
(a2 + b2)2

]
sin bx

}
.
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27.

∫
xpeax sin bx dx =

xpeax

a2 + b2
(a sin bx − b cos bx) − p

a2 + b2

∫
xp−1eax(a sin bx − b cos bx) dx

=
xpeax

√
a2 + b2

sin(bx + t) − p√
a2 + b2

∫
xp−1eax sin(bx + t) dx.

28.

∫
xpeax cos bx dx =

xpeax

a2 + b2
(a cos bx + b sin bx) − p

a2 + b2

∫
xp−1eax(a cos bx + b sin bx) dx

=
xpeax

√
a2 + b2

cos(bx + t) − p√
a2 + b2

∫
xp−1eax cos(bx + t) dx.

29.

∫
xneax sin bx dx = eax

n+1∑
k=1

(−1)k+1n!xn−k+1

(n − k + 1)!(a2 + b2)k/2
sin(bx + kt).

30.

∫
xneax cos bx dx = eax

n+1∑
k=1

(−1)k+1n!xn−k+1

(n − k + 1)!(a2 + b2)k/2
cos(bx + kt).

In the four formulas (27-30) we have used sin t = − b√
a2 + b2

and cos t =
a√

a2 + b2
.

31.

∫
x eax sin(bx) dx =

x eax

a2 + b2
[a sin(bx) − b cos(bx)]

− eax

(a2 + b2)2
[(

a2 − b2
)

sin(bx) − 2ab cos(bx)
]
.

32.

∫
x eax cos(bx) dx =

x eax

a2 + b2
[a cos(bx) + b sin(bx)]

− eax

(a2 + b2)2
[(

a2 − b2
)

cos(bx) + 2ab sin(bx)
]
.

33.

∫
eax

sinn x
dx = −eax [a sinx + (n − 2) cosx]

(n − 1)(n − 2) sinn−1 x
+

a2 + (n − 2)2

(n − 1)(n − 2)

∫
eax

sinn−2 x
dx.

34.

∫
eax

cosn x
dx = −eax [a cosx − (n − 2) cosx]

(n − 1)(n − 2) cosn−1 x
+

a2 + (n − 2)2

(n − 1)(n − 2)

∫
eax

cosn−2 x
dx.

35.

∫
eax tann xdx =

eax

(n − 1)
tann−1 x − a

n − 1

∫
eax tann−1 xdx −

∫
eax tann−2 xdx.

36.

∫
xn bax dx =

xnbax

a ln b
− n

a ln b

∫
xn−1bax dx, n > 0.


